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Chapter 5-Old. Kelvin-Helmholtz Instability

Exercise 5.1

Read section 11.43 in the following textbook and derive symmetric
Kelvin-Helmholtz instability occurred at a tangential discontinuity (TD) due to
velocity shear on two sides of the TD.

Parks, G. K., Physics of Space Plasmas: An Introduction, Addison-Wesley Publ.
Co., 1991.

Velocity shear at boundary of two mediums may be unstable to Kelvin-Helmholtz
instability, which can result in large amplitude surface wave at the boundary.
Kelvin-Helmholtz instability due to wind shear on water surface can lead to large
amplitude surface wave. But the tension force of water surface can stabilize
Kelvin-Helmholtz instability. Thus, large amplitude water wave can only be found
when the wind speed is large enough to overcome the tension force.
Kelvin-Helmholtz instability can also be found in the atmosphere. An island in
ocean can disturb airflow above it. This disturbance can trigger Kelvin-Helmholtz
instability and result in wavy cloud pattern downstream from the island. Twisting of

auroral arcs is another example of Kelvin-Helmholtz instability.

In this lecture, we shall discuss MHD Kelvin-Helmholtz instability occurred at a
tangential discontinuity, such as dawn and dusk flanks of magnetopause. The
Kelvin-Helmholtz instability in this region can result in a mixing layer at low latitude

boundary layer (LLBL).
Basic equations of an ideal MHD plasma:

Continuity equation
Z—€+V-(pV)=(%+V-V)p+pV-V=O (5.1

Momentum equation

p(%+ V-V)V=-Vp+JxB (5.2)
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Energy equation

J _
o+ V-V)pp™)=0 (5.3)
or
J Jd
4 V-Vp=L2E s v-V)p=L2[pV-V]=—ypV-V (5.3)
ot p Jt p

where Eq. (5.1) has been used to obtain Eq. (5.3").

Charge continuity equation

V-J=0

MHD Ohm’s Law

E+VxB=0 (5.4)
Maxwell’s equations

V-E=0

V:-B=0 (5.5)

§=—VXE (5.6)
at

VxB=uJ (5.7)
Substituting Eq. (5.4) into Eq. (5.6) yields

O;—B=—V><E=V><(V><B)=—V-VB—BV-V+B-VV+VV-B
t

or
(%+V-V)B=—BV-V+B-VV (5.6)

where Eq. (5.5) has been used to obtain Eq. (5.6").

Substituting (5.7) into (5.2) yields

B> B-VB
p(i+V-V)V=—Vp+L(V><B)xB=—Vp—V—+ v (5.2)
at My 2u, Uy
Define total pressure
Bz
D =P+ — (5.8)
2u,

Eq. (5.2') can be rewritten as
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B-VB

p(% +V-V)V=-Vp_  +

Uy

The time derivative of Eq. (5.8) in fluid element moving frame is

J J B  d
L4V Vp, =(—+V-V)p+—[(=+V-V)B
( o WP = o )P [( o )B]

Uy
Substituting Egs. (5.3") and (5.6'") into Eq. (5.9) yields
2
eV V)p =y + DIV V 4+ (B VY)
at Hy Uy

2008 Fall

(5.2")

(5.9)

(5.10)

We choose normal direction of the tangential discontinuity (TD) to be the x

direction. We consider a TD located at x =0. The background magnetic field and

flow velocity are all in the tangent direction. To linearize above equations, we

consider a small perturbation A superimpose on a background equilibrium state

A,(x) and assume the small perturbation 6A is in the following form

S A(x,y,t) = S A(x)expli(k,y — wt)]
so that we have
A(x,y,1) = Ay(x) + S A(x)expli(k,y — wt)]

The equilibrium state of the TD satisfies

B2 B. (x)+ B. (x
Pow = constant = p(x) + 0 () = po(x) + 0}( )+ 5o ()
2u, 2u,
and
BOx = 0

