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Chapter 6. Linear Waves in the MHD Plasma

Topics or concepts to learn in Chapter 6:

1. Linearize the MHD equations

2. The eigen-mode solutions of the MHD waves

(a) The characteristics of the entropy mode

(b) The characteristics of the intermediate mode (or Alfvén mode or shear Alfvén mode)
(c) The characteristics of the fast mode (or compressional Alfvén mode)

(d) The characteristics of the slow mode

3. The Friedrichs diagrams of the phase velocity and the group velocity of the MHD waves.

Suggested Readings:

(1) Chapter 7 in Nicholson (1983)

(2) Chapter 4 in Krall and Trivelpiece (1973)
(3) Chapter 4 in F. F. Chen (1984)

6.1. Linearized Wave Equations in a Uniform Isotropic MHD Plasma

Table 6.1 Column (1) lists governing equations of magnetohydrodynamic (MHD)
plasma with isotropic pressure and zero heat flux. Derivation of these equations has been
introduced in Chapter 3. Appendix C shows that the MHD Ohm’s law can lead to frozen-in
flux, which is an important characteristic of MHD plasma. In addition to frozen-in flux,
MHD linear wave modes are also important characteristics of MHD plasma.

Substituting V,=0 into Ohm’s law yields E,=0. Far from the source region,
perturbations can be assumed in plane-wave format. A perturbation A,(X,#) can be written
as
A x,0)= A (k,w)cos(k - x— ot +@,) = Re{A, (k,w)expl[i(k - x — 01)]}
where A] k,w)= Zl (k,w)e'”* is a complex number. The wave amplitude Zl (k,w)

satisfies O(Z]) =0(e)O(4,). Following procedures described in Sections 5.1 and 5.2, a set
of linearized MHD equations in (®,k ) domain are obtained and listed in Table 6.1

Column(2) for V,=0, E;=0,and VA, =0, where A, denotes a background variable.
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Table 6.1. Governing equations of MHD plasma with isotropic pressure and zero heat flux

(1) MHD equations in (¢, X ) domain

(2) linearized MHD equations in (@,k) domain

Mass continuity equation

Mass continuity equation

J ) L
(§+V-V)p:—pV-V (—iw)p, =—p,(ik)- V, (6.1)
MHD momentum equation )
MHD momentum equation
d - ~
p(; +V-V)V=-Vp+]JxB p,(—iw)V, =—(Kk)p, +J, xB,  (62)
MHD energy equation MHD energy equation
3 4 _ R Do
—[(a—+ V-WV)n(pp™?)]=0 (—iw)p, = 1P, (—iw)p, (6.3)
2 ot Po
MHD charge continuity equation MHD charge continuity equation
V-J=0 (ik)-J,=0 (6.4)
MHD Ohm’s law MHD Ohm’s law
E+VXB=0 E +V,xB,=0 (6.5)
Maxwell’s equations: Maxwell’s equations:
AR il (ik)-E, =0 6.6)
V-B=0 o=
(ik)-B, =0 (6.7)
JB . .
VXE=-—"= (ik)xE, = ioB, (6.8)
VxB= ] (K)xB =udJ, (69

Our goal is to reduce the system equations listed in Table 6.1 Column (2) into a set of

equations for plasma flow velocity {71. We shall focus on the momentum equation (6.2).

In order to eliminate p, in Eq. (6.2), we substitute Eq. (6.1) into Eq. (6.3) to eliminate p,,

then substitute the resulting equation into Eq. (6.2) to eliminate p,.

Likewise, to eliminate

~J1 in Eq. (6.2), we can substitute Eq. (6.5) into Eq. (6.8) to eliminate El , then substitute the

resulting equation into Eq. (6.9) to eliminate ]§1 , and then substitute the resulting equation

into Eq. (6.2) to eliminate J -
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Substituting Eq. (6.1) into Eq. (6.3) yields

- - k-V
ﬁlzypoplzczpzcéopo 1

50771

(6.3

Substituting Eq. (6.5) into Eq. (6.8) to eliminate El , then substituting the resulting equation
into Eq. (6.9) to eliminate El , it yields

. kxE . kx(-V, xB,)
o kX L jkx———1—-02 -
jl:zk><B1: o _ W :zkx[kx(Bole)] 6.9)
Mo My My Hyw
Substituting Egs. (6.3") and (6.9") into Eq. (6.2) yields
. k-V, ikx[kx(B,xV
po i)V, = —ikc2, L Vo Xk By X V)T g 62)
0] JING)

Multiplying Eq. (6.2') by iw/p k> yields

(1)2

s

V, = C2kk-V,+C2 B, x {kx[kx(B,x V,)}
where C, =B /. u,p, is called Alfvén speed, and C, =,y p,/p, is called sound

speed.

