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Chapter 11. Linear Waves in the Vlasov Plasma

Topics or concepts to learn in Chapter 11:
1. Method of characteristics (or integration over unperturbed orbits)

2. The linear kinetic dispersion relation of plasma with uniform background equilibrium.

Suggested Readings:

(1) Section 6.10~6.12 in Nicholson (1983)

(2) Sections 8.8~8.10 in Krall and Trivelpiece (1973)
(3) Section 7.10 in F. F. Chen (1984)

In this lecture, we consider both electrostatic and electromagnetic linear waves in the Vlasov

plasma. Basic equations to be used in this study include the Vlasov equations of the «th

species:
af, af, e a7,

o Do 4 Ca (g B -2=0 11.1
o +v 8x+ (E+vxB) v ( )

o

and Maxwell’s equations

V-E=-V0="(n,-n)=—[[(f, - f)dV (11.2)
£, £,
V-B=0 (11.3)
VxE=_2B (11.4)
ot
1 9E 1 JE
VXB = phe(nV, =n V) +— =" = wee[[[v(s —fe)d3v+c—2§ (11.5)

Let us consider a uniform background plasma and field. Equilibrium distributions of

plasma in a uniform background field satisfy the following conditions

I fod'v=[]] frodv=m, (116)
J-J.JV i0d3v = JIJ erod3v = nOVO (1 1_7)

and

oo = foo (V). (11.8)
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Let f,=f,+f,, E=E,+E,, B=B,+B,,where f, K <<f,,, E <<E,,and B, <<B,.

The linearized Vlasov equation (11.1) can be written as

szO al :_Lal 0 (119)
where
) Jd e )
L =—+v - —+—2(E +vxXB ) — 11.10
ot ox ma( ’ o) v ( )
L, =S (& +vxB,) <L (11.11)
m av

o

are the zeroth order and the first order differential operators, respectively.

Substituting Egs. (11.10) and (11.11) into Eq. (11.9) yields

d a e, d e, af,
[E+V‘X+m_a(EO+VXBO)'§]fm:_m_a(E]-i—VXBl).a—VO (1112)
Linearizing Maxwell’s equations (11.2)~(11.5) yields

e
VE =— = fd’ 11.13
= [IJ = fpay (11.13)
V-B, =0 (11.14)
VXE, =—& (11.15)
ot
1 JE
VxB, = pe|[[v(/, —fel)d3v+c—28—t1 (11.16)

Integration transform methods, such as Fourier transform and Laplace transform can reduce

linear differential equations to algebraic equations.

11.1. Linear Waves in Field-Free Plasma (E, =0, B,=0)

From equilibrium Maxwell’s equations

V-E, zgi(”io —1,)=0

0
VxB, = u,e(n,V,, —n,V,)=0,

it yields

n,="n, =n, (11.17)
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V,=V,=Y,

Thus, we can choose a moving frame such that

Vig =V =V, =0 (11.18)
From equilibrium Vlasov equation, v-(df,,/dx)=0,ityields, f,, = f,(V).

Eqgs. (11.17) and (11.18) yield,

[[[ fromd’v =1, (11.19)
m Vi, (V)d v =0 (11.20)
Let us consider plane wave solution, i.e.,

£, v.x,0)= £, (v.k,0)exp[i(k-X — @1)] (11.21)
E,(x,) = E,(k,0)expli(k -x — w1)] (11.22)
B,(x,7) = B,(k,w)exp[i(k -x — w1)] (11.23)

Substituting E, =0, B, =0, and Eqgs. (11.21)~(11.23) into Eqgs. (11.12)~(11.16), it yields

[—i(w— v -K)If, = -~ (E, +v><1§l)-af—“° (11.24)
m, av
. - _i - _ - 3
lk-El_go [[J = Eod*y (11.25)
ik B, =0 (11.26)
ikxE, =ioB, (11.27)
o 5 —i -
ikx B, = e[ v(f, - F.)d"v + ~E, (11.28)
From ik x(4.27), it yields
ikx(ikxE)=kE, -kk -E, = io(ik xB,) (11.29)
Substituting Eq. (11.28) into Eq. (11.29) to eliminate ﬁl, it yields
~ ~ ~ ~ (02 ~
KE,-kk B, =ioue[[[v(f, - .)d'v+=E,
C
or
w’ c’k’ c’ -~ O 1 ~
1= )1+Ekk]-El+zc—zgaeaj‘”vfmd v=0 (11.30)

