Interpolation Schemes

Let us consider a point with position x,or (x,y),or (x,y,z) mnal-D,2-D,or
3-D system, respectively. The interpolations of a field f(x) at this point with

respect to the near by grids are summarized below.
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1. Linear interpolations

For x,<x<x,, y,<y<y,, Z,<z2<Z , the linear interpolations of f(x)

can be written as

fO=f(x,+6x)= X a f(x)=2af

FOey)=f(x,+8x, 3, +8y) = X b,(X a,f(x,.y,) = 2. b,X af;)

fx,y,2)= f(x, +0x,y,+0y,z, +02)

= ch[zbj(zaif(xi’yj’zk))] = ch[zbj(zaif’jk)]
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where

(x—x,)
a, =

(x() —Xl)

(x—x,)
a, =

(x1 _xo)
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b, = (y—y) ¢, = (z2—2))
(yo_yl) (Z()_Zl)
b = (Y —Y,) ¢, = (2—2)
(y1_y0) (Z1_Zo)



For simulations with equal-spacing grid size, we define the grid size in the x, vy,

and z directions to be #_, hy ,and h_, respectively. For convenience we also

define
— )
D, = X—X, _OX
hx hx
X—Xx  OX
Dy, = - =
hx hx
It yields
a, =—Dy,
a, =Dy,
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y—y

Dy, = h :
y

y—y

Dy, I 1
y
bO__DYR
blzDYL

-7, 0z
ZL hZ hz
7—27, 0%
D, ="—"1=""_]
ZR hz hZ
Co =—Dy
¢, = DZL



That 1s the interpolation used in the classical PIC code simulation, which is

commonly written as

For+80=01-257 +( ) f

h h

. Oy Ox ox oy, . Ox 0x
P #8680 == S0 = G0 + GRG0+ A

f(x,+0x,y,+0y,z, + 02)

LA SO PRk Oy 9%y e (0%
= (1= A== 55 o + G5 a1+ GO =55 oo + GO

62, Sy 8x L Ex . &y 6x . &
+(hz){(1 hy)[(l hx)ﬁ>m+(hx)ﬁm]+(hy)[(1 hx)fouJF(hX)fm]}
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2. Cubic interpolations
For x  <x,<x<x,<x,, Y, <Y <yY<y<y,, 2.,<%z,<2<z<%Z,, the
cubic interpolations of f(x) can be written as

f0)=f(x, +8x)= Y a,f(x)= af

i=—1 i=—1

Fx,)= f(x, +6x,y, +8y) = Zb <Zaf<x,,yj>>— Zb (Zafy)

- i=—1 j=—1 i=—1

f(x,y,2)= f(x, +0x,y,+0y,z, +02)

= 2 ck[Zb (Zaf(xl,y,,zk))] = Z ck[Zb (Zafuk)]

- Jj=-1 i=—1 k=-1 Jj=—1 i=—1

where
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(x—x5)(x —x)(x —x,)

o, = (x—x_)x—x)(x—x,)

(X = X)) — X)X — X,)

(= x ) =x)(x—x,)

b ) = X)X — x,)

a, = (x—x_)(x—x,)(x—x,)

(X)), — X)X, — X))

V=) =y )y—y,)

T (= xy)( = X)(x, — X,)

T 0L =)0 = )G — 3,

_ 0=y D=y -y,)
L 50— )0 = Yy)
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b = (Y=Y D =y)y—y,)
1 (yl_y—l)(y1_yo)(y1_YQ)

b2 _ Y=y )O=-y)O»—y)

(=Y ), = Yo) (3, =)

_ (2—2)(z2—2)(2—2,)
€

(2 2z, — 7))z, — 2,)

_ (z— Z—1)(Z — Zl)(Z — Zz)
(29 =2 2g —2)(2) — 2,)

0

_ (z—z Nz2—2,)(2—2,)
L (@)@ — 2@~ 2)

_ (z—z Nz2—27y)(z2— 7))
T (2@ =22 7))




For simulations with equal-spacing grid size, we define the grid size in the x, vy,

and z directions to be #_, hy ,and h_, respectively. For convenience we also

define
Dy, =2t o Y=y 8y 5
= = — —VyV_ Z1—2Z <
AL h, h, Dy, = h : :1+h_ D, = h : :1+h_
X—Xx, OX ’ ’ : :
Dy, = = Y=Y, Oy 72—z, Oz
hx hx DYL _ DZL_ =
h, h, h h
D _x—x1_5x_1 s ¢ 5Z
XR h h D, Y=N _ y—l DZR_Z_le Z—l
h h h h
D X% 0X , ! ’ : ;‘
XRR — — o y—y 5y 21—, oO0ZF
h, h, Dy = h, == h, —2 Dypp = h : _h_z_z
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It yields
1
a_, = _E(DXLDXRDXRR)
1
ay = +5(DXLLDXRDXRR)
1
a, = _E(DXLLDXLDXRR)