VO = }’}VOy (x)
Differentiating Eq. (5.12) once with respect to x yields
_dpy(x) | Bo,(x) By, () ~B,.(x) dB,.(x)

0
dx Uy dx U dx
Applying Eq. (5.11) to Eq. (5.2") yields
Do =Dl — Vo (IO (x) = - P B W) o
) dx My
, = e B, (ik,) =
Po(X)(=D[w - &,V (0)]6V, (x) = -ik,6p,, (x) + ————0B,(x)
Uy
N 0B, (x) dB,,(x) 0, (V. (x) dV, (x)
U, dx dx
P[0~k Vo, (D167, (5) = 0+ ) 5 (1) OB.0) BB ()
My ) My dx
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Applying Eq. (5.11) to Eq. (5.3") yields

(Dl = Vo, (1P ==y I 4 i 67, (1= 07,0 P (5.19)
Applying Eq. (5.11) to Eq. (5.6") yields
(=D - k,Vy, (x)16B,(x) = 0 + By, (x)(ik,)OV.(x) (5.20)
(~i)[@ — k,Vy, (x)10B, (x) = ~By, (x >[d‘3§ 0 4 ik SV ()] + By, (x)(ik OV, (x)
+0B, (x)—2"~ 0‘( *) 5‘7)((x)m (5.21)
dx
(=)[w - k,V,,(x)]0B.(x) =-B,, (x)[M + ik, 6V, (x)]+ B, (x)(ik, )8V, (x)
» :
_s7 (o) PBo:X) (5.22)
dx
Applying Eq. (5.11) to Eq. (5.10) yields
(D= KV (165, (x) = ~{y py () + 22D LV g 57 )
o dx
Bo D g ik o7 (0 + 2= B, it 17 o)+ 20 5 (1) P (5.3
Uy My Mo dx

Governing equations to be solved include
Eq. (5.16): {az,aﬁx,%}

Eq. (5.17): {6V,,0V,,6B,.0B,.0p,, }
Eq. (5.18): {6V_,0B,,0B.}

Eq. (5.20): {8V _,0B.}

d(SVx

Eq. (5.21): {6V,.6V,.6B,.0B,,

d(SVx

Eq. (5.22): {6V,,6V,,6V_,0B.,

Eq. (5.23): {617V,6\7Z,6§x,613m,,djvx
: X

Substituting Eq. (5.20) into Egs. (5.16)~(5.18), (5.21) and (5.23) to eliminate 611, it
yields
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Eq. (5.20) + Eq. (5.16) to eliminate 6B, =» Eq. (5.24): {6@,%}
X

Eq. (5.20) + Eq. (5.17) to eliminate 6B, = Eq. (5.25): {V,.6V,.6B,.6p,,}
Eq. (5.20) + Eq. (5.18) to eliminate 6B, = Eq. (5.26): {6V_,6B.}

sV,

Eq. (5.20) + Eq. (5.21) to eliminate 6B, = Eq. (5.27): {4V,,6V,,6B,, y
X

Eq. (5.20) + Eq. (5.23) to eliminate 8B, = Eq. (5.28): {617)(,5‘7)»5‘2’51%’—612‘/)‘ ¥
X

We have eliminated 6B,. Now we wish to eliminate 6]5_?}, and SB..
. = = 7 s AoV,
Eq. (5.25) + Eq. (5.27) to eliminate 6B, = Eq. (5.29): {6V ,6V,,6 p’m’d—x}
: x

Eq. (5.26) + Eq. (5.22) to eliminate 8B, =» Eq. (5.30): {6\7)5,6‘7‘,,6‘72,012‘/"
: X

}

Indeed, we found that Eq. (5.30) is an expression without 8V,. That is we have Eq.