Substituting Eq. (11.27) into (11.24) to eliminate ﬁl , it yields
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S, 4 vx (B xR Ca. afo (- )1+k—v

~ m ® A% .m 0]
FoooMe OJao _ My . (11.31)
[—i(w—v-Kk)] A w-v-k

Substituting Eq. (11.31) into Eq. (11.30) to eliminate fal, it yields

—kk 2 @, J‘” 8fao.[(w_wk_";)jl:kv]d%}.fjlzo (11.32)

We can choose a coordinate system such that k=xk. Thus, Eq. (11.32) becomes

2 K2 212 « . B
(:)_2{(1_ . )1+ k o, ”‘J‘ <9fao (@ aljv)l::kxv]d;v}.E]:O (11.33)
or

2
@ ~
C—ZD-E1=0
where

2k c2 P n(’j: JJ:[ &fao .[(a)—kvx)1+k§V]d3

D= (1-— )1+

W—kv,
szM 8a0 af,, kv
Dol Lo v [ L

It can be shown that

D=1 S o e [ R
| e e
L o 2 e [ e R
D‘mﬂﬁ%fm%fww

_ 8f(x0 3 fo kvv 4
D=3 m EARE || e mrmid

8foc0 d% J‘H 8fa0 kv Vi 3v]

v, @—kv,

D_

af‘ocO 3 8f‘ocO kVV 3
D =[]y L || vt
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D, 2 @, [J'J'I é)focods +J'”'8fao szVA dv]

v, @—kv,
D, 2 Dpe [”J 3fao da +H‘Ja(9]::xo wkvzv o
n vf+vz.+v2 .
For f,,(v,,v,,v.)= [27t(kBTa00/ _—cp exp[—m]. It yields
0 0 kvv,
L e

_z pa [J‘J.v dv va‘ f(xodv +J.J.v dv, dv J‘Lé;’f—v“;wli—vxkvxdvx]

_2 Da [”v dv vaLaf“O kv, ——dv |

adv, ®—kv,
_z 1’“

Likewise, D_=D, =D, =D =D, =0. The D, mustbe thesame as the dispersion

xj.faovy dv,)dv,]=0

relation obtained in Equation (9.32) in Chapter 9.

_1+2 @, [J'J‘J' afaod% J’J‘J‘afao kv,v, BALE TN

v, @—kv,
8f v.(@—kv )+kvy af,, v.O
:1+ P‘Z a0 X x d3 POC a0 3v
na) [-[-U ®—kv, 1= [-U-[ v, @—kv, :
o (v.) v.(0/k)
— 1_ [7 lZO X X dV
Z Z[JL dv., v.—(w/k) 2
B _ v(w/k)
where J-H JaoWesvyv)dv dv dv. = IFaO (v)dv, . Let u= m and
2
dw = Mdvx . Itytelds du= M and w=F, . For w,#0,wehave
dv. v, —(@/ k)]
uw|z =0. Butfor w, =0, we need to consider
0] 0 0 0]
(0/k)-¢ oo (o/k)-¢ [; —el k [; i 8];
E)T(}[”WLN + uw'(w/k)+s] = }?ILI(}[MW'(w/kHs] = hmFaO v, = _)( ¢ 1e )
* o 1 1 w’ 1) o/k)-¢
= lim=5 Foo (v, = 0= ) = lim =5 Fo (v, = —)[ﬂ]ﬁwf&s

w’ 1
=~ T3 Fg (v, = p [y,
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Thus, the integration by parts of the Landau integration yields

2
| [ CLL if 0, >0
= @i E
2 2
0% | p[IE S0 @ mi @y Pl g =0
D, =1-3 Zen | PJlEe)= R, @™ e, e
o 0 k
2 2
- F
_[ FaOL)zdvr +27i (a)_2 dFy if o, <0
= (@] )
Tk

dF,, 1
=1—
Z"nOkZ[J.L dv,. v, —(a)/k)dx]

afao 3 Vs FVYy 3
et v [ e e

c’k? (VN
=1-— +2 pz[_no

H 8f“° vidv, dv)dv,]