As a result, we can obtain a set of equations for flow velocity \71 , which can be written

as
D.VI:() (6.10)
where

2

0] A oA An A AL A A A
D:[P—CEO(BO-k)2]1—(Cj0+C§0)kk+Cfm(BO-k)(BOk+kBO) (6.11)

For convenience, we can choose a coordinate system such that background magnetic

field is along the Z-axis, and wave number k lieson x-z plane. Namely,

B, =B, (6.12)
and
k = k(ZcosO + xsinf) (6.13)

where O is the angle between k and B,. Substituting Eqs. (6.12) and (6.13) into Egs.

(6.10) and (6.11) yields

(@ k)-a 0 -5 V.
0 (@ / k*)-C’, cos’ 0 0 v, |=0 (6.14)
) 0 (@*/k*)-PB 2

where
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a=C’, cos’0+(C3 +Cs)sin’0=C2 +C; sin’ 0 (6.15)
B=C: cos’6+(C +C;, )cos’ 6 —2C7 cos’0=C;, cos’ 0 (6.16)
8 = C;,cosOsin6 (6.17)

Note that solutions of @”/k> for different wave modes can be considered as eigen

values of the following matrix

o 0 o
0 C’cos’0 0
5 0 B

Characteristics of different wave modes can be obtained from the corresponding eigen

vectors.

Exercise 6.1.

Review eigen values and eigen vectors of a symmetric matrix. Determine eigen values

A, A,, A,,and the corresponding normalized eigen vectors &, é,, é,,of the following

symmetric matrix

I 10
M= 111
011

Show that these eigen vectors of the symmetric matrix form an orthonormal basis and after

coordinate transformation, the representation of matrix M in this new basis

B'={e,e,, e} becomes

A 0 0
M= 0 A, 0
0 0 A

B

6.2. Linear Wave Modes in the MHD Plasma

Number of linearized equations with time derivative term can lead to the same number
of linear wave modes. There are seven equations in Table 6.1 that consist of a time
derivative term. It will be shown in this section that, for 6 #0 and 6 #mw /2, seven linear

wave modes can be found in MHD plasma. Three of them are forward propagating waves.
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Based on their wave speeds, these three wave modes are called fast-mode wave,
intermediate-mode wave, and slow-mode wave. The intermediate mode wave is also called
Alfvén-mode wave or shear-Alfvén wave. The other four wave modes are backward
propagating fast-mode wave, intermediate-mode wave, slow-mode wave, and
non-propagating entropy-mode wave. The fast mode, Alfvén mode, and slow mode are

eigen modes of Eq. (6.14). The entropy mode is an additional wave mode, which can be

obtained from equation of p, (i.e., continuity equation).

6.2.1. Entropy Mode

Entropy mode in MHD plasma is characterized by p, #0,but V, =V, =V,_=0 and

w=0. For w=0, the phase speed also vanishes. Thus, entropy mode is frozen in the

plasma flow.

In general, if V, =V, =V,_ =0, but p,#0 and/or B,#0, then @ must be zero

(w=0),and —(ik)p,+J, xB,=0.

Proof:
For V,

Ix

=V,,=V,.=0,Eq. (6.10) or (6.14) is automatically fulfilled.

Substituting V, =0 into Eq. (6.5) yields E, =0.

Substituting V, =0 into Eq. (6.1) yields wp, =0.

Substituting E, =0 into Eq. (6.8) yields ool~31 =0.

Thus,if p, #0 and/or B, #0,then we must have w=0.

Substituting V, =0 into Eq. (6.2) yields

—(ik)p,+J, xB, =0 (6.2a)

Substituting Eq. (6.9) into Eq. (6.2a) yields
_k(B,-B,) N (k-B,)B, _
Ho Mo
Eq. (6.7) implies B, L k, thus Eq. (6.2b) can be decomposed into two components. One of

—kp, 0 (6.2b)

themisin k direction. The otherisin B, direction. That is

—k(p, + M) =0 (6.2¢)

0

and

(k-B,)B, =0 (6.2d)
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Eq. (6.2d) implies if B, #0 then k-B =0. Likewise,if k-B #0 then B =0.

