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Appendix G. Functions of Complex Variable

Suggested Readings:
(1) Appendix in Mathews and Walker (1970)
(2) Appendix C in Nicholson (1983)

G.1. Analytic Function & Residue Theorem

This section provides background knowledge for studying inverse Laplace transfer and

Landau contours.

If f(z) be an analytic function in domain D, then for a closed loop C e D, we have

$f@)dz=0.

Let us consider the following integration

qgf(Z) dz
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where C:z=z0+£ei9 for0=0—->2r and €—0. Namely, for ze C, we have

z—z,=¢€e", li_r}(}f(Z) ~ f(z,),and dz=ige’dd. Thus, the above integration becomes
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If we define
=12 (G.2a)

z=¢
then
$g@)dz=2mil(z- (2. (G.2b)

It is commonly called [(z—¢ )8(2)]._, the residue of function g(z) with a simple pole at

z=¢.
Differentiating Eq. (G.1) with respect to {, yields
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—f(C)——gﬁ f( dz (G.3)
If we define
/(@)
= G4
8(2) G0 (G.4a)
then
Cﬁg(z)dz = 2ﬂi(i[(z -&r g(z)]) (G.4b)
C dZ z=¢
Thus, (i[(z -¢)’ g(z)]j is the residue of function g(z)= /) at z=(.
dZ =¢ ( _C)
Likewise, Eq. (G.1) yields
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If we define
/(@)
= G.6
g(2) -0y (G.6a)
then
) dn—l .,
C‘fg(z)dz =27i = 1)![ e [(z—0) g(Z)]]Z=§ (G.6b)
and - i 1)!(5;_1 [(z— C)ng(z)]lzg is the residue of function g(z)= (Zf—(?)" at z=¢.

G.2. Branch Point and Riemann Surface

This section provides background knowledge for stability analysis based on Nyquist method.

Definition of branch point

If a function f(z) has a branch point at z=z,, then f(z,+€&e”) is different from

f(ZO + gei(9+2ﬂ)) .

Definition of Riemann surface

Riemann surface is a surface of z=7z,+€e” where €=0—>c and 0=0—2nmw, where

i[0+2(n+1)71'])

n is large enough so that f(z,+&e®)=f(z,+e€e Definition of Riemann
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surface can be more complicated if a function f(z) has more than one branch point.

Example 1:
Function f(z)=A/z hasabranch pointat z=0, because f(re’)#=f(re'®?™), but
2= el = pei®2m.

We can choose Riemann surface of f(z)= \/Z to be a surface of z=re’® with r=0—o0

and 6=0—4r.

Example 2:
Function f(z)=3/z—z, hasabranch pointat z=z, because f(z,+€e”),

f(zo+€e®?™), and f(z,+€e'®*™) are different from each other, but

i0+2m) i0+41)

z=z0+eei9=z0+£e =Z,t€e
We can choose Riemann surface of f(z)=3/z—z, tobe asurface of z=z,+¢e” with

€=0— o and 0=0—>6m7.

Example 3:

Function f(z)=Inz has a branch point at z=0, because for z=re'®"™"™, different n
leads to the same z but different f(z)=Inz=In(r)+i(6+2nr).

We can choose Riemann surface of f(z)=Inz to be a surface of z=re with r=0—-o
and 0 =—co — +oo.

Consider integration along a closed loop C in the complex z-plane. Iftheloop C

circles around point z=0 for N times, then

qulnz =g5(d1nr +id0)=2ri)N
C C

Note that loop C is not a closed loop on the Riemann surface of f(z)=Inz.
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