0] /N0 Lkv. —w
c*k? o’ OF, 1

=1- - - 1+ - dv
’ g’ ® ( ny,m, J.L v, v.—(w/k) Vo)

Likewise, we can show that

afao 3 A
-~ m v g

2k2 wa
:1—62+2 2,

0] anoa) Lkv —®

N3 (O dF,, 1
- —Z (+ I v, v—(w/k)d")

ck

” afo‘o vf dv,dv,)dv,]

Since the wave speed is approximately equal to the speed of light, if the thermal speed is

much less than the speed of light, we can assume that 7, =0, which yields

D =D_=

Yy

e (11.34)

Equation (11.34) is the same as the equation (8.9.14) in Krall & Trivelpiece (1973).

In summary, for field-free plasma (E, =B, =0) and k=%k, we have D-E, =0, where

1 JoF 1
D =1-— a0 11.35
k22 [J.L v, v.—(@/k) av.] ( )
< k2 JF 1
D = — — pal a0 dv 11.36
yy Z ( J‘L aV V _(w/k) x) ( )
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D =D _=D _=D_=D_=D_=0 (11.37)
11.2. Linear Waves in Magnetized Plasma With Uniform Background B,

From equilibrium Maxwell’s equations

V-E, =££(ni0—neo)=0

0

VXB,=ue(n,V,—n,V,)=0,

it yields
Ny =N, =N (11.17)
Vo=V, =V,

Thus, we can choose a moving frame such that

V,=V,,=V,=0 (11.18)
From equilibrium Vlasov equation

[v- ;—X+;—Z(VXBO)-;—V]faO =0,
it yields,

foo=FaoTM)

Eqgs. (11.17) and (11.18) yield,

[[] £u002 v)d v = n, (11.19a)
[[[¥f0 @ vpa?v=0 (11.20a)
Let us consider plane wave solution, i.e.,

£,(v.x,0)= £, (v.k,0)exp[—i(k - X — @1)] (11.21)
E,(x,) = E,(k,0)exp[—i(k - X - @1)] (11.22)
B,(x,7) = B,(k,w)exp[—i(k - X — @1)] (11.23)

Substituting E, =0, B, = B,Z, and equations (11.21)~(11.23) into equation (11.12), it
yields

[—l'(w—V'k)'i'e—a(VXBo)'i]fal = —e—“(fil +v><l~31)-07f—0‘0
m ov m v

o [

(11.24a)

. . d d
As we can see, we have removed the two differential operators > and v-— from
t X

equation (11.12) by taking the Fourier transfer and Laplace transfer of equation (11.12).
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But the differential operator e—“(v xB,)- ai in equation (11.24a) cannot be removed due to
\%

o

nonzero B,=B,z. The solution of fal in equation (11.24a) can be written as

~ e(x

T =ity k) +- (v By L Gk 1y B P (11:312)
av m av

mOZ a
It is difficult to find analytic solution of fal from either equation (11.24a) or equation
(11.31a). To overcome this difficulty, we shall introduce a method of characteristics, also

called "integrating over unperturbed orbit," to help us to solve this type of problems.

Define new variables x’(t"), v'(#"), and ¢, which satisfy the following ordinary differential

equations,

fix, =V (11.38)
t

Z‘;,=:1—“(E0+v’><BO) (11.39)

o

with boundary conditions

X(t'=t)=x,and vV('=1)=v. (11.40)
It yields
df, ¥, o, dx F, & 9 , 9 e , P

L=t p . —+ . —=[—+V - —+2(E,+VXB,)) — 11.41
d’ o ox di’ ov dr [8t’ ox’ a( ‘ o) 8v’]f“‘ (11.41)
Equations (11.12) and (11.41) yield
dfy, 0 . ., d e , J e , 9 f o
L =[—+Vv - —+—+E,+vxB) —]1f,=—%(E +v xB,) —=*= 11.42
dt/ [at/ aX/ a( 0 0) avz]fal ma( 1 1) 8V, ( )
In contrast,
dfo ’ d e , 0
—=[v:-—+—2+(E,+vxB,)) — =0 11.43
dt/ [ ax/ m ( 0 0) 8V/]f060 ( )

