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2. Motion of a Particle in a One-Dimensional System
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2.1. Conservative force fR<F /]
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Q1: What is conservative force (fR<F 77)?

w2 FAURSEE  BEABEE | (#RLETH  BEEMESE! )

28 - 1R5F 7] conservative force F B A B5% B BiFRfl "Th, - BIAITSERT | thELE

EJliv c,

B A
jﬁ-d7+jﬁ-df= F-di=0 C2
A B

EUILRSTHF %2V X F = 0 - A7 Stokes theorem (3 R $% —#I5ERR)

F-dl= ﬂ(Vxﬁ)-da
c(s) S(0)

1



Hopc(s) RrEE |mES RHEHBFAR ¢ - RZ - S(0) RRKIIFIAR CPREER |
&S - RMRSTAF MBV X F =0 - AR AIF 985

F=-Vo
FrURSF 712 —7%& potential force -
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VXVd =0

PLEMER - JEREIEMYIBE - LR - ERENET - —ERENRIE R
BV XV =0 FILERENTIS (irrotational flow) T potential flow V = —vd 3k
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BISABREE(E M5 EREEE - 8 Faraday's Law
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2.2. fUAEEAENAE

ZE—EEN SEBEMNEENS m  BLEBEMNNUESx, (1) © If these particles

are moving in a one-dimensional steady-state conservative force field, then we can
show that the sum of the kinetic energy and potential energy of each particle is
constant with time.

Since the force field F is a steady-state force field, we have dF/dt = 0. Since the
force field F is a one-dimensional conservative force field, it can be written as

HPIUERESSREN - & TusE. 2 TEEE MEIRSBEER - ERAITRRS
kBB RV E S — B — 4RV IFEE 4ERY ( non-relativistic ) ZE) ( L2 - BFE
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d?x, (t) dd(x)

=- 2.1
at? TR 1)
B A EENSSES, TR TWE-EENSSES,  Bbe)RT
dx (8) (2.2)
dt _vk(t)
dv (t)  dd(x)
T (23)
x=xp(t)
1% (2.3) R E MR E v, (¢) - T2 L% )(Left-Hand Side, LHS)A
d 1
LHS = v, (t)m v"t(t) dt( [vk(t)]> (2.4)
84 {Al(Right-Hand Side, RHS)%
B do(x) _dx () dP(x) B dCD(xk(t))
RHS = —v, (1) I = e =T ar (2.5)

x=x1(t) x=xp(t)
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Since RHS=LHS, Equations (2.4) and (2.5) yields

d /1 do t

dt( mv ()] ) (;ﬁ;( )
Or

d (1

dt( mlv,(t)]? + db(xk(t))) =0 (2.6)
2R  AEFLEBRES G - BRAVEIEE(1/2)m[v, (0)]*? BE RPN R

HIMIBED (x, (1)) ZFIREEL -

JER . “steady-state” and “conservative” force field EMERH - 25 " IAE + EhEE

=constant s WMAZFEN - FEEAZBZNRT N ESHENEGRIBEHBERER

73 (i.e., potential field ® is not a steady-state potential field) - 8l (2.3)T0 &A%

dv, (t) aD(x,t)
m =T o (27)
x=xp(t)
(2.7 L EMAFRY, (t) - T13 %3542 H)(Left-Hand Side, LHS)%
dve(6) d /1
LHS = v, (t)m vc’l‘t( ) _ E(Em[vk (t)]2> (2.8)
284 )(Right-Hand Side, RHS)%
~ dD(x, ) _ dx (1) 00 (x, ©)
RHS =—ve@®—7—1  =~"ar ox
x=x3(t) x=xp(t)
- [deb(xk(t), 0_00m@0], _do®.0 (29
dt at dt
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VIERHEE - AR AR ERURES - Al - BR—ERTS

S _ [ 0(xy,z)  0P(x,y,2z) | 0D(x,y,2)
F(x,y,z) = —-Vb =—|% I +9 3y +2 PR (2.10)
FrEEHNEE HEXS
dx, (t) (2.11)
= Vi (0)
dy, (¢) (2.12)
rTek Vgy (£)
dz, (t) (2.13)
T = V()
dvkx(t) acb(x! y; Z)

T P a2 (2.14)
y=yi(t) ’
z=2zp(t)

dvy, () 0P (x,y,2)
a4 ~ 7 3 x=xk (1) (2.15)
Y y=yi(®) ’
z=2zp(t)
dvkz(t) acb(x! y: Z)

e T P (2.16)
y=yi(t) ’
z=2zp(t)

Or, in vector forms
di(t) . (2.17)
— = 0(®
A (t) (2.18)
m—r— = "Vlen®), y=yi®), z=m(t)
Then, ,(t) -(2.18), it yields
dv, (t 1
LHS = 3,() - m ”C’i‘f ) S MW (OF + [vy (OF + [0, (O]} (2.19)