(5.30): {612,62,%}
’ dx

In summary, after eliminating 611, 6]5_?},, and 61_32, we are left with the following

four governing equations
Eq. (5.24): {8V, %0Pury
dx
Eq. (5.28): {6\2,62,513,0,,%}
dx
Eq. (5.29): {6%,612,5p,0t,%}
’ X

Eq. (5.30): {6@6‘7‘,,6‘71,612‘/-‘
i X

}

The following procedure is for constructing governing equation of dp,,

Eq. (5.28) + Eq. (5.30) to eliminate oV, = Eq. (5.31): {6i,5‘2,5ﬁtot’—djvx Y
’ X
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Eq. (5.29) + Eq. (5.31) to eliminate 6V, < Eq. (5.32): {617)5,617,0,,%}
X

2
4 Bq. (5.24) > Eq. (5.33): {d‘SV 40Py 470Dy y
dx dx dx®
_ _ 22—
Eq. (5.32) + Eq. (5.33) to eliminate 92Y* > Eq. (5.34): {67.,6p,,, L0Pur 40Pury
dx dx dx

— 2e—
Eq. (5.24) + Eq. (5.34) to eliminate 8V, = Eq. (5.35): {apm,,%,%}
X X

The Eq. (5.35) is the governing equation of 6p,,.

The following procedure is for constructing governing equation of SV,

2
4 Eq. 532) > Eq. (5.36): {6V, 4oV, 4V, dap o
dx dx = dx’
p— 7 2Qy7
Eq. (5.24) + Eq. (5.36) to eliminate 40Py V, dov, ,&‘Q/X}
dx  dx

The Eq. (5.37) is the governing equation of SV..

Similary, we can obtain the governing equations of other functions 6V,, 6B,, 0B,

and 61_32.

Here we briefly list Egs. (5.24)~(5.37)

; - Voy ()C) id
oV, (x) = tHO—(x)[_ 0P, (%)] (5.24)
where
B,
T, (x) = Py ([ = = V,, (T - ﬂ} (5.24a)
kr Uy 0o (X)

_ B()v _
p0<x>[k9 ~V, ()P6V, (x) = [kﬂ ~Vp, (018D, (x) - [9 — V), ()] «) 8B, (x)

t t r 0 (525)

B dB dayv,
Oy('x)l Oy(x) [Q_V()y( )]po(x) Oy(x)

M 0 kt dx kt t

- —2 28V (%)
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p0<x>[kﬂ— V,, ()26V.(x)

t

B,
=~ =V (0] ()

: Uy

8B (x) —il

By (X) 1 dB,.(x)
u, k,  dx

16V, (x)

w_
k

VOy(-x)] Boy )

t 0

[ OB, (x)

1 dV,,(x)

__ B daxz(x)_i[Béy(mZ dr By 1 dB,(x)

w, k,  dx

Uy kﬂ ~V,, (%) Uy

t

Jr 16V, (x)

t

t

1 dVy, ()
By (x) k,  dx
+i

Uy 0, (%)

k

t

[kﬂ V), ()18, (x) + i[9y () +

OV, (x) = [ypo(x) +

Bgy(x) + Bgz(x)]

1 dov,(x)

Uy k

t

B;. (x)

Uy

16V, (x) = -

dx

By, (x)B,_(x)

Uy

OV.(x)

p0<x>[k9—voy<x>]26x7y<x)

t

By, (x) 1 doV,(x)

- [kﬂ—voy ()18, () +i

t

Uy '

dx

—iéz(x)no(x)];'—

l dVoy(x)
dx

. 0y (%)

t

,(x)8V,(x) =i

By, (x)By.(x) 1 d6V,(x) By, (x)By.(x)

Uy

k dx

Uy

t

oV, (x)

t

1 dv,,(x)
+l.Béy(x) k, dx
Uy

w
; - Voy (X)

t

[k2 V), (016D, () + i{ypo (x) +

SV, (x) = {ypy (x) + —

B, (x)
Uy k,

()]

Bi,(x)