The orbits, which satisfy equations (11.38) and (11.39), are the characteristic curves of the
equilibrium distribution function f,,. We can conclude from equations (11.43) and (11.42)

that the magnitude of f,_, is constant along each characteristic curve, but the magnitude of

f,, vary with time along each characteristic curve of f_,. Thatis

1 d ! e df,
dt’ =2 =| dt'[-—%(E, +v' xB,) - —% 11.44
JLar=g=]_ [ (E, v/ xB,)- (11.44)

We choose the boundary conditions, such that

ful =0, X'(=D=x,and V('=t)=v (11.45)
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Substituting the boundary conditions into equation (11.44), it yields

afao
ov’

fuxvn=] dt'[-S2 (B, + v/ xB,)- Lo (11.46)
- m

o

Now, we can apply the Fourier transfer and Laplace transfer on equation (11.46). It yields

ja,(k,v,w)exp[i(k-x—wt)]=j’ dr'exp[i(k-x'—wt')][—e—“(El+v'><1§1)-af—“;’] (11.47)
. m,

ov
or
7 ! ’ . ’ ’ € - ’ D 8f 0
fm(k,v,a))zj dt’exp{ilk- (X" =x) -0 (" =) [}[-—(E, + V' X B,) - —*~] (11.48)
- m, av
Let
xX'—x=X (11.49)
r'—t=t (11.50)
Equation (11.48) can be rewritten as
7ok v,0) = jo drexpli(k - X—a)f)]{—e—“af—“f-[(l LS ATTLAAN (11.51)
- m, ov ® ®

where equation (11.27) has been used to eliminate B, in equation (11.48).

Solving equations (11.38) and (11.39) with boundary conditions given in (11.40), it yields

vi=v, cos(¢p—Q,,T) (11.52)

v, =v, sin(¢-Q,,7) (11.53)

V.=, (11.54)

X-e, =x'—x=£;—L[—Sin(¢—Qm”L')+sin¢] (11.55)
, 1%

X-e =y —y=Q—L[+cos(¢—QmT)—cos¢] (11.56)

X-e =7—z=yT (11.57)

where equations (11.49) and (11.50) have been used to eliminate x’—x and ¢ —¢ in the
above equations (11.52)~(11.57). Note that, as discussed below, the Q
(11.52), (11.53), (11.55), and (11.56) is defined by Q

in equations

co

,=e,B,/m,. Namely Q<0 if

C

e, <0.

Proof equations (11.52), (11.53), (11.55), and (11.56):

’
dv. e, ,
’ = vyBO
dt” m

o
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dv' e
)I) :__aV;Bo

a’ m,
>’ e, -
art =, 2

’ ’ . ’
= v, =C,cosQ 1"+ C,sinQ t

where Q, =+/(e,B,/m,)* =le,B,/m,|

=V = (—B )" ‘Z = ﬁ(—q $inQ, ¢ + C, cosQ, 1)

The boundary conditions are

vi(t'=t)=v, =v, cos¢=C cosQ,r+C,sinQ ¢

V(£ =t)=v, =V, sing= |e—06|(—c1 $inQ, ¢+ C,cosQ, 1)
) e,

Solve for C, and C,, it yields

e . . e
C,=v, cosQ,tcos¢ —ﬁvl sin€ tsing=v cos(¢ + ﬁQat)
eO{ eO(

e,
C,—%=—%v, sinQ tcos¢+v, cosQ tsing = vlsm(¢+ —£Q 1)
e

2
or
C,=—%v, sin(¢p+ "‘Q o)

Ieal 2

Substituting C, and C, into v, and v, ityields

y?

v, =C,cosQ '+ C,sinQ, 1’

=v, cos(¢p+—% Lo Q,1)cosQ, 1’ +

e

=v, cos(P+ 2= Q t—e—"‘Qat’)

o
e ledd

=v, cos[¢—|Z—“|Qa(t'— D]

—%y, sin(@+—% Lo Q,1)sinQ, ¢’

|ea| |e06|
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= ‘e_w(—C1 sinQ, "+ C,cosQ, 1)
el
= Loy, cos(p+ 2O 1)sinQ 1"+ L v sin(d+~=Q_1)cosQ, 1]
e A e

