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Derivatives | Central Difference Forward Difference Backward Difference

af S = /i Jin =1 fi- 1

47 5f =dm = Ji Af =dimn )i v =it

dx|,., S 2Ax /i Ax & Ax

d’f S =2/ + /i Jir=2fin + 1 Si=2f S

52f o dm —oit i Nfdinmt i | grp Jimi it i

o | £t fi= i

m 3/, = A= V-

i Sur =2fia 2 = fir | Sin =32 43fin =S | fi=3fi1+3fis — S
) 2(Av)* (Ax)* (Ax)*

WHZESTIRINES © [ = f(x=iAx, y = jAy, 2= kAz,t = nAr)

0

= f(xi’yj’zk’tn)

5

KT

Given y'(x) and y,=y(x), find y, =y(x,)

F—REL > CLEREE ¢ ORISR TR - HiER R EURT(x)
If y'(x)=f(x) then y(x,,)=y(x)+ f F(x)dx

B EAY > Lh#gER ¢ trace a curve of a given field f(x,y)

If y'(x)=flx,y(x)] then y(x,)=y(x)+?
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Taylor series expansmn
Given y'(x)=f(x) and 1y, find y,.+1=y,.+f f(x)dx
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Taylor series expanswn
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(The 4th order Simpson’s rule f&477% © VU HERE )
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Table 3.2. The spatial integrations based on finite difference method
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1™ order integration Vi =Y+ hfi+ O’ f')
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2" order integration
; Yin = +O( f")
Trapezoidal rule

4™ order integration 1 4 1
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Life is more than the finite differences

FFT (Fast Fourier Transform > fast:¥i4: 78 17 f it table )
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The piece-wise continuous function in the cubic spline can be written in the following
form.

o xR  FEDE=X) | Gmx) B
G B G X) G x) R

The constants  {a,,b,, for k=1— n—1} are chosen such that the matching conditions for
cubic spline can be fulfilled, i.e.,
o <xsx)| _dfySx<x)

dx x=1x, dx ‘

x=x,
and
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dxz 2

dx

‘x =x ‘x= X

One can obtain the following two types of recursion formula
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¢ Trace a curve of a given field f(x,y)
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 Solve y(?) for dy(t)/dt = f(t,y) with a given y° = y(¢ = 0)
» Explicit scheme
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The explicit time integrations

The 1st order Euler method
Y=y B ()" + OCh? )

The 2nd order Runge-Kutta method
0N =y" +hfQ"y")
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+ The 2nd order Runge-Kutta method
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The 4th order Runge-Kutta method
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+ The 4nd order Runge-Kutta method
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The implicit time integrations
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The implicit scheme:

v(t + At) - v(t) _4 v(t+At)+ V(1) <B
At m 2

fig bl B =t — XKML TR AR KA
(1 + AD), v, (t+ Ar),v_(t + AD)}
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+ The diffusion equation T _ 1
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+ The implicit scheme
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BREF A Z implicit time integration scheme :
Predictor-Corrector Method

BAME 40

1t = flt.y(®)]
* JuHexplicit scheme R EIHITAT y H > TN T—
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EEE LB BRI —(EPEE - 1T T —(E time
step YFE5T ©

- #iffl : The 4th order Predictor-Corrector Method

(Shampine and Gordon, 1975) 24




he 4th Order Predictor-Corrector Method
( Shampine and Gordon, 1975 )

l Solving dy/di = f or dy/dt=f with f = f(y,1) and & = At ‘
TEDHISGER © FIF yr, pt, pie2, 3, FEMly™ 1 2 {E (the 4th order

Adams’ open formula)

59 ., 37

wl_ E n_ 27 W nfz_i n-3 5 p(4)
’ A e R S () ‘

WIE (X)) B © FIFHRT—RIEDRATSHY y! - DURIERZ »",
L 2, EEETTEM 7 2 fE (the 4th order Adams’ close formula)
i, 19

ml _ on i B n_i -1 L n-2 5 £(4)
¥ Y+h[24f +24f 24f +24f 1+0(R°f) ‘

EERIE (BAR) 8K EEE - BT T —aymEnl
[K & n<4 0% > the 4th order Adams’ open formula R » #UF]]
] the 4th order Runge-Kutta method 23K y1, 12, 33 7 {6 25

7 2] A Explicit Scheme

Table 4.2. Adams’ Open Formulae (also called Adams-Bashforth Formula)

Order of | Solving dy/dt=f or dyldi= f explicitly with h=At
Accuracy
lsl yn+l=yn+hlfn]+0(hlfr)
2nd

I VI g 3
Y=Y 2 O ) Cannot self-start

T | imy e B 1 1, 3 i o' pn
S R - VR R Cannot self-start
r " 55 . 59 0 37 a9 s s
w22 g 22 et S1 pn2 | F pn3y oS ) 3,
SRR e i RO )Cannot self-start
5lh yn+l=yu