Thus, solutions of @ =0 can be classified into the following types:

If B,#0, p,=p, =0, and k-B,=0, then wave mode with @ =0 can be considered as

perpendicular-propagated Alfvén-mode wave . Eq. (6.2c) yields B, -B =0 in this case.

If B,#0, p,#0, and k-B =0, then wave mode with @w=0 can be considered as

perpendicular-propagated slow-mode wave. Eq. (6.2¢) yields B -B, #0 in this case.

If =0, p,#0 and k-B,#0, then Eq. (6.2d) and (6.2¢) yield p =0 and B =0.

This wave mode is called entropy mode. Note that for w =0, Eq. (6.3) is automatically
fulfilled.

It can be shown that solutions of nonlinear MHD equilibrium states consist of Contact
Discontinuity (CD), Tangential Discontinuity (TD), Rotational Discontinuity (RD), and
Shock Waves. (e.g., Kantrowitz and Petschek, 1966; and Chao, 1970. Or see Chapter 2 in

my lecture notes of Nonlinear Space Plasma Physics.)

It can be shown that Tangential Discontinuity (TD) can be considered as a nonlinear version
of perpendicularly propagated Alfvén-mode wave or slow-mode wave.  Contact
Discontinuity (CD) can be considered as a nonlinear version of entropy-mode wave in MHD

plasma.

6.2.2. Alfvén Mode (or Intermediate Mode)
6.2.2.1. Phase Velocity of the Alfvén-mode Wave

Alfvén mode in MHD plasma is characterized by V. :Vlz =0 but V,_#0. For

1x 1y
Vi,=V.=0 but V #0,Eq.(6.14) yields

wZ

7 = Clpcos’6 (6.18)

Eq. (6.18) is the wave dispersion relation of Alfvén-mode wave. Since the phase speed of

Alfvén mode is in between fast-mode and slow-mode wave speed, the Alfvén mode is also
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called intermediate mode. It can be shown that Rotational Discontinuity (RD) can be

considered as a nonlinear version of Alfvén-mode wave in MHD plasma.

6.2.2.2. Group Velocity of the Alfvén-mode Wave
From Alfvén-mode wave dispersion relation @ =+kC, cosf, we can determine group

velocity of Alfvén mode to be

do .Jo ,Jdw . A
Vg:d—k:xﬁ+2£:ich‘°:i OCAO

6.2.2.3. Characteristics of the Wave Fields in the Alfvén-mode Wave
Exercise 6.2.
(1) Show that for Alfvén wave p =0, p =0, and B, =0. Show that B can be

determined from B =B, -1:30 .
(2) Determine perturbation directions of V,, E , B ,and J, for Alfvén-mode wave.

(3) Determine relationship between B, and V, in Alfvén-mode wave. Show that

variations of B, and V, are in phase if 7/2<6<m , but out-off phase if

0<6<m/2.

6.2.3. Fast Mode and Slow Mode
6.2.3.1. Phase Velocity of the Fast-mode and Slow-mode Waves

> V~1x O
For V, =0 but . #
! |4

1z
Eq. (6.14) yields

der| @K@ B ={w—jj2—w—j(a+ﬁ)+aﬁ—52=0
= (@ /k*)-p k k

where o, B,and § are given in Egs. (6.15)~(6.17), which yields

a+p=C +C; sin’0+C; cos’0=C2 +C;,

and

oaf—6°=(C: +C;, sin’0)C;, cos’ 6 — C;, cos’ Osin’ 0 = C° C;, cos’ 0

Thus, we have

2

o’ ’ [0 2 2 2 2 2
(?] —?(CAO+CSO)+CAOCSOCOS 0=0 (6.20)
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Eq. (6.20) has two roots of @”/k>. They are the fast-mode (+) and slow-mode (-)
q y

dispersion relation

o’ 1
(—]F [:(vj),l)m =5{(Cio+C2 )£\(C2, +C2) —4C2 C2 cos* 0} (6.21)

k2
Slow
Slow

6.2.3.2. Group Velocity of the Fast-mode and Slow-mode Waves

The group velocity of a wave is defined by

do rdow -1Jw
_A40 _ 00 5100 6.2
VeTuk ok ko0 (6.22)

