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Chapter 2. Deriving the Vlasov Equation From the Klimontovich Equation

Topics or concepts to learn in Chapter 2:
1. The microscopic plasma distribution: the Klimontovich equation

2. The statistic plasma distribution: the Boltzmann equation and the Vlasov equation

Suggested Reading:
(1) Chapter 3 in Nicholson (1983)

2.1. Klimontovich Equation

Let us define a microscopic distribution function of the oth species in the six-dimensional
phase space

No
N, (x,v,1)= Y 8[x — X, ()I8[V — v, (1)] 2.1)

k=1

where x,(t) and v,(7) satisfy the following equations of motion

dx, (1)

_ 2.2
a0 .

dv, (@) _ o (B [x,(1),1]+ v, (t) < B"[x,(),¢]} 23
dt m,

in which E"(x,r) and B"(x,r) are the microscopic electric field and magnetic field,
respectively. The Klimontovich equation can be obtained by evaluating the time derivative

of N, (x,v,7).

Taking time derivative of Eq. (2.1) and making use of Egs. (2.2)~(2.3) and
ad(a—b)=bd(a—-Db), it yields
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IN,(X,v,1) & _
e _8tk2:{6[x X, ()16[V =V, (1)]

Ny & Ny 8
= 2{—6[x —x, (O}O[V - v, ()] + Za[x — X (OK=-0lv =V, ()1}

—2{85[" 0L 2By 1+ Y 81— x DK [V;Vk(’)] FARGI
o \4 dt
= Za[v—vk<r)][—vk(t>]-—6[x—xk(r>]
+Z§[x X, (2)] [——"‘{E’" [x, (1), 1]+ Vv, () x B"[x,(£),t]}]- —5[v v, ()]
—25[v v, (O][-V] —5[x x,(1)]
+25[x xk(t)](——)[E’”(x 1+ vxB"(x,1)]- i6[V v, (D]
= [-v] gﬁ{é[x—xka)w[v—vk(t)}}
(—m—)[E"’(X )+ vXB"(x,0)] E{S[X X, (O]o[v—v, ()]}
:_V.M_e_amm(x,tmXBm(X,,)].M
175.9 m, av
or
o'?Na(x,v,t) 07N (x,Vv, t) [E”’(x B +vxB"(x.0)] dN,(X,v,t) _0 2.4)
ot Jx av

o

Eq. (2.4) is the Klimontovich equation of the microscopic distribution function N, (X,v,?).

Exercise 2.1
Show that

Ao[x—x,(1)] - dx, (1)

oJx dt ]

0
E5[x—xk(t)]—
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Answer to Exercise 2.1

i5[X X, (0] = —{5[x X (D10Ly = y, ()10l z — 7, (D]}
= 5{5[36 —x, (O}6Ly = y (D162 = z,(1)]

d
+6[x — x, (t)]5{5[y =y (O1}6[z = 7, ()]

+0[x — x, ()16l y — y, (t)]%{ﬂz -z (O}

_ ,ddlx —x, ()] dlx — x,(1)] _ )
“Vdx—x)] o 30y = 3, (D181~ 2, (1)]

doly -y, ] dly -y, ()] _
o ez

Nz —
+0[x —x, (1)10[y — y, (¢ )]{ [Z (O] dlz—z, ()]
[z2—2,(8)] ot

+0[x —x, (1)K

}

S0 J
¢ ["8 O x"“)}é{y YOz = 2,(0)]

X
+8Lx - x, (2 ;yyk(”]( dyk(”)}a[ ()]
813 = x,(V16Ly — y, (L2 _dz )y,

Jz dt

=85[X;Xk(’” e A L e

X dt
where

o[x — . N N
P =X, 01 _ ;9 159, z%mx (181 — v, (182 — 2, (O]}

ox dx ~dy
and
dx, (1) _: dx, (1) +5;dyk(t) N 2a’zk(t)
dt dt dt dt

Exercise 2.2

do[x — x,(1)] _ do[x — x,(1)] = dx, (1)

Show that
ot dx dt

]
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Answer to Exercise 2.2

Let f be afunctional of a function W (x,t),1i.e, f= f[W(x,t)]. Then
o _df w

ot dW ot

If oW /dx=1, then

a_f_ df oW _ df
ox dW dx dW

Thus, for W /dx =1, we have

9f _df ow _af ow
ot dW 9t Ix ot

This is the reason why

d6[x—x,(1)] _ IS[x—x, ()] [x—x, ()] _ I6[x—x,(1)] . dx, (1)
g Ox o ox dt

]

Exercise 2.3

Show that

No

%
> Slx—x,(0](v, ()X B"[x,(1),1])- S50V =V, ()]

k=1

Ny &
= Za[x—xk<t>][vxB'"(x,t)]oa—Vé[v—w)]

k=1

2.2. Vlasov Equation

Let f,(x,v,t), E(x,1), and B(x,7) be the ensemble average of N, (x,v,), E"(x,7), and
B"(x,1), respectively. Let
N,(x,v,t)= f,(X,v,t)+ ON (X,V,1)

E"(x,t)=E(x,t)+ 0E" (x,1)

B" (x,1)=B(x,t)+ 0B" (x,1)

If we use (A) to denote the ensemble average of A, then we have
<Na(x,v,t)> = f,(X,v,1)

(E"(x,0)) = E(x.1)
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(B"(x,0)) = B(x.1)

and

(6N, (x,v,1))=0

(SE"(x,1))=0

(6B"(x,1))=0

Taking the ensemble average of Eq. (2.4), it yields

dN,(X,V,1) iy, JdN,(X,V,1) N
ot ox

Lo (B (x,1)+ v X B"(x,1)]- 0
m

o

dN,(X,V,1)
ov

or

UulXeV1) |\ OV | G gy oy xBix, )] LeEVD)
ot Jx m, av

dON ,(X,V,1) > 0

(2.5)

ov

+e_a<[5E’"(XJ)+V><5Bm(x’t)]'

m,

Let Df,(x,v,t)/ Dt denote the time derivative of the distribution function f, (x,v,f) along

its characteristic curve in the (x,v) phase space, then Eq. (2.5) can be rewritten as

Df,,(x,v,1) _ af, (X,v,t) v af,(X,v,1) N e—“[E(x,t)Jr v Bx.0)]- af, (X,v,1)
Dt ot ox m, av
(2.6)
N P R AL AR A AL
o 07V 6t collision
For
=0,

ov ot

m

—e—a<[6Em (x,1)+v X SB” (x,1)]- ION(X.V.1) > = Of,(xv.0)|

collision
the Boltzmann equation, Eq. (2.6), is reduced to the Vlasov equation (Vlasov, 1945):

OfuXe¥el) W&V | C iy )y B,y 2LeBVD)
ot ox m av

o

0 2.7)
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