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Interpolation Schemes  
 
Let us consider a point with position x , or (x, y) , or (x, y, z)  in a 1-D, 2-D, or 
3-D system, respectively.  The interpolations of a field f (x)  at this point with 

respect to the near by grids are summarized below. 
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1. Linear interpolations 
  For x0 < x < x1 , y0 < y < y1 , z0 < z < z1 , the linear interpolations of f (x)  

can be written as 

f (x) = f (x0 + δx) = ai
i=0

1

∑ f (xi ) = ai
i=0

1

∑ fi  

f (x, y) = f (x0 + δx, y0 + δy) = bj ( ai
i=0

1

∑ f (xi , yj )
j=0

1

∑ ) = bj ( ai
i=0

1

∑ fij )
j=0

1

∑  

f (x, y, z) = f (x0 + δx, y0 + δy, z0 + δz)

= ck[ bj ( ai
i=0

1

∑ f (xi , yj , zk ))
j=0

1

∑ ]
k=0

1

∑ = ck[ bj ( ai
i=0

1

∑ fijk )
j=0

1

∑ ]
k=0

1

∑  
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where  

� 

a0 = (x − x1)
(x0 − x1)

 

� 

a1 = (x − x0)
(x1 − x0)

 

� 

b0 = (y − y1)
(y0 − y1)

 

� 

b1 = (y − y0)
(y1 − y0)

 

c0 =
(z − z1)
(z0 − z1)

 

� 

c1 = (z − z0)
(z1 − z0)
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For simulations with equal-spacing grid size, we define the grid size in the x, y, 
and z directions to be hx , hy , and hz , respectively.  For convenience we also 

define  

DXL =
x − x0
hx

=
δx
hx

DXR =
x − x1
hx

=
δx
hx

−1
 

DYL =
y − y0
hy

=
δy
hy

DYR =
y − y1
hy

=
δy
hy

−1
 

DZL =
z − z0
hz

=
δz
hz

DZR =
z − z1
hz

=
δz
hz

−1
 

It yields  

a0 = −DXR

a1 = DXL

 
b0 = −DYR

b1 = DYL

 
c0 = −DZR

c1 = DZL
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That is the interpolation used in the classical PIC code simulation, which is 
commonly written as 

� 

f (x0 + δx) = (1− δx
h
) f0 + (δx

h
) f1 

f (x0 + δx, y0 + δy) = (1−
δy
hy
)[(1− δx

hx
) f00 + (

δx
hx
) f10 ]+ (

δy
hy
)[(1− δx

hx
) f01 + (

δx
hx
) f11]  

f (x0 + δx, y0 + δy, z0 + δz)

= (1− δz
hz
){(1− δy

hy
)[(1− δx

hx
) f000 + (

δx
hx
) f100 ] + (

δy
hy
)[(1− δx

hx
) f010 + (

δx
hx
) f110 ]}

+ (δz
hz
){(1− δy

hy
)[(1− δx

hx
) f001 + (

δx
hx
) f101] + (

δy
hy
)[(1− δx

hx
) f011 + (

δx
hx
) f111]}
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2. Cubic interpolations 
  For x−1 < x0 < x < x1 < x2 , y−1 < y0 < y < y1 < y2 , z−1 < z0 < z < z1 < z2 , the 
cubic interpolations of f (x)  can be written as 

f (x) = f (x0 + δx) = ai
i=−1

2

∑ f (xi ) = ai
i=−1

2

∑ fi   

f (x, y) = f (x0 + δx, y0 + δy) = bj ( ai
i=−1

2

∑ f (xi , yj )
j=−1

2

∑ ) = bj ( ai
i=−1

2

∑ fij )
j=−1

2

∑  

f (x, y, z) = f (x0 + δx, y0 + δy, z0 + δz)

= ck[ bj ( ai
i=−1

2

∑ f (xi , yj , zk ))
j=−1

2

∑ ]
k=−1

2

∑ = ck[ bj ( ai
i=−1

2

∑ fijk )
j=−1

2

∑ ]
k=−1

2

∑  

where 
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� 

a−1 = (x − x0)(x − x1)(x − x2)
(x−1 − x0)(x−1 − x1)(x−1 − x2)