=v, sin(¢+ |Z—O‘|Qat)cos90¢t'— |Z—“|vl cos(¢+ |Z—“|Qat) sinQ, ¢’
a o o

vLsm(¢+ Q- Ca Q1)

el leal

=v, sin[p—<2Q ('~ 1)]

e

Substituting v, and v; into the following equations,

', dy’ |,
;=v, and — =v/

t

it yields

€,
' =—2e YL ginfg— e (- 1))+
leo] |Q |

y=2e Y cosip— e Q (F—1)]+C,
Q €|

The integration constants C, and C, can be solved from the boundary conditions.

|0¢| o

e v, .
X({t'=t)=x :——“Q—lsm¢)+ C,

le| 2,

e, v, .
=C,=x+%—-sing

lea| 2.

=t ——cos +C,
V('=t=y= o )

leal 2.

=C,=y——%—cos¢

€,
ol Q,
Substituting C, and C, into the equations of x” and y’, it yields

X —x= e—”‘:z—l{—sin[q)—e—“ﬂa(t’— )]+ sin ¢}

lea] 20 e

e
y—y=-—% {cos[q) Ca —£Q, (t'=1)]—cos ¢}
le.] Q. e

where Q, =+/(e,B,/m,)* =le,B,/m,|

For convenience, we shall define
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B
Q, =—wQ =%

ca T
ea  m,

Thus, we have
T =v cos[¢p—Q_ (t'—1)]
vi=v, sin[p-Q_ (t'—1)]

y

%

xX'—x= g;—i{—sin[q) -Q_(F'—1)]+sin¢}

co

y—y= g‘;—L{cosm -Q  (I'—1)]—cos¢}

ca

where Q_, <0 if e, <O0.

For f,,=f.0(vi,v,), it yields
8fot0 —e 8fa0 te afo:o te &fao —e afao avi te 8fa0 8Vi te afo:o

’ X ’ y ’ z ’ X 2 ’ y 2 ’ z
av av’ v, v, av, v, vy Iv; v,

or

agf—“;‘f =2(e,v; +e) 88{?0 +2e., aa]:jl‘lzo (11.58)

Substituting equation (11.58) into equation (11.51), it yields

fuk,v,0)

= j(’m drexpli(k-X — a)T)]{—;—”;[Z(exv; +e ) ‘Z aio +2e.y, %f;o%o 111 - k(-uv’)1 + kaV)’] B}
(11.59)

For convenience, we choose the coordinate system such that k lies on the x-z plane.
Define
k=ek +ek,. (11.60)

Substituting equation (11.60) and equations (11.52)~(11.54) into the expression

e, , N» af, k-v. ., kv
{—m—[2(exvx + eyvy)av—io-'_ Zezv" aTHZO] . [(1 —7)14‘ P

1-E,}, it yields

o
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e, e f +2e v”afa; =KV K
. v, [0)
l—m kiv; kv, 3
,of U, Iuo @ kv k O] B
w0 e @ 0 - A% o ||E | (116l
m U g gl 0 o | (Lol
k”_v' m 1_kLv; B
L w «
Elx
=25, v, WIE,
m -
‘ Elz
where
U, =v afo;o (1- kl|V|l)+V|| afozzo kllvx 8f0; knvn (8fa20 _afz
o] 0] v, tovi v, v}
,of. kv, df kv kv Af,o vy ,df., kv f,0 9f.
\% a0 y+ a0 1— x + a0 y a0 Il a0 a
Vgt Ty g 5Ty w)v”a,%w N Th T o T
,Of 0 kv af, kv v, df.. df af,
W: a0 LII (xOl x_ LII a0l oc0+ a0
T e o e T e T o
Equation (11.61) can be rewritten as
d k-v -
{—mZ[Z(ev +ev)(9]:°§°+2eZ v, &f‘?]-[(l— N
X O Yo||Ew (11.62)
€ ’ ’ T-
=—2m—a[Vx(T), V},(T), V”]' 0 Xo 0 [ €1y
’ 0 0 g|E,
where
_ 9w ann 9 fao _afa
K=t o o)
LVII (8f¢x0 _afaO
’ M o
afao
g, =—%
“ v
Substituting equation (11.62) into equation (11.59), it yields
%o{ O ')/,x ~l)c
~ e 0 . ’ ’ 3
fm(k,v,a)):—2m—°‘{‘Ldrexp[z(k-X—wr)][vx(f), vi(), vl 0 x, 0 || E,
’ 0 0 g, E
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If we rewrite equation (11.63) into the following form,

