
Vector Analysis 直⾓角坐標
𝑑𝒓 = $𝑥𝑑𝑥 + $𝑦𝑑𝑦 + �̂�𝑑𝑧

Volumn integration of a scalar field, such as the density field 𝜌 𝒓 = 𝜌 𝑥, 𝑦, 𝑧

, 𝜌 𝒓 𝑑𝒓 =, 𝜌 𝑥, 𝑦, 𝑧 𝑑-𝑥 =, 𝜌 𝑥, 𝑦, 𝑧 𝑑𝑥 𝑑𝑦 𝑑𝑧

Vector differential operator

∇=
𝜕
𝜕𝒓 = $𝑥

𝜕
𝜕𝑥 + $𝑦

𝜕
𝜕𝑦 + �̂�

𝜕
𝜕𝑧

Given a scalar field 𝑓 𝒓 = 𝑓(𝑟) = 𝑓 𝑥, 𝑦, 𝑧 , then the gradient of 𝑓 𝒓 is

grad 𝑓 𝒓 = ∇𝑓 𝒓 = $𝑥
𝜕𝑓 𝑥, 𝑦, 𝑧

𝜕𝑥 + $𝑦
𝜕𝑓 𝑥, 𝑦, 𝑧

𝜕𝑦 + �̂�
𝜕𝑓 𝑥, 𝑦, 𝑧

𝜕𝑧

Given a vector field 𝑨 𝒓 = 𝐴 𝑟 = $𝑥𝐴7 𝑥, 𝑦, 𝑧 + $𝑦𝐴8 𝑥, 𝑦, 𝑧 + �̂�𝐴9(𝑥, 𝑦, 𝑧), then the divergence of 𝑨 𝒓 is 

div 𝑨 𝒓 = ∇ ⋅ 𝑨 𝒓 =
𝜕𝐴7 𝑥, 𝑦, 𝑧

𝜕𝑥 +
𝜕𝐴8 𝑥, 𝑦, 𝑧

𝜕𝑦 +
𝜕𝐴9 𝑥, 𝑦, 𝑧

𝜕𝑧 =
𝜕𝐴7
𝜕𝑥 +

𝜕𝐴8
𝜕𝑦 +

𝜕𝐴9
𝜕𝑧

and the curl of 𝑨 𝒓 is 

curl 𝑨 𝒓 = ∇×𝑨 𝒓 = $𝑥
𝜕𝐴9
𝜕𝑦 −

𝜕𝐴8
𝜕𝑧 + $𝑦

𝜕𝐴7
𝜕𝑧 −

𝜕𝐴9
𝜕𝑥 + �̂�

𝜕𝐴8
𝜕𝑥 −

𝜕𝐴7
𝜕𝑦

(1)

(2)

(3)

(4)



Vector Analysis 柱⾯面坐標
𝑑𝒓 = �̂�𝑑𝑟 + =𝜃𝑟𝑑𝜃 + �̂�𝑑𝑧

Volumn integration of a scalar field, such as the density field 𝜌 𝒓 = 𝜌 𝑟, 𝜃, 𝑧

, 𝜌 𝒓 𝑑𝒓 =, 𝜌 𝑟, 𝜃, 𝑧 𝑑-𝑥 =, 𝜌 𝑟, 𝜃, 𝑧 𝑑𝑟 𝑟𝑑𝜃 𝑑𝑧

Vector differential operator

∇=
𝜕
𝜕𝒓 = �̂�

𝜕
𝜕𝑟 +

=𝜃
1
𝑟
𝜕
𝜕𝜃 + �̂�

𝜕
𝜕𝑧

Given a scalar field 𝑓 𝒓 = 𝑓(𝑟) = 𝑓 𝑟, 𝜃, 𝑧 , then the gradient of 𝑓 𝒓 is

grad 𝑓 𝒓 = ∇𝑓 𝒓 = �̂�
𝜕𝑓 𝑟, 𝜃, 𝑧

𝜕𝑟 + =𝜃
1
𝑟
𝜕𝑓 𝑟, 𝜃, 𝑧

𝜕𝜃 + �̂�
𝜕𝑓 𝑟, 𝜃, 𝑧

𝜕𝑧

Given a vector field 𝑨 𝒓 = 𝐴 𝑟 = �̂� 𝐴@ 𝑟, 𝜃, 𝑧 + =𝜃 𝐴A 𝑟, 𝜃, 𝑧 + �̂� 𝐴9 𝑟, 𝜃, 𝑧 , then the divergence of 𝑨 𝒓 is 