0d(x,y,z) 00 (x,y,2)
RHS = =0 (60) =2 cmy) + Uiy () =5y
y=yi(t) Y y=yi(t)
z=273(t) z=zy(t)
aP(x,y,z)
+ vy, (£) a— x=x1(t)
Z —_
y=yi(t)
z=2zp(t)
dx, (t) 09(x,y,2) (2.20)
= - x=x(t)
dt 0x y=ylzi(t)
z=2zp(t)
N dy, () 09 (x, y, 2)| o dz, (t) 00(x,y, 2) o
x=xj(t x=x(t
dt dy |y=yi(t) dt 0z y=ylzi(t)
z=273(t) z=zy(t)
__ dcb(xk(t):yk(t):zk(t))
dt
Since RHS=LHS, Equations (2.19) and (2.20) yields
d /1 do(x;, (1), y, (1), z, (t)
L L {0 + [y OF + ) = ~ 22D 2O20)
dt\2 dt
Or
dil . )
- [E MB(t) - B (®) + D (x (), Y (), ¢ (t))] -0 (2.21)

HPER - WRov/0t = 0 - ATLEBLEBRRVESIT - BERAENAE B2 EREPTEL
ZRRIBIMIBED (x, (1), v (1), 2, () 20 - IR BB R -

2.3. Small amplitude perturbations in a given steady-state potential field
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minimum, &I
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and
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d?d(x)
W . =a; > 0
X=X1
The Taylor expansion of ®(x) near x = x, is
000 = 00 = 1)+ (=) oDy L2 L2
X) = X = xl X — x1 X — x1 —_—
dx rexy 2! dx? rexs
1 d3d(x) 1 d*d(x)
MR Y A Gt Vi
' x=x1 ' x=x1
1
=P(x=x)+(x—xp)- 0+ (x x)%a,
1 d3d(x) 1 d*d(x)
MR Y A Gl Vi
' x=x1 ' x=x1
BEAmIER - fx, WixEEEFTZHN %
_do(x) 1 , 0(x)
FO) = g =k m g m)i g -

If |x — x,] is small enough such that

d3d(x)
2'(x X1)——— PP . K a,
2]
B de(x)N
F) = —— =~ —ay(x = x,)
EILERL - 1Ex, FTEE R ES HIEXR
d?x(t d?[x(t) —
m d);(z)zm [x(dzz il ~ —aq[x(t) — xq]

AARBIEZEERZKE - s - ELERMMECHEE - BREEACE
x(t) — x; = C; cos(wt) + C, sin(wt)

where w? = a;/m - BEC, and C, FERVBIRUHIRE -
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#8523 ( Equations of motion ) Initial conditions & Solutions
1 d—x—v x(t=0)=x, v,(t=0)=rv,
e~
x(t) =
v, i
Mar T v, (t) =
2 dx x(t=0)=x, v,(t=0)=r,
—_ = vx
dt
x(t) =
v, b
Mar T v, () =
3 dx x(t=0)=x, v,(t=0)=n,
—_ = vx
dt
x(t) =
dv, -k b
m—= = —kx — by, o (t) =
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4 dz 2E=0)=h, v,(t=0)=0
— vZ
dt
z(t) =
dv,
g =™ v,(t) =
5 dz zt=0)=h, v,(t=0)=0
— vZ
dt
z(t) =
v, _ b
m—-=—mg —bv, v, () =
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g% — - ;%A Stokes theorem

fﬁ-di: ﬂ(wﬁ)-da

c(s) S0

Hoic(s) ®nBE HMEEES RFFHAMAR C - RZ - S(CO) RnRIFFHAHAZR CFREE
Y FHEETES

Proof: FoifHIEEESIEIMRZM/N\GIR - BEREDSHIE/N5R - ERE/NAHREE
D—1f& " FE .y - B EWE S BT Ay - SFEAVART BT - T
FEAS ax 5 EEAx - ay A EEAy - LUNTFEFOERER (x,y,0) © Bl/)
HFENESNUBEERD AR (BE T EIE - PEHE)

y
A(x=2y-20) B (x+2,y-20) - p T ¢
Ax Ay Ax Ay =x
C(x+—=,y+—,0) ‘D:(x——,y+—=,0)
2 2 2 2 A B

BB HRESE ( Central finite-difference method )
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Sﬁc,-(Asi)F -dl= [ Edx+ [ Fdy+ [ Edx+ [ Fdy
zFx(x,y—%y,o)Ax+Fy(x+%,y,o)Ay—Fx(x,y+A7y,o)Ax—Fy(x—Az—",y,o)Ay

~ [Fx(x,y—%y,o) —F (x,y+A7y,0)]Ax+ [Fy (x+%,y,o) —F, (x—%x,y,O)]Ay

~ lim (_ [l s 30)raler 500 4 [ 0) (- Fro)] AxAy>
Ax—0 Ay Ax
Ay—0
~ _ 0%
~ 3y

OF. = =
oMbyt a—xy|x’y’0 Bxty ~ (V% F) (0x8y) ~ ff, (Y F) da,
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c(s)



