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dy(1)

&t =f( (3.1)
dy (t) = f(y (32)
8y(x,t)= . 8_y_y
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Do your best to save
4 Memory
= Fub 4% Alworking Arrays

@ CPU time
s BEEAGE R -HE - ZARH-
 EAEFEINL > HbkE ATable o

@ Real time
= Watch out your I/O scheme

Bad and Good I/0 Schemes

Very Very Slow:

Free Format ASCII data output

for Excel, IDL, PVWave to read
DO I=1,N
WRITE(L,*) X(I),VX(I)
ENDDO

Fast:

Format ASCII data output

for Excel, IDL, PVWave to read
WRITE(,1) (X(I),VX(),I=1,N)

1 FORMAT(1X, G15.8,1X,G15.8)

(For 8 significant digits: Choose 8+7=15)
e.g., Linux (Lahey £77): —0.12345678E-03
IBM Unix (xIf): —.12345678E-03

Good I/0 Schemes for Massive Data Set

Fast and Save Disk Space:

Unformatted Binary data output

for Fortran, IDL, PV Wave to read
WRITE(1) N,(X(I),I=1,N)
WRITE(2) N,(VX(I),I=1,N)

Fast and Save Disk Space:

Formatted Binary data output

for Fortran, IDL, PVWave to read
WRITE(1,1) N,(X(I),I=1,N)
WRITE(2,1) N,(VX(I),I=1,N)

1 FORMAT(I4,<N>A4)
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OEFHHA > ZHETE : Choose a
right simulation code for your problem
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@ Fluid Simulations
= MHD code
s Two-Fluid code
@ Kinetic Simulations
» Hybrid code (Fluid electrons and kinetic ions)
» Full particle code
= Test particle code
= Vlasov code

The particle-code simulation is indeed a multiple-
fluid simulation.

Test particle code

Table 2.2. Equations of motion of a relativistic test particle o, with mass m,, and
charge e,, moving in a background electric field E(x) and magnetic field B(x)
dx, (1) _ u, (1

dt \Q“l‘i’[lta(f)/flz
W0 e a0

dr m, NI+ u, (el

XBX) |-y, )

Full particle code

Table 2.3. Governing equations of relativistic electromagnetic particle code simulation
(the simulation particle is a finite-size particle with shape function S)
Equation of motion of simulation particles:

dx,() _ w0
di i+ [u,@)cf
du, () e, u, (1)
— = [E(x,t)+—/“7><B(X,t)lslx—x“(t)]dx
dt maJ I+l (/e

Maxwell s equations:
VoEx)= | a8~ x,)S(x— x)dx’
a &
V-B=0
BxD _ -V xE(x,1)
ot

X=X, (NIS(x—x")dx"+ LZ IB(x,1)
¢ ot

VXBx) =gty | Tt
«  Al+lu /el

Vlasov code

Table 2.4. Governing equations of electromagnetic Vlasov simulation code
with relativistic electrons and non-relativistic ions

U w O, ep, 8 gk
I 4 (ule)* X m. I+ (ulc) Ju
9y ¢ g yxpy. O

ot ox m, v

JB

- _VxE

ot *

JE_ e 3 u 3
—=c'VXB-—| ]} vfd'v— — f.d’u]
==l [I] T

Initial conditions

V-B=0

v-g= il v [T s
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@Finite Differences (based on Taylor’s
expansion)

@FFT (Fast Fourier Transform)
@ Cubic Spline
@ Cubic Spline with Corrections
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_Finite Differences

Table 3.1. The[first order|numerical differentiations based on finite difference method

Derivatives | Central Difference Forward Difference Backward Difference

df] fu=ta _tu=t, vr _fim o

dx.,, Rirye M=TG (e

af §f= fin=2fi+ fi, Nf= Jin=2fint fi vy = fi=2fii+ fis

x| (Ax)? (Ax)? (Ax)?

o7 5= &f= V=

o Jia=2fin+2fs = fin | fiz=3Fia+3fin—fi | fi=3fiu+3fia=fia
= 2(Ax)* (Axy* (Axy®

For convenience, we shall use the following notation in the rest of this lecture notes.

