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ÈÉÊËg±&'()² 

+!ÊË()²E$ÌÍªÎÏChoose a 

right simulation code for your problem 

+!$Ð|ÑÒÏÓ:CÔÕ�M:CÖ×D
ØÙÚÛC()²E¹ºCÜ�¤ÝÞß!

+!$àá�g± .Eâã%qrCÊËß!
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g±&'()²C³´µ¶ 
•! Fluid Simulations#

–! MHD code#

–! Two-Fuild code#

–! Multi-Fluid code#

•! Kinetic Simulations#

–! Hybrid code (Fluid ions and kinetic elctrons)#

–! Full particle code#

–! Test particle code#

–! Vlasov code#

The particle-code simulation is indeed a multiple-fluid simulation.  
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Simulation Codes!
Assuming thermal 

dynamic 

equilibrium? 

 

Simulation Code  
Phenomena scale 

length 

! 

"  

e-e i-i e-i 

MHD code 
i""

3
10#  yes yes yes Fluid 

Simulations 
Two-Fuild code 

ii """ 1010
3

##  yes yes no 

Hybrid code 

fluid electrons & kinetic ions 
ii """ ##10  yes no no 

Full particle code 
ei """ ##  no no no 

Test particle code Strong magnetic field n/a n/a n/a 

Kinetic 

Simulations 

Vlasov Code 
ei """ ##  no no no 
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·¸g±&'()¹º»¼ 

•! øùúûüCýþ #
–! ÿg±�Ey¥9µC!"E#$%øùúûüCýþ|E&
FGº·¸'&Ï(�)·*)�+�EB,-.�Cf!
/�D#

–! úûüþCN0EFGº3þN01&B,-Ï2$ØÙ(
�)·*)�ú34E&FcA59!"C*�}6N01
&#

•! !"7í89*:¯;!"7Cú*�#
–! í$<=C9>E¤G·¸÷.C!"7?>@ABwEíi
o9CCD*�VwaveEE:¯;59µ!"Cú*�WVth0 D#

–! È�WVwave >> Vth0ad~�yFzEG#H�I9JC!"�
H�I9JKC!"EíioC9C/�E��LMy¥D
�NûO*�)(�)�34E&yPQÒRS�D 
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·¸g±&'()¹º»¼ 

Vwave 
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Vwave 
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·¸g±C³´OP0 

•! :¯;qV"|}W�xZ·¸OP0#

–!Z·¸Ïmagnetohydrodynamics (MHD)#

•! qV"|6W�xY·¸OP0#

•! TÌ/U·¸OP0#
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Initial condition 
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" #B = 0 

The MHD Ohm’s law                       has been used !

to eliminate the electric field in the above equations.!
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E = "V # B
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Initial condition: 

! 

" #B = 0 
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TÌ/U·¸OP0W!
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½9·¸g±&'()²C¾¿ 

•! &'() = Ì|6[N#

•! Explicit scheme#
–!\º�]�<¤C��E^_|6[Nx'EG¢
;`BC��D#

–!?_IaJ)WP0IabcEc4deãyÆfg
[D#

•! Implicit scheme#
–!\º�])<¤)�`BC��E^_|6[Nx
'Dh�`BC��EFp�KLOP0i6Ev
\ºjR�i6D#

–!?_k|)P0lcEc4deyãg[D!
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C~·¸&'()�n!
•! The 2nd Order Lax-Wendroff Scheme#

–! ����Q Richtmyer and Morton, 1967^#

–! *�J)dey¯)��¸ºn�EFG¤�����y�C()�
�D#

–! an explicit schemeEdeãg[Ey¹ôºBëì���9E��C
«¬D#

–! Explicit schemes 2¹ô()2rst}6MNÄC|6MNOP0
QPress et al., 1988^W#

•! The implicit scheme for the diffusion term#
–! ÿOP0�A<�t}6MNÄ|E�yFº explicit schemes B÷
.xEj�ãA<E����X���"ýN0C�9>�nDW
QPress et al., 1988^W#

–! ·¸OP0�C��Äv��ÄEU!Ì}6CztMNÄE�ºW
implicit scheme B÷.xD#
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Traditional simulation scheme:"

The 2nd Order Lax-Wendroff Scheme!

¹ºõöÏ!
•! È�8J³´OP0FGcmGª2nop®0Qq
ÈÏZ·¸QMHD^OP0^!

•! 2rst}6MNÄC|6MNOP0QqÈÏW

Korteweg-deVries (KdV) Equation ^!
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Z·¸OP0®0C|6MNOP0!

•! OP0³´®0#

     Fºz{ Lax-Wendroff schemeBef&'()!
•! |8}Ï!

•! |z}Ï!
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Korteweg-deVries (KdV) Equation  

•! r8dÌ|6CMNÄ#

•! 2rst}6MNÄ#

•! 2Ò8d'&#

•! Ò6�6#

•! 4uvwcthe 2nd order Lax-Wendroff 
schemeCxy»q#
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= 0
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Traditional simulation scheme:"

The implicit scheme for the diffusion term!

•! The diffusion equation#

•! The implicit scheme#
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Non-traditional simulation scheme:"

Higher Order Implicit Simulation Scheme!

