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Chapter 12: Electrostatic Drift Wave in Two-Fluid Plasma

Two-fluid equations and Poisson equation are

I N 0V =24 n V-V, 4V, Vi, =0 (12.1)
ot ot
8”; +V-(neve):‘98"; +n,V-V.+V,-Vn, =0 (12.2)
d
nm (5 V- VIV, =en B+ V, xB)=Vp, (12.3)
%
nom (5 +V, V)V, ==en,(E+V, xB)~Vp, (12.4)
Vp, =Py =y k TV, (12.5)
ni
Vp, = Mvnne + lene = Yaks TV, + 7, k, T,V 1, (12.6)
e né’
e
V-E=—(n,—n,) (12.7)
80
We assume
B,=B,:

Ny =N, =Ny =Ny(x)
T,=0

1>>B>m,/m,

It can be shown that <<1 yields VB/B<<Vn/n. Therefore, we can ignore gradient-B

drift and assume a uniform background magnetic field.

For low frequency wave and 3 >m,/m,, we can ignore electron inertial term in Eq. (12.4).

For T, =0, yieldsV, =0.

For uniform 7, #0, the equilibrium state of Eq. (12.4) becomes

0=—en,(V,,xB,)—k,;T ,Vn,

which yields
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vV = _kBTeovno XBO — kBTeO dn ( )= (— kBTeO i%))ﬂ/
<0 —enOB(f en,B, dx eB, n, dx

ForV, =V y,Eq. (12.8) yields

kBT'eO 1 an
w eB, n, dx

d
Ifﬂ<0,we havelV. >0.
dx eo

For electrostatic wave, we have B =0and E =-V®,

p.12-2

(12.8)

(12.8a)

We consider a “local approximation” in the density gradient region and perturbations in this

region can be written in the following wave form 4, = Re(;ll exp{i[(ky y+kz)-wt]}). Asa

result, the Fourier and Laplace transform of Eqgs. (12.1)-(12.7) yields,

~ ~ ~ d
_iwﬁil + nO(ikyI/ily + ikzI/ilz) + I/il)r % = 0

- dn,
—i(a)—VeOky)ﬁe1 + ”o(ikyVely +ik i 612)+ V dx =0

nomi(_iw)ﬁilx =en,(0+ I7ilvBO)

noml.(—ia))Vi =en,(— zk <I) -V..B,)

noml.(—ia))Vl.lz = eno(—ikzd)l)
0=—en(0+V, B)-eii,V, B, —~0

——en(szI) VB) Y (zkn)

eJ_B

0=—en, (—ik,®, +0)- Y oks T ik 1,))

~ e ~ o
Ko = E—(n —n,)

1 il
0
Eq. (12 .4c) yields
3 e®,
n,=n,

el ykT

el "B~ el

Egs. (12.4a) and (12.4c') yield

p,=-lay
ely el
nO

(12.12)

(12.22)

(12.32)
(12.3b)

(12.3¢)

(12.4a)
(12.4b)

(12.4¢)

(12.7a)

(12.4¢")

(12.4a')
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Eqgs. (12.4b) and (12.4¢") yield

JeJ_ B~ e0 el ~ B~ e0 1
el ( 0 e’l B ) Y el enOBO ( el eJ_) ( )

Substituting (12.4a") and (12.4b") into (12.2a), yields

k,T d
(@~ V, ok )i, +n,(ik, “V vk, )ik i, By, ) =0
n, “ en,B, dx
or
kT, dny. i, = =7,V
— Ll (D+k B~ el Gl el 20 Yy 12.28.'
§ noz[ A N s A (1222

where Eq. (12.8a) has been used to obtain Eq. (12.2a").

Namely, for a given d~)1 , we can determine 7, from Eq. (12.4¢"), and then substituting 7
into Egs. (12.4b"), (12.4a"), and (12.2a") to determine Vel = (Velx,Vel Vo).

The Poisson equation (12.7a) can be rewritten as

~ l’l e ne n e&)
qu) — 11 el — 0"l
- ( ) (n —k T )

o & 1, y\BeO

For[e(k,w)]k*®, =0, we have

2 .
ek,0)=1- 0 Sa M My g Ow My M1 (12.9)
k"meg, n, ed, yerBTO k™ n, e® O

where C¢=,Jy,k,T,, /m, isthe wave speed of ion acoustic wave.

Eq. (12.3a) yields

B, Q
£y —iay (12.3a)

Vl 1x ily ily
ml.a) (0]

Eq. (12.3b) yields

eky Qz_ s I
0y = (1-—5) 0, (12.3b")

m.m (0]

Substituting Eq. (12.3b") into Eq. (12.3a’) yields

- Q ek Q> .