[7_

2
Oy ('x)] i d6‘7\ (_X')

Ho [kﬂ ~V, (0

1

B .(x) o

B

UoPy(X)

k., dx

S =V ()]

k

I3

[kﬂ—voymf -

t

S 3OV, (x) =0

UpPy (X)
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e Lo
Oy
8B (O 1Fy(x) + ’M LoV, () A B g (532)
IT,(x) k,  dx @y ()
kt
where
[kﬂ—vo}(x)]z
- f - 32
Fol) R (5-322)
wo(x) , B+ Bi(x) B (¥)  py(x)
Po(x) UpPy(x) UpPo(X) [kﬂ _ VOy (0
(0)]
— =V, (x) _ (x) _
id . 1dk 0 1 dop,,(x) Yo, 1 d*6p,,(x)
k dxavx(x)_kt & o ka7 Ho(x) e ae | G
w
7_V0 (X) Vo (X)
_ ko ldép,m(x)li ko
5”’“(’“)[—n0 o R e e
e 1 dV,,(x) (5.34)
20— X M
k12 : 6d;2t(X) b . (x) +i0V,(x) ]; Lo
0 ;_Voy(x)
1 d25pm,(x) 1 déﬁmt(x) 1d _ _
o dn e 4 G )k C P () =0 (5.35)
1 doV,(x) 1 dVy,(x)
i dop,) 1 d{ P e LA P } 536
k., dx kt dx [7_‘/ ) Lo Fy(x) '
k" I1,(x)
1 doV, 1 av,
I1,(x) 1 g by el )]kd(X) ‘W() Ez}m
) S () — L & LB ol 6537
Q_V (.X') kt dx [Q—V ()C)]2 FO(X)
kr " kl ” IT,(x)
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In Summary:

The governing equation of d6p,, is

1 d*5p, (x) 1 ddp, (x) 1 d 1 _
L tot - 1ot II - = F =0 5.35
E e Tk dr oW gl o)t PR (5-35)
The governing equation of 8V, is
1 doV. _ 14V,

0 g Lo P oo S
) 57 (4 — LK A . X A (537)
Q_V (.X') kt dx [Q—V ()C)]2 FO(X)

k" koo " (%)
where
BZ
T, (x) = po ([ =V, (O - ﬂ} (5.24a)
k, Uy P (X)
[ = Vo, (OF
Fy(x)= ) (5.32a)
wo(x) | B+ Bi(x) B (¥)  py(x)
P(X) Hoo(X) o0 (X) [kﬂ ~ Vo, (0T
Remark 1:

F,(x) in Eq. (5.32a) can be written as

v, (o1

k, B

FO()C) = W 1

where

Ro(x) _ {Vpo(x) + BOy(x) + BOz(x)}[ﬂ _ Voy(x)]2 _ BOy(x) Vpo(x)
P we() Ok, UolPo(X) Py(x)

It can be shown that

[ -V, (0] = Ry(x)

kt

© + () Bo,(0)+ B (), o » Bo,(x) yp,(x)
=[—-V,, - —-V, -

A X P S R C A By o wrwes
= {[kﬂ—voyunz —vﬁoy(x)}{[kﬂ—voyu)]z —V2,, (0}

where Vi, (x) and Vg, (x) are, respectively, the phase velocity of fast-mode and
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slow-mode waves which propagate parallel or anti-parallel to the surface wave

direction (k, =k, ).

Thus F,(x)>0 indicates

w
[k_ = Vo, (O >V, (x)
or
w
[k_ - Voy(x)]2 < VSZLO);(X)
Remark 2:

IT,(x) in Eq. (5.24a) can be written as

I, (x) = po<x>{[k9—voy(x>]2 ~V2, (0}

1

where V,, (x) is the phase velocity of shear Alfven wave which propagates parallel

or anti-parallel to the surface wave direction (k, = k,3).