Six=F(x=iAx,y= jAy,z=kAz, t=nAD= f(x,y ;2

2ef7)
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BEATREZHNOMIAHKY  RTH
Finite Differences:& ] A

®FFT (AN EI Y FBHIBAFFTR
BB EIE TRALEREE - )
%:FFT‘{ikIFFT(f)])

_[fdxz FFT“{%IFFT(f)]} for k>0.
]

@ Cubic Spline
= Piece-wise continuous cubic function
f(x) = Ax3+ Bx2+ Cx + D
 EEBEE JEME - FE—RMUSE - BRIB—
RPHE > R -
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The piece-wise continuous function in the cubic spline can be written in the following

form.

e £x sy = LONE R | FO0)E=x) | (o)

(%= X0) (X =) * (= x)

bkl(x X)X = X,)

(=)

The constants  {a,.b,, for k=1—n—1} are chosen such that the matching conditions for

cubic spline can be fulfilled, i.e.,

df(x, Sx<x,)|

_df(y<x<x,)|

dx

and

dflx, <x<x)|

‘x=x‘ dx

‘x &

_df<xsx,)|

dx?

dx*

X =x,

|x:x‘

One can obtain the following two types of recursion formula

o)+ fxol2+2( By ')I+f(xk‘.)(

P+ )12+ 260 e (xM)(

where  fy(x,)=

hy

RAC L f(«n

K — Xy

) 3fxi)+ 3£(x0) (L)

*f[f.{(x‘)*f‘{(xm)]
iy

and  h =x,,—x.

[ S L0 PRE S R

Explicit Scheme: (#4])

@ The future information are determined based on
the present and the past information

@ Easy to program, easy to blowout!

@ To avoid blowout - Choose shorter time step 2>
Require more CPU time

Implicit Scheme: (#i#])

@ The future information are determined based on
the future, the present, and the past information

@ Difficult to program and/or Require more memory

@ Stable in large time step > Save CPU time

24




Examples of Explicit Scheme

@®Euler method
#®Runge-Kutta method

®Adams' open Formula (Adams-
Bashforth Formula)

®Lax-Wendroff scheme
(RAEFREMMyZHFE#HY» TERX)
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Euler method/ Runge-Kutta
method

Table 4.1. Explicit time integrations and their corresponding spatial integrations

The spatial integrations based on finite
differences scheme The explicit time integrations

"’(") =f(x), h=Ax M—f(n), h=At
1" order integration 1" order explicit scheme: Euler method
Yia =i+ hfi+ O f) Y=yt hFY")+ O f)
2" order integration 2" order Runge-Kutta method
Trapezoidal rule (an explicit scheme)

ey _ " on
y“,:y(+hf”‘2 Futfiy o pny O™ =y"+hf("Y")

"t _ P (e

2
u+| nol
Y=Y hf@ 2y )+ O FT)

4™ order integration 4™ order Runge-Kutta method
Simpson’s rule (an explicit scheme)
Yin =Y )" =y (")
1, 4. 1, e
G fi+ e fuam* g fi) a2 [+ 0n ‘
+O(h* ) : .
sk et
O™ =y +hf@ 0% D)
il w seseyntl
37 order integration (yr#) 2= %

) .3
Simpson’s = rule P puil

8 )™ =y Rf (2 (%))

Yia =¥

h3 ., 9 9 3
+—Cfi+>f  +=f 2+ = fi

3(8f' wa; sfu; sf") 2l

) +=f(t L% )

+O(h* f7) 6

1
wt =y iy
35y 1I6f( )

P T
+6f(r {67+53) %)

1 5 ¢t
+ gf(r““.(y***)"">|+ o’ f)

RAHFREMMAY B 285 &KX T A Explicit Scheme

Lax-Wendroff scheme
JdU  JFQU) _
ot dax
which can be solved numerically by n+1
the second order Lax-Wendroff scheme.
Step 1: n+1/2

1

ne UL +UD At o
Up= ZLRur)-FaUn] \

2 n
Step 2:

i-1 i i+1

U= - AR R )
! Y Ax l+; ifi

Richtmyer and Morton (1967)