V, =i—<—2(1-—9)"], (12.3a")

@ mo w

Eq. (12.3¢c) yields

- k-

V==, (12.3¢)

ml.a)
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Q1 dno]ed)

Substituting Eqgs. (12.3a"), (12.3b"), (12.3¢') into Eq. (12.1a) yields
K2 Q, k ,
2 (1 - =)
n, dx m,

12-4

(12.1a')

a, kI
_11:[_y2( a) +_+ 2
n, 0 o ©
or
Ko Q. ko 1dy )
i 0’ Q. w0’ Q n dx Kkl _ed
n_:[ o’ +E]
0 (I_E i
Substituting Eq. (12.1a") into Eq. (12.9) yields
kyz 0’ Q.ky 0’ 1 dn,
, ——2— _fa vy
ek a))zl—w’” Q ' Q) w0 Qnd k.1
’ K ©’ 0 C:
o
kj w* Q, k}, 1 dn,
0 "o o Qnd ., KC
=1 21”2[ ci . ci 0 C;_ z 25 +1]
Cik 0] w
(-
Qci
o’ 1 dn, W’
+—kCI(1-—) +—k — C 1-—)"'—kC? + @?
w;i sz . S( ch) Qci nO d ( 2) 20 @
=l+—= 2
Cik w
o’ o’ .
o +—2ij§(1—§)1— ) V,(1- —) —k; C2+a)
:1+ pt ci ci u
C;kz[ ®’ ]
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2 o’ o’ ’
2712 2,2
e(k, w)__2C2k2 {—C k- + RY kyCS(l—Q ) —wkylfé)o(l—g—%)

For @’ << a); and ®” <<, dispersion relation &(k,w)=0 yields
o'~k )V, ~kC;=0

The roots of Eq. (12.10) are

e Vo k(1 +4K2C2 )

or
1
% —{Veosinei\/V(j)sin29+4C§cos 0}

T-kC+ 0’} (12.9a)

(12.10)

(12.10a)

(12.10b)
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where 0 is the angle between background magnetic field and wave propagation direction.

Figure 12.1 shows plots of drift wave speed in polar coordinate (r,0)=(w/kV,,0) with
T,=0. Panel(a)isfor C;=2V . Panel(b)isfor C,=V . Panel(c)isfor C,=0.5V.

Panel (d) is for C,=0.25V.

(r,0)=(w/kVe, 0)
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Figure 12.1. Plots of drift wave speed in polar coordinate (r,0)=(w/kV,,,0) with T,,=0.
Panel (a) is for C, =2V,,. Panel (b) is for C,=V,,. Panel (c) is for C;=0.5V,,. Panel (d) is
for C;=0.25V,,,.
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In summary, we have

p.12-6

Vo =i 'D, 12.3a"
ilx Qdmi QQ ) ( )
~ w” ek '
- > (1—92) ', (12.3b")
~ Lo~ (0 ek 2
or V,,=—iaV, =i——= (1—9—) ‘D, -0 (12.3b")
7, = (12.3¢")
m.m
or V,, =—iaV, =-i"=d, (12.3¢")
H 0> w’ > e~
L =[—k; — +k,oV, (1-—)" +k 12.1a"
iy = Qz - Qu) . Qii) ) i ( :
] (12.4¢")
Venk T,
S kT | ® |
Velx = _lkynel . (,)/ell - YEL) = _lky(YeII - YEL)_I (124b)
en,B, B,
Vely = _hveo =- eq)l VeO (124&')
n, Yuks T,
‘7@12 _ Qw_(%n — Y. )V.ok, _ O— (Y =Y. )V.ok, e(i)lz (12.2a)
o k, k. m.Cy
and
E, =-ik®, (12.11)
E,. =—ik®, (12.12)
Particularly, from (12.3a") and (12.4b') yield
v,
Ox, =—1x = - CD 12.13
o Q, ma)( Qz) ( )
~ k(v —
3, = Yar 0 ) & (12.14)
—l® 0 B,

We can understand the asymmetric wave speed distribution in +y and -y directions shown in

Figure 12.1 by studying phase changes of different variables list above.

Figure 12.2 sketches phase changes of (a) n,, n,, ®,(®) E,, E_, V,, V,., Vﬂz, and
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(c) three-dimensional sketches of 6x, and éx, for k,>0 and y,-7, >0. Aswe can

see for k, >0, the background density gradient can enhance density variations in the ion

acoustic wave. Thus, wave speed increases if waves propagate in the same direction along
electron gradient drift direction. Note that for y=(f+2)/f, where f is the degree of
freedom, the strong uniform background magnetic filed yields y,,=3 (f,=1) and 7, =2

(f,=2). Thus, the assumption ¥, —7,, >0 is areasonable assumption.

E. V V,., and

ilx >

Vv

elx?

Figure 12.3 sketches phase changes of (a) n,, n,, ®,(®) E , E_,

(c) three-dimensional sketches of Ox; and dx, for k, <0 and 7, -7, >0. As we can
see for k <0, the background density gradient can reduce density variations in the ion

acoustic wave. Thus, wave speed decrease if waves propagate direction is opposite to

electron gradient drift direction.

