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Appendix C. Magnetic Pressure Gradient Force and Magnetic Tension Force 

 

We shall show in this appendix that the J × B  magnetic force can be decomposed into 

magnetic pressure gradient force and magnetic tension force.   

 

MHD Ampere’s law yields 

∇ × B = µ0J  

Thus, the magnetic force can be rewritten as 

 

J × B =
∇ × B
µ0

× B = −∇
B2

2µ0
+
B ⋅∇B
µ0
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∇⊥

B2

2µ0
−

∇||

B2

2µ0
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µ0
 (C.1) 

Let R̂B  denotes radial vector of a curved magnetic field line and let RB  denotes the radius 

of curvature of the magnetic field line.  Since 
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or 
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2
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 (C.2) 

Substituting (C.2) into (C.1) yields 

 

J × B = (−
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2µ0
) + (

∇||B

2

2µ0
−
B2

µ0

R̂B

RB

) = −

∇⊥

B2

2µ0
−
B2

µ0

R̂B

RB

 (C.3) 

where 
 

−

∇⊥

B2

2µ0
 is the magnetic pressure gradient force and −

B2

µ0

R̂B

RB

 is the restoring force 

due to the tension force of the magnetic field line.  Namely, we can define the magnetic 

pressure to be 

pB =
B2

2µ0
 (C.4) 

and the magnetic tension to be 

TB =
B2

µ0
 (C.5) 

Note that the magnetic pressure gradient force and the magnetic tension force cancel each 

other in a dipole magnetic field environment.  

 



Space Physics (I) [AP-3044] Appendix C  by Ling-Hsiao Lyu  2011 October 
 

 C-2 

Dr. Alfvén first proposed that the magnetic tension force provides a restoring force for the 

Alfvén wave.  We can compare Alfvén wave with the wave propagating along a string.  

Consider a small transverse displacement 

� 

y(x,t)  of a string with linear mass density 

� 

σ .  

Wave equation of the transverse wave can be derived from equation of motion of an element 

on the string (e.g., Symon, 1971).  As a result, the wave equation can be written as, 

∂ 2y
∂ t 2

≈
T
σ

∂ 2y
∂ x2

 (C.6) 

where 

� 

T  is the tension of the string.  According to Eq. (C.6), the phase speed of the 

transverse wave propagating along a string is  

vph = T /σ  (C.7) 

Let us compare Eq. (C.7) with the Alfvén speed.  From Eq. (C.5), the Alfvén speed can be 

rewritten as  

CA =
B2

µ0ρ
=

TB
ρ

 (C.8) 

We have just verified the statement that was first proposed by Dr. Alfvén more than 50 years 

ago. 
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