 

� 

a0 = (x − x−1)(x − x1)(x − x2)
(x0 − x−1)(x0 − x1)(x0 − x2)

 

� 

a1 = (x − x−1)(x − x0)(x − x2)
(x1 − x−1)(x1 − x0)(x1 − x2)

 

� 

a2 = (x − x−1)(x − x0)(x − x1)
(x2 − x−1)(x2 − x0)(x2 − x1)

 

b−1 =
(y − y0 )(y − y1)(y − y2 )

(y−1 − y0 )(y−1 − y1)(y−1 − y2 )
 

b0 =
(y − y−1)(y − y1)(y − y2 )
(y0 − y−1)(y0 − y1)(y0 − y2 )

 

� 

b1 = (y − y−1)(y − y0)(y − y2)
(y1 − y−1)(y1 − y0)(y1 − y2)

 

� 

b2 = (y − y−1)(y − y0)(y − y1)
(y2 − y−1)(y2 − y0)(y2 − y1)

 

� 

c−1 = (z − z0)(z − z1)(z − z2)
(z−1 − z0)(z−1 − z1)(z−1 − z2)

 

� 

c0 = (z − z−1)(z − z1)(z − z2)
(z0 − z−1)(z0 − z1)(z0 − z2)

 

c1 =
(z − z−1)(z − z0 )(z − z2 )
(z1 − z−1)(z1 − z0 )(z1 − z2 )

 

c2 =
(z − z−1)(z − z0 )(z − z1)
(z2 − z−1)(z2 − z0 )(z2 − z1)
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For simulations with equal-spacing grid size, we define the grid size in the x, y, 
and z directions to be hx , hy , and hz , respectively.  For convenience we also 

define  

DXLL =
x − x−1
hx

= 1+ δx
hx

DXL =
x − x0
hx

=
δx
hx

DXR =
x − x1
hx

=
δx
hx

−1

DXRR =
x − x2
hx

=
δx
hx

− 2

 

DYLL =
y − y−1
hy

= 1+ δy
hy

DYL =
y − y0
hy

=
δy
hy

DYR =
y − y1
hy

=
δy
hy

−1

DYRR =
y − y2
hy

=
δy
hy

− 2

 

DZLL =
z − z−1
hz

= 1+ δz
hz

DZL =
z − z0
hz

=
δz
hz

DZR =
z − z1
hz

=
δz
hz

−1

DZRR =
z − z2
hz

=
δz
hz

− 2
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It yields 

a−1 = −
1
6
(DXLDXRDXRR )  

a0 = +
1
2
(DXLLDXRDXRR )  

a1 = −
1
2
(DXLLDXLDXRR )  

a2 = +
1
6
(DXLLDXLDXR )  

b−1 = −
1
6
(DYLDYRDYRR )  

b0 = +
1
2
(DYLLDYRDYRR )  

b1 = −
1
2
(DYLLDYLDYRR )  

b2 = +
1
6
(DYLLDYLDYR )  

c−1 = −
1
6
(DZLDZRDZRR )  

c0 = +
1
2
(DZLLDZRDZRR )  

c1 = −
1
2
(DZLLDZLDZRR )  

c2 = +
1
6
(DZLLDZLDZR )  
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3. Fifth-order interpolations 
  For x−2 < x−1 < x0 < x < x1 < x2 < x3 , y−2 < y−1 < y0 < y < y1 < y2 < y3 , 
z−2 < z−1 < z0 < z < z1 < z2 < z3 , the 5th-order interpolations of f (x)  can be 

written as 

f (x) = f (x0 + δx) = ai
i=−2

3

∑ f (xi ) = ai
i=−2

3

∑ fi   

f (x, y) = f (x0 + δx, y0 + δy) = bj ( ai
i=−2

3

∑ f (xi , yj )
j=−2

3

∑ ) = bj ( ai
i=−2

3

∑ fij )
j=−2

3

∑  

f (x, y, z) = f (x0 + δx, y0 + δy, z0 + δz)