28
Examples of Implicit Scheme #4237 H:E % Gyro Motion — % & M Implicit Scheme
@ Equatons of motion with gyro_type Consider a charge particle moving in a uniform strong magnetic field. Momentum
tion equation of this charge particle is
ma . . . DO _q ) xp, @.1)
@ The diffusion equation de @
~ 7 y 5 The following numerical scheme is an implicit scheme of Eq 4.1)
(BBREMMESZEFERS TEX)
o AL 42
®Adams' close formula (Adams- vy, /N @2
Moulton formula) & /
Exercise 4.3.
Solve Eq. (4.2) toobtain v/, v'*'and v’ fora givensetof v, v', V', B,

29

and B,

By,
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BESBRERBY I EHY H X — K &M Implicit Scheme
The Diffusion Equation The Diffusion Equation
4'7

The diffusion equation

where 0<A<I. For A=1/2, Eq. (4.6) is reduced to Eq. (4.4). For A=1,Eq.
ﬁ: KaiT 43) (4.6) is reduced to Eq. (4.5). Eq. (4.4) can be written as
Jdt ox o/ +(1+ 20T —aT/y = aT/ + (1-2a)T" + aT}), (4.7)
can be solved numerically by one of the following implicit schemes. 0
™o e 1 where a=-"—
T = T =20+ T AT =21 + T2 4 .
At (Ax)" 2

For given boundary conditions  T(x=0)=T;,and T(x=NAx)=T, ,Eq.(4.7) can be

or T . AT A
rewritten in the following tri-diagonal matrix|form:

T"”' -«

n+l n+l n+l o+l . n
I (M)JT.H =21+ T (4.5) 14200 - 0 o o \x 20T+ (1-20)T;" + T
-a  (1+20) -o 15~ ol +(1-2e)T; + oy
O 0 0 H
il _n ; _ _ il n _ n "
T, 75 __K 2I(lfl)(T,L72T,”+T,f.)+l(T,ﬂ'lflf2T,"”+T,f.")| (46) H a (1+20) o Ii5 | |aly s+ (1=200T7 ,+aly
At (Ax) 0 0 o (2 \T37 ) \ody ,+(1-200T;  +20T,,

&2 A Explicit Scheme : \
Based on Runge-Kutta Method and Adams Formula Table 4.2. Adams’ Open Formulae (also called Adams-Bashforth Formula)
. Order of | Solving dy/dt=f or dyldi= f explicitly with h=At
Predictor-Corrector Method -
[y OGRS

Table 4.4. Procedure of the 4" order Predictor-Corrector Method

2 e Py | T, s ]
Initial Using 4™ order Runge-Kutta method to obtain ', y*,and y* from y°. yoEyt hIEf B Ef I+ 0015 Cannot self-start
Steps 3 h 23 B on B s 5

B A o e A e A R 2 i) p self-sta
Predicting | Using 4™ order Adams Open Formula to predict y* from  y°, ', 7 and 12 12 12 Cannot self-start
Step 4" ot 33 en 39 i 3T a9 s 5 o )
Y Y=Y AR T =S T S fT = o £+ O ) Cannot self-start

Correcting | Using 4™ order Adams Close Formula to correct  y* from  y', y?, y°,and

3 el

Y=y L
Steps the predicted  y* (or corrected y* of the last iteration). 1901 ., 2774 .., 2616 ., 1274 . 5 251 .,4Cﬂnn(zl-:»e If-start
: : , RS =T e 0 2 e 20 0 O £ )

Repeat the correcting step for several times or until the iteration converges. 720 720 720 720 720

[The condition of convergence in an iteration scheme will be discussed in the 6" y=y"

next section (Section 5).] e hI@f” ,%f"*' + %f"*? = @fﬂ s 28lf,,,4 ,ﬁf"ﬂ

Repeat the Predicting and Correcting Steps to advance  y from  y" to  y"* 1440 1440 1440 1440 1440 1440

X . 7 (6)
ok Cannot self-sfart

A iE A Implicit Scheme :

Table 4.3. Adams’ Close Formulae (also called Adams-Moulton Formula)

