Thermodynamics [AP-2013] Lecture 3 by Ling-Hsiao Lyu 2013

Lecture 3: Fluid Equations

The purpose of this lecture is to introduce the concepts of thermal pressure, thermal energy,
heat flux, and entropy from the fluid equation. The average flow velocity is usually ignored
in the thermodynamics. But we have to consider the energy and momentum carried by the

average flow velocity in the fluid dynamics.

3.1. Continuity Equations

The continuity equation (% 525 ) describe how the number density field n(x,t)

varies with time.

on(x,t)
ot

= +(source per unit volume) — (sink per unit volume) — V - [n(x,f)V(x,1)] (3.1)

Integrating equation (3.1) over a finite volume Vol., it yields

on(x,t) _ﬁ
i) ot d'x= ot

= +source — sink — fffv V- [n(x,1)V(x,1)]d’x
= +source — sink — fﬁﬁsw nxDVx.0]-da

That is,
N _ ink [n(x,)V(x,0)]-d 3.2)
poes +source — sin —ﬁsw.) n(x,H)V(x,t)]-da .

where N denotes the number of gas particles in the volume (Vol.). The last term in Eq. (3.2)
indicates that particles moving into the volume can increase the number of particles in this
volume, but particles moving out of the volume can reduce the number of particles in this
volume. The physical meaning of Eq. (3.2) can be understood from the following two

examples.
Hf—

PREIRAAE A PR ARV LIBF I - B ESI R H AR A A% (source) ~ SETHIAEL
(sink) ~ AR AR ~ DLUSCBEHHY AN #VARIG -

Hp—
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—IREETEM > PR RS T4 BB R - wh AP ERIS R R VU R A S bR s
BIRERE - BHEREBENRER - HERE - KRG - iEFEEARENEE
(source) ~ DUKHHSAAEHE S [ERE - ARG - SUEESERENVEE (sink) AR -

If we ignore the source term and the sink term in the continuity equations (3.1) and (3.2), and
consider the continuity equation of the « th species, it yields

on,(X,t) _

Py -V:[n,(x,H)V, (x,t)] (3.3)

IN
a: = ‘ﬁw_)[”a (x,H)V,_(x,1)]-da (3.4)

From the definitions of n,(x,t) and V_(x,t) discussed in Lecture 2, equation (3.3) and (3.4)

can be rewritten as

% fff f,xv,0)dv=-V-| fffvfa(x,v,t)dSV] (3.5)

% [l Ul fxvandd'x = ~ff, - [[[vf.(x.v.0d*V]-da (3.6)

Multiplying Egs. (3.5) and (3.6) by the mass of the « th species m,, , it yields

%fffmafa(xav,t)d3v = -V [fffm.vf.(x.v.0)d V] (3.7)

%fffvz[mfff fuxy.ndWid'x =4 [m, [[[Vf,(x.v.)dv]-da (3.8)

By definition, equation (3.7) yields the mass continuity equation of the a th species, i.e.,

(’)m‘a—(f’t)+v'[pa(x,t)Va(x,t)] 0 (3.9)
or

(—+V V), =-p,V-V, (3.10)
where

P, (X,t)= fffmafa(x,v,t)d3v
P xV, (x.1) = [[[ m,vf, (x.v.0)d
Multiplying Egs. (3.5) and (3.6) by the charge of the a th species e, it yields
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d

— [ eut.xv.ndv ==V f[f e, 71, (x.v.00d V] G.11)

%fffwl,[% N f.xvnavidx=—§f  Te, [[[ v (x.v.00d*v]-da (3.12)
Summation over all species a, equation (3.11) yields the charge continuity equation,

%+V-J(x,t}=0 (3.13)

where the charge density p_(x,t) and current density J(x,¢) are defined as
p.(x,0) = [[feaf.xv.0d
Jxn=Y [[fevf. xv.0)d

3.2 Momentum Equation

F£72H source term and sink term HENLT - GRS AR LHAVEERS > T HETT1E
0 (3.5) & (3.6) HatEm AR (R RSP T BE R RSB R £
(3.7) & (3.8) rata 1 A0l B AR AN E E R A R > A7 (3.11) ~
(3.13) e 1AMl B B B N R ey E RS RIS R - AT > FITRHKRIRE
FRHVIEHE - SRR ARG HATERS - A5 BRSSPI T A B E 0 T R ek
g RREHESNIHSEIIES - RS R AR ZEIT ST - sl se bR
FIRAVEIEZE p,V, (momentum density of the « th species) /1Al BRI -

Multiplying the continuity Eq. (3.5) by m, v and assuming that the time variations of

the net momentum density is equal to the force per unit volume (i.e., the body force), it yields
the momentum equation of the a th-species. Namely, the time variation of the momentum

per unit volume of the « th species is

% [[[maxtx.3.0d* = =9 -[[[[m,v4f,(x.¥.0dV] + all body forces (3.14)

(forces per unit volume)

Likewise, by integrating equation (3.14) over a volume “Vol.”, we can determine the time

variation of the net momentum in the given volume. That is

%fffvw_[mafff"fa (x,v,0)d*v]d’x = _ﬁs(vol.)[mafffvvfa (x,v,t)d’v]-da +Forces  (3.14a)
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Based on the definitions of the fluid variables given in Lecture 2, the equation (3.14) can be

rewritten as
0 0
- {If mavfa(x,v,t)d3v=5(paVa)

=-V- [fffmavvfa(x,v,t)d3v]+B0dy Forces
==V [ m,[v =V )+V,(v=V,)+V,]f,(x.v.)d*v} + Body Forces

==V [[[ m, (v -V -V ) £, xv.0)dv+VV, [[[ m,f,(x.v.t)d’v} + Body Forces
=-V-{P,+V_,V_p,}+Body Forces

That is

aﬂ(pava) ——V-{P,+p,V.V.}+Body Forces (3.15)
t

where p,V,V, is the dynamic pressure (E/J2) of the « th species. The pressure tensor P, of

a

the « th species consists of the thermal pressure (Z4E) (1p,,) and the stress tensor (53EX)

(IT,=P, -1p,), where, by definition, p, = (1/3)trace(P,).