= ck[ bj ( ai
i=−2

3

∑ f (xi , yj , zk ))
j=−2

3

∑ ]
k=−2

3

∑ = ck[ bj ( ai
i=−2

3

∑ fijk )
j=−2

3

∑ ]
k=−2

3

∑  

where 
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a−2 =
(x − x−1)(x − x0 )(x − x1)(x − x2 )(x − x3)

(x−2 − x−1)(x−2 − x0 )(x−2 − x1)(x−2 − x2 )(x−2 − x3)
  

a−1 =
(x − x−2 )(x − x0 )(x − x1)(x − x2 )(x − x3)

(x−1 − x−2 )(x−1 − x0 )(x−1 − x1)(x−1 − x2 )(x−1 − x3)
  

a0 =
(x − x−2 )(x − x−1)(x − x1)(x − x2 )(x − x3)

(x0 − x−2 )(x0 − x−1)(x0 − x1)(x0 − x2 )(x0 − x3)
 

a1 =
(x − x−2 )(x − x−1)(x − x0 )(x − x2 )(x − x3)
(x1 − x−2 )(x1 − x−1)(x1 − x0 )(x1 − x2 )(x1 − x3)

 

a2 =
(x − x−2 )(x − x−1)(x − x0 )(x − x1)(x − x3)

(x2 − x−2 )(x2 − x−1)(x2 − x0 )(x2 − x1)(x2 − x3)
 

a3 =
(x − x−2 )(x − x−1)(x − x0 )(x − x1)(x − x2 )

(x3 − x−2 )(x3 − x−1)(x3 − x0 )(x3 − x1)(x3 − x2 )
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b−2 =
(y − y−1)(y − y0 )(y − y1)(y − y2 )(y − y3)

(y−2 − y−1)(y−2 − y0 )(y−2 − y1)(y−2 − y2 )(y−2 − y3)
  

b−1 =
(y − y−2 )(y − y0 )(y − y1)(y − y2 )(y − y3)

(y−1 − y−2 )(y−1 − y0 )(y−1 − y1)(y−1 − y2 )(y−1 − y3)
  

b0 =
(y − y−2 )(y − y−1)(y − y1)(y − y2 )(y − y3)

(y0 − y−2 )(y0 − y−1)(y0 − y1)(y0 − y2 )(y0 − y3)
 

b1 =
(y − y−2 )(y − y−1)(y − y0 )(y − y2 )(y − y3)
(y1 − y−2 )(y1 − y−1)(y1 − y0 )(y1 − y2 )(y1 − y3)

 

b2 =
(y − y−2 )(y − y−1)(y − y0 )(y − y1)(y − y3)

(y2 − y−2 )(y2 − y−1)(y2 − y0 )(y2 − y1)(y2 − y3)
 

b3 =
(y − y−2 )(y − y−1)(y − y0 )(y − y1)(y − y2 )

(y3 − y−2 )(y3 − y−1)(y3 − y0 )(y3 − y1)(y3 − y2 )
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c−2 =
(z − z−1)(z − z0 )(z − z1)(z − z2 )(z − z3)

(z−2 − z−1)(z−2 − z0 )(z−2 − z1)(z−2 − z2 )(z−2 − z3)
 

c−1 =
(z − z−2 )(z − z0 )(z − z1)(z − z2 )(z − z3)

(z−1 − z−2 )(z−1 − z0 )(z−1 − z1)(z−1 − z2 )(z−1 − z3)
  

c0 =
(z − z−2 )(z − z−1)(z − z1)(z − z2 )(z − z3)

(z0 − z−2 )(z0 − z−1)(z0 − z1)(z0 − z2 )(z0 − z3)
 

c1 =
(z − z−2 )(z − z−1)(z − z0 )(z − z2 )(z − z3)
(z1 − z−2 )(z1 − z−1)(z1 − z0 )(z1 − z2 )(z1 − z3)

 

c2 =
(z − z−2 )(z − z−1)(z − z0 )(z − z1)(z − z3)

(z2 − z−2 )(z2 − z−1)(z2 − z0 )(z2 − z1)(z2 − z3)
 

c3 =
(z − z−2 )(z − z−1)(z − z0 )(z − z1)(z − z2 )