•! �{implicit·¸&'()�n#
–!deÍ)°$ºoaU��¸#

–! An implicit schemeEdeyãg[#

–!�]CÎghÏy>E¹ô¤<¤�`B�*Cg
hw?_#

–!»qÏWThe 4th Order Predictor-Corrector Method 
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Non-traditional simulation scheme:"

The 4th Order Predictor-Corrector Method 

•! }6M)[NÏ#
–! \ºFast Cubic SplinevhÒ�{eN�Eió�ôwC}6MN)
[Nx'#

•! ¦§æ}õÏ#

–! \º the 4th order Runge-Kutta method EiWy1, y2, y3x'#

•! ¢;}õÏ#

–! \º the 4th order Adams$ open formulaE_`Wyn, yn-1, yn-2, yn-3 ,      
¢;yn+1x'W 

•! öqQjR^}õÏ#
–! \º the 4th order Adams$ close formula E_`÷8t¢;í�CW

yn+1 EGøïÒxWyn, yn-1, yn-2, kl¢;Wyn+1 x'#

•! kâöqQjR^&tEùoúûEüFefª8}C¢; #

Solving  fty =!! /  with 

" 

f = f (t,y,! y /! x,...)  and th #=  
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&'()ÀÁÂ�,-CÃÄ 
•! Always use double precision in your simulation 

•! Normalize your equations FG��¨Ê�()T��
&EÈB~��)|66Ð)}66ÐD!

+!,ÑB~Ç¹n4jop!

+!,Ñ4jFzWCourant condition:W!t * Vmax < !x 

hÒe8}C,ÑÏWrÓ8ª!

+!ÿB~��ÔÕ8ÖE()��×Òk¯Ø'D!

+!ÿ|66ÐÙÚE()��×Òk¯Ø'DW!

+!ÿ}66ÐÙÚE()��×Òk¯Ø'D!

+!ÿ!"&ÔÕ8ÖE()��×Òk¯Ø'D!

+!ÊºÛuV"g"ÜnIE()��×Òk¯Ø'DW!
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&'()Cº¼��r�!

+!&'()&4\º8½�¾ÒºC&'O�E68JK

LCMNOP0QRSRTUVWXYZRW[\W]YZR^Eh�E¿À

Ò8JOP04Ì|6MNCOP0"D!

+!8½�¾ÒºC&'O�!

1!Ò�Cgh�ÁÏÂÃÄÅWÆYÅWÇ]ÈÅWÉÊX*¼!

1!Ò�Cëì|6!

+!8½�¾ÒºC&'O�Ey2$ËEÌ$J)$¾ß!
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Ýº�Á)¹���)Þßàa!

Do your best to save 

•! Memory 

–! áàkâãºworking Arrays#

•! CPU time 

–! äåkâ@_Ï¢&)Ì&)æç1&D#

–! kâ@_èéEáààmLTableD#

•! Real time 

–! Watch out your I/O scheme 

–! êëy$Íì)Íì�±ENíefCîWEaïã�3K 

–! $8¯ì�±E8ðñ8òCîEâJ 
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&'()��xÅÆ�N� 

•! Display your simulation results#
–! \º Matlab!!IDL ��¸Ec8dH�� ¡Q¢£¡^Ú
>÷.¯n&'()��DW!

1!\º Excel ��¸Ed¤÷.Ç�®0C ¥¦W!

+!$º§N�¨C()��Ey$©k5ª«_ABC
()��ß!
–! Carefully trace the time evolutions of all fluid variables.!

1!xby$8¨()8¨%ÅÆ� DÈ�()8dCaseí¬
kC|6E�8®Exb¯°$N�C�±²ªBEº³
´8µghKKC¶�N�D!

!!$·u½9&'O�E¸á¸ºEâ¹%AxÒº)
xÒ»ÂCÅÆN�D!
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Ç��ý/ 

•! ÊË()²E$ÌÍªÎÏChoose a right simulation 

code for your problem 

•! $Ð|ÑÒÏÓ:CÔÕ�M:CÖ×DØÙÚÛC(

)²E¹ºCÜ�¤ÝÞß 

•! ¹���EÞßàaÏDo your best to save memory, 

CPU time, and real time (Watch out your I/O 

scheme). 

•! bCÅÆQ good diagnostics ^FG����56()

<=þÿC .�PD 
26 

Ç��ý/ 

+!bC()ëìE°$!

1!bC!¸!

1!bC�¸E!

1!"#C)Ò$-C()%âQmanpower^D!

+!8dÛqÒ$-C()&'EyàºghE(

FG¯)¢^()C��D&b*+U,-.
ÿE/M¹01D!
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2<34!

Hildebrand,  F.  B.,  Advanced  Calculus  for  Applications,  2nd  edition, 

Prentice-Hall, Inc., Englewood, Cliffs, New Jersey, 1976. 

Press,  W.  H.,  B.  P.  Flannery,  S.  A.  Teukolsky,  and W.  T.  Vetterling, 

Numerical  Recipes  (in  C or  in  FORTRAN and Pascal),  Cambridge 

University Press, Cambridge, 1988.  

Richtmyer,  R.  D.,  and  K.  W.  Morton,  Difference  Methods  for  Initial-

Value Problems, 2nd edition, John Wiley & Sons, Inc., 1967. 

Shampine,  L.  F.,  and  M.  K.  Gordon,  Computer  Solution  of  Ordinary 

Differential Equation: the Initial Value Problem, W. H. Freeman and 

Company, San Francisco, 1975.#