Order of | Solving dy/dt=f or dy/di= f implicitly with h=Az . /‘i- % 5‘5 = é 4# y
Bk BB R
Accuracy
™ VI =y R+ O(R )
T i
T | imy s b L 1 OGS @®lteration scheme
2 2
3¢ Y=y h[if"“ N if" —Lf”” 1+ O £7) If U is the relative error of 1,
12 2 12 an iteration scheme is convergent when
4 yiH =yt g h[if"*‘ ay B/'" _if"" oy Lf"’zl.;_ O(hif‘“) kel nl_k n+l kynil
o 24 247 T 24 24 YAy <ty
5m y =y where  *y"isthe kth iteration result of y"*'.
251 yu 646 ., 264 ., 106 ..o 19 .. 6 £(5)
+hl—— +—f—— + —— +O(h
I 720 1 720 1 720 I 720 4 720 ST ORST)
[ e —
475 Lo 1427 , 798 ., 482 L 173 5 27 L.
+h s e == AP -— +—
Il440j ]440f ]440f 1440f l440j ]440f ! ‘
+O(h £ 36
-




BREAMBREGS

@ Machine-dependent relative error U

Machine-dependent relative error U can be obtained from the following program (e.g.,
Shampine and Gordon, 1975).

[+ This it hine-dependent relative error
© relativeto 1.

Subroutine DGETU(U)

Implicit double precision (a-h,0-2)

Al=1.d0 !for double precision

@ Always use double precision in your simulation

@ Normalize your equations =T 24 ¥ B 4R 32 B 4t 48 B 4
&’ﬁg%ﬁ&‘ﬁmmﬁ‘gmmﬁ°

S REAKBEERTTE

@ # & & F % & Courant condition: dt * V, , < dx

Hibie— S ehik®E © Make Sure

® EAGREMS m—E > BEBERAFERLE -

& THMMERE  BMBRERRFEAUY -

& TEMMERY  BBEERAFEALY -

S TRIBHm—E  BHBEERAFERUY -

O ERATHRTITHIL  BRERRFEANRY -

39

o FEBER - S S o
ZERKVAITUR EMNM e ¢ U:{l:o.s Ifor single precision program
U ZREM B BSRERE (F—8) vy
O FIREREERE TR AR iﬁﬁmm
Bz il EAE S GEAKM) v
BB EEE RN FR A BB S ET AT

Display your simulation results

@ #| A Matlabsk IDL % PVWave ¥ $k# > % —
EREERE (LK) BHRERTHMEM

& #| A ExcelsKaleidagraph% #2% » B %] R ¥
BERXER. GERARN #ELE)

@ Carefully trace the time evolution of all
fluid variables.

@ Carefully trace the phase-space trajectory
of a group of simulation particles.
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EL ey

@ A4 R4 > $54k2 % © Do your best to save
memory, CPU time, and real time (Watch
out your /0 scheme).

@ RIFHEE 0 ZHETE © Choose a right
simulation code for your problem

© ZHEFRA | ZRORFRMBEYEY o kol
B T oy o B REATE |

@ 9287 ( good diagnostics ) A ¥ Bh £
M7RERAZT LA HEERE -

42
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S FBBME > TR
u SR
n HEG R
» BFh e~ FEBROBEAT (manpower) -
®—HELFRBRULBER  ALAEHK &
TARBRFALEBHER - RIFEHE L5540
%o A RREE -
(EHBEmEFDawson ¥ AT RMEHFEF
HIERMRAERBEF G ENERA - )
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TRT !
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BBREREH—

D TARERAAMNER 0 AWFE TR
KZEEHBABBH R X

B SR TREMSRBREEABARLT

OB —: A% - RTHE  THEERAR
#1cH

OB = EAJEM AP REERE  MERRTF S
HE CFEFH AW BTREH)
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energy and kinetic energy
T T T

< instabilitypioty

L L . L L L L L
[ 10 20 30 40 50 60 70 80 90 100

Time*Omega_pe

T=20,VTX1=1,VIX2=1,VDX1=5VDX2=-5
T T T T T

Cﬁﬁ%%ﬁﬁ;

H L PRREBREMAREERY
@ Vlasov Simulation#t#t # & % & %
non-periodic boundary condition
Lt #8438t & R phase space plots
m;/m,=1836 : at tw,,=0~3000
tw,;=0~70
m/m, =25 : at tw,.=300
tw,;=60