Fuk,v,0)= | " drexpli(k- X — 0 T)H{— < [2(XV] + YV, + Zv)]} (11.63a)
- m

Then, we have
X = %aEIX + ’J/aElz
YZXQEI)J

ZZSQEIZ

Substituting equations (11.55)~(11.57) into the expression expli(k- X—w17)], it yields
explik- X-w71)]

- exp{i[% [—sin(¢—Q,,7)+sind]— (w—ky,) 71}

co

=exp[—i kv, sin(¢— €2, 7)]exp[i kéVl sin@lexp[—i(@w—kyv,) 7] (11.64)
=[ Tty Ky Y e, Aoty
|=—o0 co n=—oo ca

where the following generating function of the Bessel function has been used to obtain

equation (11.64).

Y e™J () =explizsin6] (11.65)

n=—oco

Differentiating equation (11.65) once with respect to z, it yields

20 ()=J, (2)—J,,,(2) (11.65a)

Differentiating equation (11.65) once with respect to 0, it yields

2n

—J,@)=J,_(+J,,(2) (11.65b)
Z

Equations (11.52) and (11.53) can be rewritten as

ei((prmT) + efi(¢mef)

v =v cos(¢p—Q,T)=v, 5 (11.52a)
ei(q)fQ"x‘L') _efi(¢7§2“x‘[)
v =v, sin(p-Q ,7)=v, > (11.53a)
i

Substituting equations (11.64), (11.52a), and (11.53a) into the expression
explitk - X—@D)][v.(7), v,(), v, ityields
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expli(k- X -0 D)][vi (), v(T), v]

—[Y e m" Loy, i"a’Jn(%)][e-“”-’“v"”]

[=—c0 c(x n=-co ca
e’(¢_anT) + e—l((])—.Q(.aT) ei(¢_Q¢-aT) _ e—i((b—gm‘[)

[vl 2 B vL 2i b V|| ]

— a7

v i=1-Qu) 7 KLY il oy kv
J_{Z i(I-1)(¢ Qm)]l(éL)_i_Z (I+1)(9—Q )J( L)}

[=—c0 ca [=—c0 c(x

+oo

—l - - T k v —i(l+ - T k v in k v —l o—kv)T
— l{z i(I=1)(¢—-Q4 )J[(g; J_)_ Ze (I+1)(9=-Q2 )Jl(g; J—)} [Z ¢J ( L i(0—kyv) ]
=

—oo ca [=—oc0 ca n=—co

+oo

; k
v, 2 e—zl(¢—er)Jl( éw)

I=—co ca

+oo

k, k
% Z —il(¢—Q,, T){JH-]( vJ.) Jl 1( na )}

|=—oo ca

+oo

— V_J_ 711((1) Q. T){J (k vJ_) J (k VJ_ )} [ mq)J (k VJ_ —l(w—k”vu)‘[]
2i 1+1 -1
I

== C(X CC( n=—c0

k,
v 2 o162, T)J (L VL)

[=— Ca

_ 2 —i(0—kyvy —1Q, )T[ Vi {J1+1( J_ J_)+J {JH—I( ) ‘Il 1(

[=—o0 c(x coc coc c(x

2 3 oy )

CO{ n=-—oo ca

kv, kv,

)}

(11.66)
Substituting equations (11.65a) and (11.65b) into equation (11.66), it yields
explitk - X—0D][v.(7), v (1), v,

oo

C okt e Qo o kY ok kv P kv
= Ze (0—kyvy—1Q 4 ) [ kc Jl(é L), lvljl(é L)’ VIIJZ(g; L)][Ze( l)¢Jn(gL2 L)]
L

ca ca ca n=—co ca

[=—c0

(11.67)
Substituting equation (11.67) into equation (11.63), it yields

fm(k,v,(o): {ZJ dTe_’(“’ k=19, >T[Z oy ( kv, Kaliy)
m

o [=—o0 n=—oo ca

—_
=

0
0 Xa Yo

kv .o, kv kv
[—kC“Jl(—é L), vaJ,(—g; L), v,,J,(—é 110 x, O
1 co co co
0O 0 ¢

o 1z

el _D'jx e}

(11.68)

or
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o9 g (kJ_VJ_)