Thus II,(x)>0 indicates

[kﬂ—voy<x>]2 > V2 (x)

t
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Remark 3:
For neutral fluid dynamics B, (x) = B, (x) =0, it yields

0, (x) = po(x)[k2 ~V, (O,

t

[%—voymf

Fo(x)=typT—1,

Po(X)
and 6p,,(x)=09p(x). Thus, Egs. (5.35) and (5.37) are reduced to

1 d°5% 1 5 1 1
e PO Wl )
[ X . dx ¢ X po(x)[;—Voy(X)]z
5.35
[ = Vo, (OF o
# 0Pt -1y =0
Po(X)
po(xnkﬂ-voy(x)]éﬁ(x)
2w Ry L
+ L ipy (0L o LB ool 53
k, dx [ - Vo, (0T
IO
Py (X)

Eqgs. (5.35n) and (5.37n) are similar to Egs. (7) and (8), respectively, in the classical
paper by Blumen (1970), in which density distribution are assumed to be uniform in

space.

Exercise 5.2

Read the following classical papers, which study K-H instability in neutral fluid:

Blumen, W., Shear layer instability of an inviscid compressible fluid, J. Fluid

Mech., 40,769, 1970
Blumen, W., P. G. Drazin, and D. F. Billings, Shear layer instability of an inviscid
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compressible fluid. Part 2, J. Fluid Mech., 71, 305, 1975.
Drazin, P. G., and A. Davey, Shear layer instability of an inviscid compressible

fluid. Part 3, J. Fluid Mech., 82, 255, 1977.

Exercise 5.3

Read the following classical paper by Miura and Pritchett (1982):

Miura, A. and P. L. Pritchett, Nonlocal stability analysis of the MHD
Kelvin-Helmholtz instability in a compressible plasma, J. Geophys. Res., 87, 7431,
1982.
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Remark 4:

For surface wave propagating perpendicular to the ambient magnetic field, i.e.,

B, (x)=0. Ityields

I, (x) = ,oo(x)[k2 ~V,,(0)F, and
e
Fo(x) =

L 5 -1.
P Bi()
Po(X) P, (x)
Thus, Egs. (5.35) and (5.37) are reduced to

0p D 1 1
%d 55 ) +kid5i;”(x) pdx)[%—voy(x)]zk—di{ - }
t X t X t ¢ X po(x)[; - Voy()C)]2
2 5.351
(2 v, (0] 6350
+ 6, (0{—2 =0

wo(x) | Bi(x)
Po(X)  Uypy(x)

po(x>[k3 =V, (X)16V, (%)

t

7 _ dv
o [l‘c"—vo},(x>];"‘5§x(x) +5vx(x>kl°y(x)
+——{p,(x)—~ L : }=0f (5.371)
k. dx w 2
: [~V ()]

k, 1
px) | B
Po(X)  UyPy(X)

Eqgs. (5.351) and (5.371) are similar to Eqgs. (5.35n) and (5.37n). Thus, solutions

obtained by Drazin and Davey (1997) are applicable to Egs. (5.35L) and (5.371).
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Remark 5:

For uniform background,

2

BOV
I1, = po{[ ()} -——}
U Py

F, = L -1
2 2 2 D
W, B, + B, _ B, O
Po HoPo HoPyo [9 -V. P
k"

t

dv,,
—[—] 0, =0
dx 11, dx
Egs. (5.35) and (5.37) are reduced to
1 d°6p
p—jjé(x) P (0)Fy =0 (5.35u)
2
Do 57 (ny+ L LAV, (5.37u)
v F0 ki dx
Oy

ko

t

Thus, for 6p,,(x) =0, it yields

ki = ke
T=0

t

F,+

That is fast-mode or slow-mode. For the shear Alfven mode, we have
6P, (x)=0
For 6V (x) =0, it yields

2

B
=0 > [ Vo, I* = % (Shear-Alfven mode)
k: MoPo
or
k: -k k2 -k,
Fo ﬂk = 09{(_ V()v) FO}}{( ) VSLO\} xrk =
where

2

B, +B, B;,
Ry=(Po 20Ty @y o Zo Mo
Po UpPy k, UoPo Py
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