1901 2774 2616 1274 251 Cannot sclf-sfarf
+h n_ -y -2 _ w3 41 4 O(hS £
[ 720 f 720 f 720 f 720 f 720f It

#& iE A Implicit Scheme

Table 4.3. Adams’ Close Formulae (also called Adams-Moulton Formula)

Order of

Accuracy

Solving dy/di=f or dy/dt= f implicitly with h=Ar

™

VI =y R+ O

nd
2! gy +h[%f’”l+%f"|+0(h3f')
37 At _ n S a8 T 4
=y"+hl— e +O0(h
Y=Y ARG A g ] (h*f7)
4" " 9 fnu, 19 5 pniy, 1 s 5 @)
NI VAT TN VR R YR B BV N
Y=Y AR f o g I g SR O )
5lh yn+|=yu
251 yu 646 ., 264 . 106 ..o 19 .. 6 £(5)
+hl=— = e = e +O(h
1720f 720f 720f 720f 720f I+ Ok

Predictor-Corrector Method

Table 4.4. Procedure of the 4" order Predictor-Corrector Method

Initial Using 4™ order Runge-Kutta method to obtain  y', y% and y* from y°.
Steps

Predicting | Using 4™ order Adams Oﬁen Formula to predict  y* from y°, y', y* and
Step ¥

Correcting | Using 4™ order Adams Close Formula to correct  y* from  y', y%, y’,and

Steps the predicted  y* (or corrected  y* of the last iteration).

Repeat the correcting step for several times or until the iteration converges.
[The condition of convergence in an iteration scheme will be discussed in the

next section (Section 5).]

il

Repeat the Predicting and Correcting Steps to advance y from y" to y’

B ERARIR

AL fEimplicit time integration 1 - ¥yEEE
e

Tl HETE B R B UL - st T

the kth iteration 455 A1 the (k+1)th iteration 4% 5
AE—FIREERT |

PRI A 557 B A0 e BB (W s 2 BT /H 25
TrEA— T RS — AR B BE E AR -
BE b (EEREEHE A - MR AEREIG
B EEAE R EAIRRIR - T DU Bk DS e
RNEERRE -
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B E R AYAIR

o B Zb R B B AR R ©
o BPUEE
— R RE B IME AT (32-bit or 64-bit system?)
— B EE R R K E AR MERTETE - 5
Integer Arrayzt i 5 = (i BTV R U E - T
SAEMVETE o (e (EIZURNSIE 1234567891 SEEBL(E )
o PEREE
— AR EAIEIR ~ (R E - (R
— E A E B IMEAIRRIR
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+ lteration
— Interations are commonly used in solving
Laplace equation, Poison equation, or use
implicit scheme to solve differential equation(s).
= ﬁ{t&}_ﬁﬁﬁﬁ%g?mrﬁﬁ;ﬁ%&%ﬁ:ﬁ%}éﬂ@‘m
BEPUZIERM - $REE

»  Machine error (relative error)

— Let U be the relative error of 1, then

The computer cannot distinguish the differences
between U+1 and 1

The relative error of a real number 4 will be U*4
— Example: (Shampine and Gordon, 1975) 31

HEHEERE

C--SUB. GETRERR
C To obtain the relative error with respect to 1
SUBROUTINE GETRERR

IMPLICIT DOUBLE PRECISION (A-H, 0-2)

COMMON /GET_RERR/ RELERR,ABSERR

Al=1

AH=0.5D00

U=Al

CONTINUE

U=U*AH

TEMP=A1-U

IF(TEMP.LT.Al) GO TO 1

RELERR=U*2

ABSERR=U*200

RETURN 32
END
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 EISARSIIMEESUE - WEAEE—VIERER - 52
AL LSRR AL !

» 0~1 uniformly distributed random number generator
— B HE A E R
— SRl H A L 8 L 281 basic element

» Normal-distributed random number generator
— REUERA B iR e IR ERER
- WS

+ General random number generator of a given
probability function f(x)
— PR - AR
- (K
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Uniform Random Number Generator

« EEEEEK RS BERET AT
ZERE BT REEE T > PRI E R L — A E
T BLEUE £ 23 0TAERE P B e L (intrinsic
function)
rﬁﬂ‘éﬁﬂ“%%zz_ﬁﬁi/ﬁﬁﬁﬁmrunning error

BO0FN Z g 555 7h 2 Bt RLEL -

. Example (7% 1BMISSP, for 32-bit computer)
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U~ =] =1 TT1M
PEtRRL B E L =
Fun. ran: 0~1 Uniform Random Generator
Argument 'ix' is the seed of
the random number generating function.