1
a, = +E(DXLLDXLDXR)
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1 1
b—l — _E(DYLDYRDYRR) C = _E(DZLDZRDZRR)

1 1
bo — +5(DYLLDYRDYRR) Co = +E(DZLLDZRDZRR)

1 1
bl — _E(DYLLDYLDYRR) ¢ = _E(DZLLDZLDZRR)

1 1
bz — +E(DYLLDYLDYR) C, = +g(DZLLDZLDZR)



3. Fifth-order interpolations
For x,<x <x,<x<x,<x,<x; , YV,<YV, <Y, <y<y <y, <y, ,
7,<27,<z,<7<z <2z,<2z;, the Sth-order interpolations of f(x) can be

written as

f)=f(x,+6x)= X af(x)= 2 af

f(x,y)= f(x, +0x,y, +0y)= Z bj(zaif(xi’yj)) = Z bj(zaifij)

fx,y,2)= f(x, +0x,y, +0y,7, +02)

= D el X b (X af(.y,a )= X al Y b,(Y af)]

k=—2

where
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. (x—x_ )(x—x)(x—x )(x—x,)(x—x3)

T, =), — X)L, — X)X, — X)X, — X3)

(X —x_,)(x—x,)(x —x,)(x — X, )(x = x3)

(=X, = X ) — X)L — X)X — )

(x—x_,)(x—x_)(x—x)(x—x,))(x—x;)

0" (xo — X, )(xo — x—l)(xo — xl)(xo — X, )(XO - X3)

(=)= o (e = xp ) (X — x5, ) (X — xy)

L =)0 — X)) = X)X — x)(x, —x5)

(x —x_,)(x —x_ )(x — x5 )(x —x,)(x — x3)

(2, = x5)(x, = x_ (%, — X)X, — x,)(X, — X;3)

a2_

(x—x,)(x—x_ )(x—x,)(x —x,)(x—x,)

(23 = x_5) (o — 2 (x5 — X)X — X, )(x; — X,)

3 —
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- (Y=Y DO =Y =) =) —¥;)

T 0L Y DL = Y)OL =)0 =), — Ys)

__ O=y,)0 =)0 =)0 =)0~ Ys)
Vo = Y) = YO = y) = ¥) — y3)

p ==y )0=y )=y =3)5~ys)
" (Yo = Y)W = Y)W = Y)WV — Y)Y — ¥3)

o= 0=V )=y )= )0 =y)—ys)
L0 L0 = YD0 = Y0 = )0 Ys)

b = (Y=Y )=y )= Y)Y = Y)Y — ;)
i (Y2 =YD, =Y ), = ), = ), = ¥3)

V=Y )=y D=y )Y =y)y—¥,)
(Vs = Y)Y = Y- )3 = Y)Y = Y )(Y5 — ¥,)

3
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(z—z2 ) z—z2, (2= 22— 2,)(2—23)

=T (2 =2 N2, =202, =2 N2, — 2, (2, — 23)
. (z2—2,)2— 22—z ) 2= 2, (2= 23)

B (Z_y = 2,02 — 2z — 2 N2, — 2,2, — 23)
. (z—z2,)z—z2 )N z—z Nz2—2, )2~ 23)

" (29 = 2,02 — 2.2 — 2, )(Zp — 2, (29 — 23)
. (z—2,) 2=z ) zZ2—2, 2= 2, (2~ 23)

1 (2) = 2,2y — 222, — 20 (2 — 2, (2, — 23)
. (z—2,) 2=z Nz—2, (2= 7, )2~ 23)

(2, = 2,02, =202, =202, =22, — 23)

_ (=72 —2 N2—2)(z =7 )(2—3,)
Yoz 2@z — 2 )2 — 2@ — 42— %)
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For simulations with equal-spacing grid size h_, h ,and h_, we define

R
Dy, =M1 2
D, = x;xo _ ix
DXR_X;XI _ flx_l
D, = x;x2 _ ix_
I
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y=y. 0y
DYLLL: h 2_2+h_
y y
DYLL_y_y_1:1+Q
hy hy
Y=Y, 0Oy
YL _
hy h)’