Since, for MHD waves, the phase velocity is a wavelength-independent function. i.e.,
w

o= ). (6.23)
Thus, the k -component of the group velocity can be obtained by

ow

- ﬁ[kvph ©@)]=v,,0). (6.24)
Whereas, the 6 -component of the group velocity can be obtained by

1 dw 1

——=—(—)= 0)]= —[v2, (0 6.25
90 ae(k) [ v, (0)] 2vph(6)80[vph( ] (6.25)

From MHD dispersion relation, we can determine phase speed of the Fast-mode and
Slow-mode waves. Namely, we have

d
g[vm )] = 2 89 \/(C +C;,) —4C;,C;,cos’ 0 (6.26)

Substituting (6.26) into (6.25), the 6 -component of the group velocity can be rewritten as

(1 8(0) ~ 1 C;,Cs,cos0sin0
k00 s [V, \(C2y +C2 ) —4C3,C2, cos> 6
Slow

-+

(6.27)

Substituting the equations (6.24) and (6.27) into equation (6.22), we can obtain the group

velocity of the fast-mode and slow-mode waves

. ~ 1 C?,C: cosBsinb
(Vg )Fast = k(vph )Fast * 9 9 2 AOZ S;) 2 2 2
Slow Slow [vph( )];a;i \/(CAO + Cso) - 4'CAOCSO cos 9

(6.28)

where (vph) is given in Eq. (6.21).

Fast
Slow

Note that the denominator of the 6 -component group velocity in equation (6.27)
vanishes at 6 =90° for the slow-mode wave. It also vanishes at 6 =0° or 180° when

C,, =C,, for both slow-mode and fast-mode waves. We shall use the L'Hopital's rule to



Chapter 6. Linear Waves in the MHD Plasma 93

determine the 6 -component group velocity in these special cases. Namely, when the
denominator in equation (6.26) vanishes, the 6-component of the group velocity can be

obtained by

1 dw anh(O)
a9 = ag Jraw

a%’(CjoCSQO cos@sin )

= +
= v ,(0)

[ 1Fast \/(Cjo + C§0 ) - 4C§0Cszo cos’ 6 + [V, Oy = \/(CAO + Cso) 4C1§0C§0 cos’ 0

89 Slow Slow 89

C;,C3,cos20

— (6.29)
v ,(6) v, (6)
[0 A (Ch + i) = 4C3,Clycos” 0 241, (O], [ 20 "y,
80 Slow Slow ae Slow
where (6.25) and (6.26) have been used to obtained Eq. (6.29). Eq. (6.29) yields
Pu®n CyCs, €0526 (6.30)

90 Siow A2, (0)] 0 £A(C2+C2 ) —4C2,CEyc0s° 6

Slow

Special Case A: The slow-mode 6 -component group velocity at 6 =90°.
Equation (6.30) yields

lim (L9 C;,C:,c0826 | CiCi
eal9r0n+s( k 00 30 5o = 9591(} 2 2 o on T C? +(C>
4V2,(O)]g —(C2y+C2 ) —4C2C2 05> 0 (Cho+Cso)

(6.31)
where the minus sign and the plus sign are chosen to match the group velocity at
6 —90°—¢ andat 0 — 90°+¢, respectively, with € ->0".

For C,,=C,, and 68— 90°F ¢, the slow-mode group velocity is equal to

Vg =6 lim (192~ 35S

0-590°7¢ k ae )Sluw (632)

a|

Special Case B: The slow-mode and fast-mode group velocity at C,, =C,, and 6=0°.

Equation (6.30) yields
C
— =+ 40 6.33
9—)0 (k 00 )gﬁffv 2 ( )
C40=Cso

where the sign is chosen to match the group velocity at 8 — 0°+¢ with £€>0.
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6.2.3.3. Characteristics of the Wave Fields in the Fast-mode and Slow-mode Waves

Exercise 6.3.
(1) Determine phase relationship of p, and B,, for fast-mode and slow-mode waves.
(2) Determine perturbation directions of V,, E,, B,, and J, for fast-mode and
slow-mode waves.

Y

1Slow

(3) Show that V

1 Fast

=0.