(z3 − z−2 )(z3 − z−1)(z3 − z0 )(z3 − z1)(z3 − z2 )
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For simulations with equal-spacing grid size hx , hy , and hz , we define 

DXLLL =
x − x−2
hx

= 2 + δ x
hx

DXLL =
x − x−1
hx

= 1+ δ x
hx

DXL =
x − x0
hx

= δ x
hx

DXR =
x − x1
hx

= δ x
hx

−1

DXRR =
x − x2
hx

= δ x
hx

− 2

DXRRR =
x − x3
hx

= δ x
hx

− 3

 

DYLLL =
y − y−2
hy

= 2 + δ y
hy

DYLL =
y − y−1
hy

= 1+ δ y
hy

DYL =
y − y0
hy

= δ y
hy

DYR =
y − y1
hy

= δ y
hy

−1

DYRR =
y − y2
hy

= δ y
hy

− 2

DYRRR =
y − y3
hy

= δ y
hy

− 3

 

DZLLL =
z − z−2
hz

= 2 + δ z
hz

DZLL =
z − z−1
hz

= 1+ δ z
hz

DZL =
z − z0
hz

= δ z
hz

DZR =
z − z1
hz

= δ z
hz

−1

DZRR =
z − z2
hz

= δ z
hz

− 2

DZRRR =
z − z3
hz

= δ z
hz

− 3
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a−2 = − 1
120

(DXLLDXLDXRDXRRDXRRR )   

a−1 = + 1
24
(DXLLLDXLDXRDXRRDXRRR )  

a0 = − 1
12
(DXLLLDXLLDXRDXRRDXRRR )  

a1 = +
1
12
(DXLLLDXLLDXLDXRRDXRRR )  

a2 = −
1
24
(DXLLLDXLLDXLDXRDXRRR )  

a3 = +
1
120

(DXLLLDXLLDXLDXRDXRR )  

b−2 = − 1
120

(DYLLDYLDYRDYRRDYRRR )   

b−1 = + 1
24
(DYLLLDYLDYRDYRRDYRRR )  

b0 = − 1
12
(DYLLLDYLLDYRDYRRDYRRR )  

b1 = +
1
12
(DYLLLDYLLDYLDYRRDYRRR )  

b2 = −
1
24
(DYLLLDYLLDYLDYRDYRRR )  

b3 = +
1
120

(DYLLLDYLLDYLDYRDYRR )  
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c−2 = −
1
120

(DZLLDZLDZRDZRRDZRRR )   

c−1 = +
1
24
(DZLLLDZLDZRDZRRDZRRR )  

c0 = − 1
12
(DZLLLDZLLDZRDZRRDZRRR )  

c1 = + 1
12
(DZLLLDZLLDZLDZRRDZRRR )  

c2 = − 1
24
(DZLLLDZLLDZLDZRDZRRR )  

c3 = + 1
120

(DZLLLDZLLDZLDZRDZRR )  

 



 

Ling-Hsiao Lyu 17 

Grids in the expansion of δ [x − xα ,k (t)]  with xα ,k  located in the shaded region 

PIC Code 

  &  

This Study 

1st-order  

 

3rd-order 

 

5th-order 

 
UCLA 

Finite-Size 

Particle Code 

1st- and 2nd-order 

 

3rd- and 4th-order 

 

5th- and 6th-order 
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4. Benchmarks 

Figure 1 shows the time variations of the total energy of particle code 

simulations, which are built based on (a) the first-order UCLA-particle-code-like, 

(b) the first-order PIC-code-like, (c) the third-order, and (d) the fifth-order 

deposition-interpolation schemes.  

Figure 2 shows the time variations of the total energy of particle code 

simulations, which are built based on (a) the third-order and (b) the fifth-order 

deposition-interpolation schemes.  

 Obviously the numerical errors have been greatly reduced in the 

simulations with higher order deposition-interpolation schemes. 
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Figure 1 
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 Figure 2 
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Different Point of Views: 
Deposition  

vs.  
Interpolation / Distribution 
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