In order to get really 'random' numbers,
initial value of ix must be an odd number.

el N NeNeNe!

function ran(ix)
iy=ix*65539
if(iy)5,6,6
5 iy=iy+2147483647+1
6 yfl = iy
yfl = yf1*.4656613E-9
ran=yfl
ix=iy
return 35
end

Random Number Generator of the
Normal Distribution Function

o REUART + iR e B
— R —TER RS - EEHRIRES % 1%
HAMIGE R 2B 10 -
— [E—TEMAR AR > BEEHUE n 2 1% - HAEA
SR MR RSP S (1 B S SR 4 1) s R
BRI H G2 (R B8 S n 5 -
- Example: (£ IBM/SSP)
= ?;’Eﬁ&%ﬂyoqi’—]@ﬁﬁZFﬁ%%Lﬂmfﬂ AT Ry RE AR

- O~139 55 R EL S > TR ERO0.5 - ERE /M2 -
(G595 )
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RE A BB A

C

C==RANORM

C
FUNCTION RANORM(A)
COMMON IRR ! seed of random numbers
A=0.

DO 999 II=1,16
999 A=RAN(IRR)+A

A = A-8.0 ! A=A-(nsum/2) where nsum=16
A = A*0.866 ! A=A*sqgrt(12./nsum)
RANORM=A

RETURN

END &7

E ;
7 General Random Number Generator

(Snell, 1975)

° %Lﬁ y :f(x) ’ ;;:\L/—\’_E Ymaxr Ymin> Xmaxs Xmin
© JRBEHL—(E 0 ~ 1 395 AR BB ELEL o
© FHEEEL—(E 0 ~ 1 395 AR RERELE b e

A x =g* e
t TXa (xmax xmin)+xmin

Ymin
e o oy
% I O P o To

<y <fx) AIBEZELE x, o 3y, > f0,) RIBEE X, > B
RS a B b -

© EEDLEPER - HEREREEIIRGE y, <f(x,) Kk - 55
FEELEHIALE x, > BTRFTK -

38

KIR

© TOTEAITE
- RS (—4EER) R
- AR S
© FEEE (VIE)
— TSRS S TR (St
% HEHAERMARIES - 4 R )
- AT » K
. AR
— B0+ 1~ 4 RETERES T KB IR CREZHEE)
© RESRAR s i Ry i oy T A2 AV TR

— BEAFEREFETAGE - SEt—E () Mot 7
RECR AR E A2 Bl T HfiE - 39

-

A B TEs KR

e il
- K fly) =0 ZHk
— 2y MERE X ARk EL > Y2

LU R R

dx dydx dx afldy
— HEJRIH—4H (v, vo) Zf% - BUATE S SR FAth (v,
Vi)

— @R of/dy=0
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 HfH : (Homotopy method,  HIEF AR AT BRI 13
— K fxpxp x5 .. x)=0 2R
- Wn—(ES8 e - TR E TR RRIY R A
(g Xp000%,) = 0 ZRGERRE—(EHT RS
g (x;, x5 ..., 0) = (1-0)*h(x), x5.. X )F5 (x), X5, ...%,)
- Et=00F> g=02fF Elh=0_2f#
— FIF#EFI—m = BB R E &
I e E =1 > Alg=0 2f& > Bl f=0 2f# -
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W R EU%

« Interpolation method (N7%)
— FIF4gts B vy e » HEEIEAEFSERE LY
YR -
« inverse-interpolation method ( 43%4% )
— RIS B bRy E o S o BRI Y
HY4ErSEL [ o
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— FIFSECE - oK FEMHZEphase spaceffysy
TRHEL f(x,v) © FELLETIELS: f(x,v) FUPRPE S FrlE o
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~5%°,\_B%PSI§/ TIRUE

fx= ( )fu"‘(x x“)f+0(h ) =bfy+af,+00'f?)

- g
« =& \f(X)=a_.f.,+aufu+a\f.+azfz+0(h ) [, G

1 G ) K- 1)

o X)) x)
S it s M
_ o x)mx)(x-xy)
0= 2,05 = %)(5 = x,)
(r=x,)(r= x)(x = )
(= 2,)(% = %) (4, = %)

v

fo 4

>
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X
X1 Xo X1

F)=d fyg+c f+bfy+af,
1 FParticle-in-Cell - ;‘xyl y )fm+(" f:)(y' B o
W% - BOEFE s y‘ y P
HERSHREEER | GO GO,

N

I ‘x x(l
N
N1 o d
a b
Yo o
Ty e

IR AR

o B f- <x' x)(” y)fm+()c "“)(y' y)fw
l)

S y°)fo.+<" "°>(y 20 £+ 00 F)
X=X N~ —Yo

EE S =N EA

°:|]H:‘: EIg]
-

tla,; =7 > BEFEAIESRE RS -
T ZREZERIE S RO
WETBAEES > KA -

BT

TEA RSB MHEEREE T A4S RE

e —f | =k
1-D 2 4 1-D Als Als!3
2-D 4 16 2-D A/s? A/s?3
3D 8 64 3-D A/s? Als
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R

FRETEAEREREE N AR E (P =)

1st/3rd S s=0.01 5=0.001
1-D 1/(2s%3) >10 50
2-D 1/(4s%3) >100 2500
3-D 1/(8s?) 1250 125000
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Summary
o SPE{EFAEPS (Shampine and Gordon, 1975) -
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Summary
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grabage in, garbage out (GIGO) !
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