D, Y= _0y
hy hy
y=y, Oy

Dy = h 2:h —2

y y
y=y; Oy

Dy =S50 =24 %
R
D, = Z;ZO _ iz

D, = Z;Zl _ (ZZ_I
D, = z;zz _ iz_
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1
A, =— E (DXLLDXLDXRDXRRDXRRR)

1

a—l — +E(DXLLLDXLDXRDXRRDXRRR)
1

aO — _E(DXLLLDXLLDXRDXRRDXRRR)
1

al — +E(DXLLLDXLLDXLDXRRDXRRR)

1
a, =— E (DXLLLDXLLDXLDXRDXRRR)

1
a; =+ E (DXLLLDXLLDXLDXRDXRR )
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1
b—z - E (DYLLDYLDYRDYRRDYRRR)

1
b 1~ +ﬁ(DYLLLDYLDYRDYRRDYRRR)
1
bo — _E(DYLLLDYLLDYRDYRRDYRRR)
1
bl — +E(DYLLLDYLLDYLDYRRDYRRR)
1
bz — _Z(DYLLLDYLLDYLDYRDYRRR)
1

b3 =+ E (DYLLLDYLLDYLDYRDYRR )
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1
CH, =" E (DZLLDZLDZRDZRRDZRRR)

1
C—l — +£(DZLLLDZLDZRDZRRDZRRR)
|
CO — _E(DZLLLDZLLDZRDZRRDZRRR)
1
Cl — +E(DZLLLDZLLDZLDZRRDZRRR)

1
C2 — _Q(DZLLLDZLLDZLDZRDZRRR)

1
C; =+ E (DZLLLDZLLDZLDZRDZRR)
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Grids in the expansion of o[x—x_, ()] with x,, located in the shaded region

PIC Code I st-order 3rd-order 5th-order
&
This Study
UCLA Ist- and 2nd-order | 3rd- and 4th-order 5th- and 6th-order

Finite-Size

Particle Code

Ling-Hsiao Lyu 17




4. Benchmarks

Figure 1 shows the time variations of the total energy of particle code
simulations, which are built based on (a) the first-order UCLA-particle-code-like,
(b) the first-order PIC-code-like, (¢) the third-order, and (d) the fifth-order
deposition-interpolation schemes.

Figure 2 shows the time variations of the total energy of particle code
simulations, which are built based on (a) the third-order and (b) the fifth-order
deposition-interpolation schemes.

Obviously the numerical errors have been greatly reduced in the

simulations with higher order deposition-interpolation schemes.
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Different Point of Views:
Deposition
VS.

Interpolation / Distribution
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Summary of the Higher-Order Interpolations or Distributions

Cubic interpolations
For x_, <X, <x<Xx <X,

feo =2 a,f(x)

faey)= 2 b)Y af(x.y))

=1 i=

J(x,9,2)
=Y a2 b,(X af (.5
where

(x =x)(x=x)(x—x,)

o (= x0)(x_; —x,)(x_; — x,)

_ (x=x_D)(x—=x)(x=x,)
’ (xg = x_)(xg = x)(xy — X;)

(= x )= x)(x—xy)

- (X, — 2 ) (X, —xp)(x; — x,)

1

(= x x=x)(x—x))
- (xy = x_)(x; = X)X, — X))

2

so are the b; and ¢, .
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Fifth-order interpolations
For x , <x_ <X, <x<Xx <X, <X,

fx)= Zaif(xi)

fem =3 b,(Y, af(x,3,)

Feyn= Y el 6. 4 f(x,,,2))]

k==2  j=—2  i==2

where

(x = x_ )(x = xy )(x = x)(x — X, )(x — x5)
=) =) = ), ), )
(x—x,)(x = x,)(x —x, )(x — x,)(x — x3)

(o = x5y = X )y — x) (X, — x, )(x_; — x;3)
(=2, (o — % 4 ) — T ) —30 e —2)

- (g = x5 (X = x_ (x5 — x,)(Xg — X,) (X — X3)
(x—x,)(x—x_ )(x—x,)(x—x,)(x—x3)

(o, = 2 ) = 2 ) = X)X — x,)(x; — x5)
(o= x) (= x )= x ) (e — x)(x — x;)

2 (X, = x,)(x, = x_)(x, = x0)(x, — X, )(x, — X3)
(= x) = xo )= xp ) (= x (x — x;)

T (o3 = x5 )5 = 2 (x5 — 26 )y — x,) (x5 — x;)

so are the b; and ¢, .

a,

a, =

0

| =

24