div 𝑨 𝒓 = ∇ ⋅ 𝑨 𝒓 =
𝜕𝐴@
𝜕𝑟 +

𝐴@
𝑟 +

1
𝑟
𝜕𝐴A
𝜕𝜃 +

𝜕𝐴9
𝜕𝑧

and the curl of 𝑨 𝒓 is 

curl 𝑨 𝒓 = ∇×𝑨 𝒓 = �̂�
1
𝑟
𝜕𝐴9
𝜕𝜃 −

𝜕𝐴A
𝜕𝑧 + =𝜃

𝜕𝐴@
𝜕𝑧 −

𝜕𝐴9
𝜕𝑟 + �̂�

𝜕𝐴A
𝜕𝑟 −

1
𝑟
𝜕𝐴@
𝜕𝜃 +

𝐴A
𝑟

(5)

(6)

(7)

(8)



Vector Analysis 球⾯面坐標
𝑑𝒓 = �̂�𝑑𝑟 + =𝜃 𝑟 𝑑𝜃 + =𝜙 𝑟 sin𝜃 𝑑𝜙

Volumn integration of a scalar field, such as the density field 𝜌 𝒓 = 𝜌 𝑟, 𝜃, 𝜙

, 𝜌 𝒓 𝑑𝒓 =, 𝜌 𝑟, 𝜃, 𝜙 𝑑-𝑥 =, 𝜌 𝑟, 𝜃, 𝜙 𝑑𝑟 𝑟𝑑𝜃 𝑟 sin𝜃 𝑑𝜙 =, 𝜌 𝑟, 𝜃, 𝜙 𝑟F sin𝜃 𝑑𝑟 𝑑𝜃 𝑑𝜙

Vector differential operator

∇=
𝜕
𝜕𝒓 = �̂�

𝜕
𝜕𝑟 +

=𝜃
1
𝑟
𝜕
𝜕𝜃 + =𝜙

1
𝑟 sin𝜃

𝜕
𝜕𝜙

Given a scalar field 𝑓 𝒓 = 𝑓(𝑟) = 𝑓 𝑟, 𝜃, 𝜙 , then the gradient of 𝑓 𝒓 is

grad 𝑓 𝒓 = ∇𝑓 𝒓 = �̂�
𝜕𝑓 𝑟, 𝜃, 𝜙

𝜕𝑟 + =𝜃
1
𝑟
𝜕𝑓 𝑟, 𝜃, 𝜙

𝜕𝜃 + =𝜙
1

𝑟 sin𝜃
𝜕𝑓 𝑟, 𝜃, 𝜙

𝜕𝜙

Given a vector field 𝑨 𝒓 = 𝐴 𝑟 = �̂� 𝐴@ 𝑟, 𝜃, 𝜙 + =𝜃 𝐴A 𝑟, 𝜃, 𝜙 + =𝜙 𝐴G 𝑟, 𝜃, 𝜙 , then the divergence of 𝑨 𝒓 is 

div 𝑨 𝒓 = ∇ ⋅ 𝑨 𝒓 =
𝜕𝐴@
𝜕𝑟 +

2𝐴@
𝑟 +

cos𝜃 𝐴A
𝑟 sin𝜃 +

1
𝑟
𝜕𝐴A
𝜕𝜃 +

1
𝑟 sin𝜃

𝜕𝐴G
𝜕𝜙

and the curl of 𝑨 𝒓 is 

curl 𝑨 𝒓 = ∇×𝑨 𝒓 = �̂�
1
𝑟
𝜕𝐴G
𝜕𝜃 −

1
𝑟 sin𝜃

𝜕𝐴A
𝜕𝜙 +

cos𝜃 𝐴G
𝑟 sin𝜃 + =𝜃

1
𝑟 sin𝜃

𝜕𝐴@
𝜕𝜙 −

𝜕𝐴G
𝜕𝑟 −

𝐴G
𝑟 + =𝜙

𝜕𝐴A
𝜕𝑟 −

1
𝑟
𝜕𝐴@
𝜕𝜃 +

𝐴A
𝑟

(9)

(10)

(11)

(12)
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