48




Electrons’ phase space plots

M= 5 L= 5hy (= 000(1fon) m/m = 1836 M= 3 L= 5hny (= 1000.00(1/un) m /m, = 1836
S S
2
3
5
~ 9
&
-2
-4
M= 3 L= 5hpy (= 30000 (/o) my/my= 1836 M= 3 L= 5hpy L= 2000.00 (1/ap) my/my= 1836
< £ A
s 2
H
s
NI
3
_2f
3 £
M= 5 L= iy t= 50000 (1/0n) m/m = 1836 M = 3 L= 5hny = 300000 (/o) mi/m.= 1836
]
s
N
3

0 900 18000 900 1800
z / Aowo =/ Moo

lons’ phase space plots

M= 3 L= 5hpo t= 000 (/i) m/m, = 1836 M= 3 L= 5\ t=1000.00 (1/uny) m,/m, = 1856

Vs / Ouneo

M= 3 L= 5huy t= 830000 (1/opg) m/m = 1836 M,= 3 L= 5Xuy =2000.00(1/6p) m/m,= 1836

Vs / Ouneo

M= 5 L= 5%y (= 50000 (1/on) m/m = 1856 M= 3 L= 6dpy {=3000.00(1/un) m/m = 183

¥/ Oueo

-0.10

-0.20

°

900 18000 900 1800
%/ Ao %/ Ao

Mg=3  mi/me=25
| £,(x,vX,1=300.0)

EHAEFBHERBER (FH B )

Color phase space plot can reveal

1 characteristic curves in phase space
Zo
Je/M00theo CD_Casel lopeo=925.
-1 3
L 1 L L L P L 2 1.0
-400 -200 0 200 400
x 1 0.8
2
‘ Mg=3  mi/me=25 . 0.6
[ f.(x.vx.t=300.0) N
5 R 0.4
% -2 0.2
[ -3
_s| —1000 -500 0 500 1000
,,,,,,,,,,,, 2/ \peo
-400 -200 0 200 400
X 51 52
AL E A S (HBAHM) Uniform Probability Function
. hg (o3 This function obtains a machine-dependent uniform random number.
#’ )ﬁ 7?’\ C This function is good for 32 bits computer.
N {54 This function is modified from IBM/SSP subroutine RANDU
. . i C  Constants used in this functions include
@ particle-code simulations B —————
@ Monte Carlo simulations e Ll )
4 65539=65536+3=(2**16)+3
(2]
function ran(ix)
Random Number Generators for: iy-ix®65530
4 Uniform Probability Function s e
@ General Non-uniform Probability Function 6 iRy
yil=yf1*.4656613E-9
4 Normal Distribution Function ran=yf
ix=iy
53 rewm 54

end
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@
©
®
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General Non-uniform Probability

Function

This subroutine obtains a random number of a given function FUNC(x).
The resulting random number is in the range of (XL, XR).

Fmax>0 is the maximum of the function FUNC(x) for XL<x<XR

ix i the seed of uniform random number.

program stop if finax le.0, or XR.LE.XL, or FUNC(x)<0 for XL<x<XR,

subroutine ranfunc(x,FUNC, XL XR Fmax,ix)
external FUNC

if(Fmax.le.0.) then

print *, program stop because Fmax<0, Fmax= , Fmax

stop

endif

If(XR e XL) then

print ¥, program stop because XR.LE.XL, XR XL~ , XR XL
stop

endif’

continue
x=ran(ix)*(XR-XL)}+XL
y=ran(ix)*Fmax

y0= FUNC(x)

if(y0.11.0.) then
print ¥, program stop because FUNC(x)<0, FUNC(x)= , Y0
stop

endif

if(y.gt.y0) goto |

return
end
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Normal Distribution Function

According to Law of Large Numbers, and Central Limit Theorem (e.g., Snell, 1975),

random number of normal distribution function can be obtained from uniform random
number generator. According to subroutine GAUSS in IBM/SSP (Scientific Subroutine

Package), random number of normal distribution function, with mean equal to zero and

standard deviation equal to one, can be obtained from

IS

(6.1)

VK12
where all  x; are obtained from a uniform random number generator. Y is a random

number of normal distribution with mean equal to zero and standard deviation equal to one.
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