+oo Q
Joallov.00) = a{z Zz(w kv —lf;)

my, n=—oco [=—co
%a O Ya Elx
1Q .o kv kv ~
Z[k— o =), Wr]z(#)’ Vng(#)]' 0 x, OF E,
' " - “ 0 0 805 Elz
(11.68a)
Substituting equation (11.68a) into equation (11.30), it yields
w2 C2k2 C2
0=l -1+ Sk B+ m Vi, d'
vV, COoS@
2 272 1
:{%[(l_ c’k )1+C—kk]+lc— Oyt Jdvlljvldvljd v, sing
o 0 V”
o ei(n—l>¢Jn(k5VL) 0 ) ) ) X, 0 7,
co 9 ca g J_VJ_’ v J J_VJ_, vJ I 10 0 E
n—zoo l_z‘:oi(a)—k”v” —1Q.,) | ky 3 Q. : W Q. : 0 Q. ! 0 )gx |
8(1
(11.69)
or
0 L =
2 D-E=0 (11.69a)
where
1— ’ky 0 'k, k,
2 2
(0] 0]
o’ v, CoS¢Q
Kk’ a0
D= 0 1-— 0 +2nw ofdv[v dv, [dg] v sing
c’k.k, c’k: Vi
> 0 1-—
in-no p KiVy
fo 4o € Jn(?) 79) k k k Ko 0 Ve
v v v
co 2 cOtJ J_J_’l-v‘]/ J_J_’VJ L 1y7. 0 O
ng; 1:2_‘; (w—ky,—1Q.) [ k, i Q, ) L J(Qm ) Wi ( Q. )] Xo
0 0 ¢,
(11.70)

For cos¢=(e” +e)/2 and sing= (e’ —e )/2i, it can be shown that
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- ey Ky [y cose
S Y b o3y, sing [ g, (K0 gy g K,
n=—oco [=—o0 kll Il ZQ ) . kJ_ : Qca ’ o Qctx ’ i Qca
Y
ch(x Jn(kj_vj_)
& [*"agene “ ka Q. k k k
_ A —iv.J’ g ca g I v g Covd 1V
n—z—:c l;;(w kllvll chtx) . "( Qca ) [ kJ_ Z( Qca ) . l( Qca ) : l( Qc(x )]
kv
v J (=
i Il n( an ) |
i 2 2n6(n—1)
oo (O — Ky — Q)
nlQ? v kv nQ kv kv nQ kv kv
caJ LLJ 171 iV caJ LLJ’ 171 ca] LLJ 171
k2 (Qca) Z(Qca) . kJ_ n( Qca) I(Qca) : kJ_ n(QCOz) I(Qca)
) lQCa,kV kv , kv o, kv . , kv kv
—iv, L Jn(éc:)Jl( 5{:) Vi]n(i)J,(;z—c:) —lv”vlJn(écal)Jl(é—c:)
Q. Y kv ) kv, .., kv kv kv
GGG i (IS LI |
ey gy 1Ry g
ki n 1 kl nY'n Il kl n
=2y 27 iy, P gy 2 —ivy J'J,
e (@ = kv = 1€2,,) k,
Vi &Jj iVnVLJan Y J2
L k, i
(11.71)

where equations (11.65a), (11.65b), and J:ﬂdq) €' =2718(n—1) have been used to obtain

equation (11.71).

N A
o . o
p=| o 1-%% 0
2 @ 2,2
¢k k, 0 1€ ki
2 2
L @ @ |
n’Q’, Ie
ki
L
) Z 2nw —iv, an Jn-]”
e (@ =k =12 ) k,
Vi ks J.
ky