For isotropic pressure (IT = 0), equation (3.15) can be rewritten as

%(paVaH V-(p,V,V,)=-Vp, +Body Forces (3.16)
From (3.16)-V,(3.9), it yields

P (% +V_-V)V =-Vp_ + Body Forces (3.17)

Equations (3.15)~(3.17) are the momentum equations of the « th species.

Exercise 3.1.
HREE " e IME ) BATEgGHRA—E "7 2 (8 - sAHREAREE
NEERER SRR > kg EE 1 WER )
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3.3. Energy Equation

FERTRET T > FRFIBEE] > B T source and sink terms §) (¥fBE M= » H source and
sink terms HEESNST) o BSUEATHEEAL T FIRVES) > DU ARSIV ARSI T
WERE - HETE - BEEE - DLEEETE - AFiT > KFRHKIEELEIT
Se BRI MTREE I 5 SAVEIRER ARSI 24t > FF518 source and sink terms 41 :
ST BEHER RS ARSI A SRE A

Multiplying the continuity Eq. (3.5) by m,_v* /2 and assuming that the time variations of

the net kinetic energy density is equal to the net energy input (such as the work done by the
force per unit volume and the radiation energy flux input per unit volume), it yields the
energy equation of the o th-species. Namely, the time variation of the kinetic energy per unit

volume of the a th species is

el

where

=

= fffgma(v —Va)'(V—Va)fa(x,v,t)d3v+%Va Sff v =Vm, £, xv.0d

net energy input
=-V: Vi, (x,v,0)d’v] + 3.18
v [fff f ( V] per unit volume (3-18)

Iﬂ JOV =V )+ V1 [V =V, )+ V1. (x.v.0)d

+%fff(V—Va)mafa(X,VJ)d3V'Va +%Va 'Vafffmafa(x,v,t)d3v
Since fff(v -V, )m_f,(x,v,t)d’v = 0 and by definitions

3p., =fff(V—Va)-(v—Va)mafad3v and p, =fffmafad3v,

it yields

3
= v=—paVa + 2P (3.19)
Likewise,
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fff’"; v, (X, v, 0)dy = fff% m,[(v-V )+ V. 1-[(v-V )+ V,(v=V,)+ V,1f.d°
- fff% m,(v-V,)(v-V)v-V)f.dv+ %Va [ = VO = Vom, fdv
# [T = VoV =V £y + S = V) (0= Vm, fud Y,
+ %Va 'V, fff(v -V, )m f,d’v+ %Va ( fff(v -V, )m,f,dV)V,
+ %( [[fv=Vomfodv)-V,V, + %Va VNV [[fmetud™y
Since fff(v -V, )m_f,(x,v,t)d’v = 0 and by definition
q,(x,t) = fff%ma v=V,) - (v=V v -V )f,x,v,0)dv
P (x,t)= fff(v -V )(v -V )m,f, (x,v,0)d’v
3p,(x,1) =fff(v -V,)-(v-V )m,f, (x,v,t)dv
p(X,1) =fffmafa (x,v,0)d’v
it yields

1]

Substituting equations (3.19) and (3.20) into equation (3.18), it yields the energy equation:

2
3
mzv VL V0 =4+ V, P+ Tp Y % P V2V, (3.20)

J 1 3 3 1 net energy input
PV 2P = V1A, 4V, P+ S p Y, 4o p VIV I 8 PR g
ar 2 2 2 2 per unit volume

It can be shown that the energy equation of a system with degrees of freedom f is

Jd 1 1 net energy input
S vl e vig, +V, P+ Lp v, + Lo vov 14 EYIPEE - (3.02)
ot 2 2 2 2 per unit volume

For isotropic distribution, the equation (3.21) can be rewritten as

a1 3 5 1 net energy input
—(=pV:+=p)=-V:[=pV, +=p,VV 1+ 3.23
ot (2 Pue 2 Pe) [2 Pa¥a ™3 PaVe Vel per unit volume (323)
For isotropic distribution, the equation (3.22) can be rewritten as

Ja 1 1 net energy input
L ovied pyeviaeDyp v, + 2o vV 14 rey 1P (3.24)
ot 2 2 2 2 per unit volume
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Exercise 3.3

(a) Show that equation (3.21) can be rewritten as
vV-q,+1,-V)-V,

- o

N external energy input per unit volume

Pq

3V, V)In(p, 0] =
2 ot
(3.252)

(b) For isotropic distribution, show that equation (3.23) can be rewritten as

external energy input per unit volume
Dq

39
=(—+V, - Vn(p,p.")] = (3.25b)
2 ot

(c) For isotropic distribution, show that equation (3.24) can be rewritten as

!
2

external energy input per unit volume
Da

(%* vV, -Vlin(p,p, "] = (3.26)

Equation (3.25a) can be written as

V-q,+dL,-V)-V, N external energy input per unit volume

39 )
—(—+V,-Vn(p,p,)]=-
2 ot Da Pa

(3.27)
where y =5/3. Note that, in general, y = (f +2)/ f.

If the terms on right-hand side of the equation (3.27) are small and negligible, the energy
equation (3.27) is reduced to the adiabatic equation of state (4&ZZ\FFEX,) . That is

9
(5 +V, - V)lin(p,p;)]1=0

3

Namely, p_p.’"° is constant along the trajectory of a fluid element.
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