Since V,=(,..V,

ilx* " ily?*

V,.) and V, =V, .V, +V,..V,.), localized two-stream instabilities

can take place along both y and z directions due to electrons’ gradient drift in y-direction and

due to fast field-aligned motion of electrons (V,,,) in nearly perpendicular propagation wave
(|kz| << ‘ky‘). Electrons’ field-aligned motion is a result of electrons trying to neutralize ions’

density perturbations in the ion acoustic wave. These two-stream instabilities can modify

specific heats of electrons in both parallel ( y,,) and perpendicular (y,, ) direction.
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Figure 12.2. Sketches of phase changes of (a) n,, n,, ®,(®) E, , E_ V., V,., Vﬂz,

and (c) three-dimensional sketches of ox; and 6x, for k >0.
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Figure 12.3. Sketches of phase changes of (a) n,, n,, ®,(®) E, , E_, V., V,., Vﬂz,

and (c) three-dimensional sketches of ox; and 6x, for k <O.
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Let the ambient magnetic field along the z direction (B,=B,z). Let ambient density
gradientdn, / dx<0. Let T,;=0 but 7, #0. The electron gradient drift will be along
the y direction with drift speed equal to

kBT:zO 1 an

eB, n, dx

eo

Let C; be the ion sound speed. The dispersion relation of the low frequency electrostatic
wave is

o'~k )V, ~kC;=0 (12.10)

Let k=#k(ZcosO+ ysin@). The dispersion relation can be rewritten as

o* —oksindV,, —k’cos’6C; =0 (12.11)
It yields
1 o 1 v
= 2Ging —cos’0=0 (12.12)
C:k Cik  Cy

Define dimensionless variables KO =V,/C, and Vp*h =(w/k)/C,. Equation (12.12) can

be written as

V) =V Vsinf—cos’6 =0 (12.13)
Thus, we have
* 1 * . *¥) . 2 2
Vph:E{Veost+\/Veo sin” 6+ 4cos 9} (12.14)

For —m <6< m, we can define

A

k=Zcos@+ ysinf (12.15)
6= 2(—sinb) + HcosO (12.16)
The normalized phase velocity V;h =V, /Cs isequal to

V' =kV

"
ph ph

=(Zcos@+ sinO)V ), (12.17)
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The normalized group velocity Vg* =V, /Cs isequal to

vioflde gL 1de (12.18)
¢ C, 0k C, ka0
To determine the & component in Eq. (12.18), we take derivatives d(12.11)/0k. It yields
2092 99 600V —asindV . — 2k cos? 6C2 =0 (12.19)
ak ak e0 e0 N :
Eq. (12.19) yields
V'V sinf+2cos’ 0
1o _ 7, Snots (12.20)
C, dk 2V —V sin@
P el
To determine the O component in Eq. (12.18), we take derivatives 09(12.13)/096. It yields
* 1 l 1 1 . * * .
h——a—w———a—onst—VhV00050+2cosesm9:O (12.21)
"C; kg Cgk oo ¢ pre
Eq. (12.21) yields
V'V cos®—2cosOsinf
L 190 _ Zpeo (12.22)

C, k 06 21,V ,sin@
Substituting Equations (12.15), (12.16), (12.20), (12.22) into Equation (12.18), it yields

. 22cosO+ PV V.
- Y e (12.23)

g 2V;h —V,sin6

Let us consider the special case with VL0 =0. Equations (12.17) becomes V;h =kcosf and

Equation (12.23) becomes Vg* =+z. Thus, we have A\ :lgCS cos and V, =*2C if

V.=0.

el
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Figure 12.4 shows the phase velocity distribution and the group velocity distribution of the
electrostatic drift waves in the ion-electron two fluid plasma. As we can see, the group

velocity distribution changes from two points at V, =+Z2C; when V=0 to an ellipse
with the axis along the z direction equal to 2C; and the axis along the y direction equal to
V, when V >0. The red curves from top are for Veo = 2,1, 0.5, and 0.1, and for
phase velocity parallel to the electron drift direction. The blue curves from top are for Veo =

2,1,0.5, and 0.1 and for phase velocity anti-parallel to the electron drift direction.
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Figure 12.4. Phase velocity distribution and group velocity distribution of the low-frequency
drift wave in the ion-electron two-fluid plasma. The red curves from top are for Veo = 2,1,
0.5, and 0.1, and for phase velocity parallel to the electron drift direction. The blue curves
from top are for Veo = 2,1,0.5, and 0.1 and for phase velocity anti-parallel to the electron

drift direction.
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Figure 12.5 shows the phase velocity distribution and the group velocity distribution of the
electrostatic drift waves in the ion-electron two fluid plasma similar to the one shown in
Figure 12.4 but for VeO: 8, 2, 1, 0.5, and 0.1. The distribution of the wave group

velocities indicates that the wave energy should be stronger along the major axis of the

ellipse.
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Figure 12.5. Phase velocity distribution and the group velocity distribution of the
electrostatic drift waves in the ion-electron two fluid plasma similar to the one shown in
Figure 12.4 but for VeO: 8, 2, 1, 0.5, and 0.1. The distribution of the wave group

velocities indicates that the wave energy should be stronger along the major axis of the

ellipse.