or

w2
Dy
o

Substituting equation (11.71) into equation (11.70), it yields

2 jdvu J.VJ.va_

0

v, M, Jr,an Y e, an
L ky Xe O 7,
V22 v, I 10 x, O
0 0 g,
ivllvl‘]n‘]n vllzjj
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- c21§”2 0 c’k sz”
w w
C2k2 0 27w
D= 0 1- 0 + P ) dv, | 2v,dv
5 o’ . 2 '[ “j ln—foo (0—kyv, —n,,)
ck tkII 0 - ¢ k2 n
L @ "
i 020> 2042 ]
X g By g e gy P
k kL l 1
_i%(xvi QCO! J;‘]n %avi‘];,f _i’}/avL QCO! Jan igaVIIVLJ:LJn
k, k,
XV ¥ Jj iX(vaIvLJ;‘]n YaVi Ml p2 J +EV J2
L k, k, i
(11.72)
where
X zafao ann (8f(x0 _afa 0)
“ vt o o
Lvll (8foc0 _ 9 f w0
’ N o
8focO
g, ==
@ o)
Dxx ny sz
For D= D, D, D.| it can be shown that
sz Dzy Dzz
27ww n’Q? kv
|| pao coo g2, MLV L
dv,| 2v,dv [ J
I ”J A (w kv = n€2,,,) e ki n(Qca !
& 27mw nQ kv kv
D, = pao dv,| 2v, dv [—iy. v @yJ L —
Sl no J ”'[ e gm (0— kuvn_cha)L Kt k, ( Q, i (Qca )
c’k k i 27w nQ kv
D, =—214 @y dv,| 2v, dv [y —2 T (=
2% 0)2 ~ no J ||J. 1 1 ,Z,DQ((D k”v” _ an) an Il kJ_ n( Qca )]
i 27w nQ kv kv
D = pao dv,| 2v, dv lixy.v “j L —
N P no J ”J. e ;o(w k"v”_nQCO{)L Kes k, ( Q. o (Qca )
27w kv
paO ’2
dv,| 2v,dv J
J- ||J. L L — ((1) k“v” _ch )szx 1 (Qm )]
ple 2rw kv, kv,
D, Z J.dv”J‘ 2v, de Ll}(av”vlJ( )W, ( )]

e (@ — kv, — Q2 ,)

CO( L‘Ot
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2 +oo0 2M2
D, = : klzk” paO J.dvn," 2v, dv, 2 e (Ve - %Ca Jj tEY) an
0} p n0 e (@ — kv, — 12 ,) ki k|
cszkII @ 00 = 27w n€l ng2
= \dv,| 2v, dv @ ye W—2J?
o> = ”0 J. ||_[ Lavy ;o(w PRy )L(ya kv, Vi k, N
27w nQ
D, pao dv,| 2v, dv [—iy v <« J'J —ie vy J'J
2 _[ IIJ. 1 L,,__m (w k“V” _ an) L }/a 1 kJ_ nYn a YL n n]
o’ o e 27w ng2
pa0 co . ’
= dv,| 2v,dv [— +¢e )ivy,JJ
;nowz _J. ”Jo L Ln;m (@ — kv, —nQ_) (7, kv, vy, S,
27w nQ
pOtO co 2 2 72
dv,| 2v,dv Y Jo+evJ
J‘ IIJ. 1 J_”z_w (U) k“V” l’lQ ) Lya 1 J_ n ol n]
o X 0] n€l,,
D Jdvnj 2v dv, 2 (@ — kv, — nQ )[(y“ kv, * e, ]
n=-—oo i co 17
where
d kv, 0 d
Xaz focO 1l II( f(xO_ fO{ )

8\/2 o v, v
Lvll (8foc0 _afa

“ N v} )
fwo
£, =—2=
C o)
If we define
A =7, ”qu_i_ n, (9f2 _8fa0)+8fa20
kv, ® M W o,
then D _, D, ,and D_ can be rewritten as
c’k k = 27T nQ kv
D_=—=1 Dpar dv,| 2v, dv [A, v, —J (==
* o’ o no I ”J . ln—z—‘; (0 — kv, — cha) " k, (Qca )
i 27w k %
D_ = "ao dv,| 2v, dv [—iA vy, J’ L
¥z ~ no J ||J. 1 s ;c(w k”v”—an)L a1V n m Ca )
o 2
Dy jdv”j 2 dv, 3 A o™ kv,

e (@ — kv, — Q)

CO!

co

Note that, as discussed after equation (11.57), the Q_, in D _~D_ is defined by
Q. , =e,B,/m, Namely Q <0 if e, <O0.
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