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Appendix H. Special Functions for Studying Linear Waves in Kinetic Plasmas

Suggested Readings:
(1) Section 7-2 in Mathews and Walker (1970)
(1) Section 3-5 in Mathews and Walker (1970)

H.1. Bessel Function
Bessel function is a useful function in studying kinetic linear waves in a magnetized plasma.
H.1.1. Definition of Bessel Function

Bessel function is a solution of the following Bessel's differential equation with a real

variable x

o +x?+(x2—n2)y=0
X X

If nis an integer J , (x)=(-1)"J, (x), where

n 2 4 6

X X X X
J,(x)= {I-= + 3 56 +
2" n! 2°-UM(n+1D) 27-2Mn+D(n+2) 2°-3m+Dn+2)(n+3)

H.1.2. Generating Function of Bessel Function

The generating function of Bessel function is

< 1
. i, ()= expl(h =) (H.1)

n=—oo

Let h=e". Then, we have
i0 —if0

Lon-Ly_ = _ising
2 2

Thus, Eq. (H.1) can be rewritten as

Y €"J,(z) = explizsin6] (H.2)

n=—oo
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H.1.3. Recursion Relations of Bessel Function

From Eq. (H.2), we can easily obtain recursion relations of Bessel Function. Differentiate Eq.

(H.2) with respect to z, yields

2 e (z)= iexp[iz sin@]
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Comparing coefficients of "’ on two sides of this equation yields,

272 =1 (D=1, @) (H.3)

Differentiate Eq. (H.2) with respect to 8, yields
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Comparing coefficients of "’ on two sides of this equation yields,

2—”1 (@=J (D+J.(2) (H.4)
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H.2. Error Function

Error function is a useful function in calculating plasma number density in kinetic plasma

physics.

Definition of Error function

1 V2o x 2
V_z] dv

R S — exp[—
2mo Y V20x pl 20

erfx =

2 px
_J' e
T
Definition of Complimentary error function

erfcx=1—erfx = - dt

A

For x <1, there is a useful expansion series for the Error function, i.e.,
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For large x, there is another useful expansion series for the Error function, or the

complimentary error function, i.e.,
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H.3. Plasma Dispersion Function

Plasma dispersion function is a useful function in calculating linear wave dispersion relation

in a plasma with Maxwellian distribution in the velocity space.

Plasma dispersion function is defined by (e.g., Fried and Conte, 1961)

1 e
Z(S)=—=|——=du H.5
©)=7 j - (H5)
where the Landau contour is defined by
f“’ 8w , if Im(£) >0
o - 5

&) =[ £ o] £ pdurrig@) ifim(@) 0

[~ (”; du+2mig(E) if Im(E)<0
o

where gofm[g(u)/(u—g)]du denotes the principle value of the integration. Since the

Z(&) is also the Hilbert transform of a Gaussian, it has been well-examined. For instance,

we can find an alternative expression of the plasma dispersion function in the following way.

The derivative of Z(&) is

1 e

Z¢)=—F|——>=d H.6

©) ﬁl(u_g)z u (H.6)
On integration by parts, Eq.(2) yields

Eué e du (H.7)

Since

—2u w=5+§ .
g a2 e
it yields,
Z'(8)=-2[1+8Z(5)] (H.8)

Now, let us define a function Y (x), such that

Y (x)=2iexp(—x*)| exp(~r*)dt (H9)
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Based on the Leibniz's rule, the derivative of Y (x) is

d(lx)

Y (x)——2x[2lexp( X )J exp(—t )dt}+21exp( x*)exp[—(ix)’ ] —= (H.10)

Since
ix 2 . \2 d i ix
—2x[2iexp(—x2)J exp(—tz)dt} +2ie " ™ % = —2x|:2iexp(—x2)_[ exP(—tz)dt} -
. ™ -

it yields,

Y'(x)=-2(xY +1) (H.11)
Eqgs. (H.8) and (H.11) yield

ZE)=Y(&)+C, (H.12)

where C, isaconstant. Substituting x=0 into Eq. (H.9), it yields

Y(0)= 2zj exp(—12)dt = iNT (H.13)

Likewise, substituting £=0 into Eq. (H.5) and integrating along the Landau contour, it

yields

Z(O):ijidu:i(mm):iﬁ (H.14)
Jry u Jr

Substituting Eqs. (H.13) and (H.14) into (H.12) for £=0,ityields C,=0. Thus, we have

Z(&)=Y(E). Namely, the plasma dispersion function has an alternative expression,

2(&)=2iexp(~&")[ ” exp(-u’)du (H.15)

Based on the Error function and the Complimentary error function discussed in Section H.2,

the plasma dispersion function can be written as

Z(&) = iexp(—ED)NT erfe(—if) (H.16)

Based on the results shown in Section H.2, for 1§ I<<1, Z(£) can be approximately by

2(8) = iNre® -2@%53-%55 . (H.17a)
or
72(&) =i —&lr 20 ( = / > (H.17b)

For 1&1>>1, Z(§) can be approximately by
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1 1 3 15
_5_253_455_855_“. for Im(&)>0

1 1 3

Z(&)= ETE i 855 +ime®  for Im(E) =0 (H.18a)

11 3 15
E 28 48 88

+i2Jme s for Im(&)<<0

or
) % gr[n{g—zgl/z)] (&) >0

Z()= —%fg [”(525}1/2)]+\/—5 Im(£) =0 (H.18b)
_%2 ["6251/ Tn=WI2N i [me® 1m(E)<<0

Note that the plasma dispersion function is not applicable to a problem with non-Maxwellian
distribution, such as a distribution with finite heat flux. On the other hand, we can also

prove Egs. (H.17a) and (H.18a) directly without the help from the complimentary error

function.

Since 147472+t r" =27
1-r
1 1 1 -1 u u
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u=§ Su_, & & ¢
¢
2
For 1&1<<1, we have ! :l( )=— [1+§+(§)2+...]:l+£2+€_3+...
u—=¢& uoq_ 5 u u o ouoouw

Thus, for £>>1, Z(§) is approximately

e
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Since




Appendix H.  Special Functions for Studying Linear Waves in Kinetic Plasmas

197
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It yields
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Likewise, for If l<<1, Z(&) is approximately
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where [, = = Je —du . Integral by parts, it yields
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Thus, for 1€ 1<<1, Z(&) is approximately

Z(f)zﬁ(&ll+§3lz+---+ﬂ:ie52)=—2§+%§3—%§5+---+i\/;e52

2 ~2e™ 2 4
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