Answer of Exercise 6.3(3) Proof \Y

1 Fast Vl Slow

=0
Eq. (6.14) yields
(I7lx)Faxt [(0)2 / kz)Fast - a] - (I7lz )Fast6 = 0

and
(I7lx )Sl()w[(a)2 / k2)Slow - a] - (thz )Slow6 = 0

Substituting the above two equations into \71 st -\71 sion » 1 yi€lds

VlFast ) VlSlow = (I%X)Fast(l}lx)Slow + (I7lz )Fast(ﬁz )Slnw
= ( / )Fast( / )Slow + {( / )Fast [(wz / kz)Fast - (X] / 5} {(le )Slow[(a)2 / k2 )Slow - a] / 6}
- ( lx)Fast( Ix Slow{l + [(w2 / kZ)Fast o a][(wz / k2 )Slow o a] / 62}

( )Fast( lr)Slow{ + (w2 / kz)Fast(a)2 / k2 )Slow - a[(a)z / kz)Fast + (wz / k2 )Slow] + az} / 52
( )Fast( l)c)Slow{52 +a2 +i[b2 _(b2 —4C)]—ch}/52
= (le )Fast(l71x )Slow{52 + az tc— ab} / 52

where
b=(o+P)
c=aff-8°
Thus

VlFast 1Slow ( )Fazxt(l71x)Slow{62 +a2 +(aﬁ_52)_a(a+ﬁ)}/52 = 0
Answer of Exercise 6.3(1)

(6.1): (—iw)p, =—p,(ik)-V,

6.3) : ypp by =Cap,

0

(62): p,(—iw)V,=—(ik)p,+J xB,
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(6.9): (ik)xB,=pJ,

Substituting (6.9) into (6.2), it yields

p,(—iw)V, =—(ik)p, +(ik xB))x B, / 1, (6.2")
Substituting (6.3") into k- (6.2") to eliminate J,, then substituting (6.1) into the resulting
equation to eliminate \71 and substituting (6.3') into the resulting equation to eliminate
D, , it yields

po(—iw)k -V, =—k-(iK)p, +k-[(ikxB,)x B,/ u,

= (—iw*)p, = —ik’CL,p, + LS Buk B, —ik? BOH' B, (6.2")
0 0

where k-]~31=0. It can be shown that B—B, =B, =B,-(B,/B,)

Thus, the above equation (6.2") can be rewritten as

@) 2oy Py B B kc§0p1+kc 5

pO pO pOiLl“O pO BO

w2 ﬁ B m
:(p—cs?o)p—;%io;; 62"

Thus, for w*/k*>C?

< » variations of p and B, are in phase.

For @’ /k*<C:

o » variations of p and B, are out-off phase.

It can be shown that, for fast-mode wave, we have (a)z/kz)pthC;O. Thus, for

fast-mode wave, variations of p and B, are in phase. For slow-mode wave, we have
(w®/ kz)Slow SC;O. Thus, for slow-mode wave, variations of p, and B, are out-off

phase.

Note that (6.3") yields variations of p, and p, are in phase. Substituting equation

(6.3") into equation (6.2") to eliminate P, it yields

w_z_ 2 ) 131 =C? E
k* * Cszopo o Bo
5 B -
w 2\ P » B
or (—-CH)F=c 2L
k2 M X A0 BO

Thus, for w*/k*>C?

o » variations of p and B, are in phase.

For @’ /k*><C:

o » variations of p and B, are out-off phase.




96 Chapter 6. Linear Waves in the MHD Plasma

6.2.4. Friedrichs Diagrams of the Phase Velocity and Group Velocity of the MHD

Waves

Exercise 6.4.
(1) Ignoring the entropy mode, plot the phase velocities of the three MHD wave modes:

fast-, Alfvén-, and slow-modes, on the Friedrichs diagram, where the polar

coordinate (r,0)=(w/ k,@k’BD) .

(2) Ignoring the entropy mode, plot the group velocities of the three MHD wave modes:

fast-, Alfvén-, and slow-modes, on the Friedrichs diagram, where the polar

coordinate (r,0)= (vg, 0, ,).

Students are encouraged to read the classical paper written by Kantrowitz and Petschek (1966)
for detail discussion on the MHD wave modes. The application of the group-velocity
Friedrichs diagram on wave expansion near the source region can be found in the two papers

by Lai and Lyu (2006, 2008).
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