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Appendix C: Lagrangians With Velocity-Dependent Forces
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C.1. Motion Under the Lorentz Force

BMZE TEAIMIEHISIEMERE /RN IR E T FAEEN T ER
non-relativistic Lagrangiany E{E&5f » B ARESE > F Lagrangian RI-BiEtE—EYIER
wo BZEE |

fEiti 10 (BHmER)
ZRMEREARNENRICRNT BN FEEHISTIES) - SE R4 governing
equations (ZEEHTER) are

dx,
=13 (1)
di,
=3, )
dv o -
m, d—tl = q[EF, ) + ¥, x B(%, 0)] 3)
dﬁz = - =/,
m, e qz[E (%5, t) + U, X B(X5,t)] 4)
B=Pe
V-E= o (5)
V-B=0 (6)
VXE = _9B 7)
ot
-~ . 10E
= - — (8)
VXB =puy] + 2 3t
Equation (6) yields that we can find a vector potential A such that
B=VxA4 9)

Let E = EES + EEM where the superscript ES demotes the electrostatic component
and the superscript EM denotes the electromagnetic component. For electrostatic waves
dB/at = 0, it yields V x EES = 0. Thus, we can find a scalar potential ¢S such that

EES = —VpES (10)
For the electromagnetic waves
9B 9(VxA)

CEM — _ _— _ _ 7 (11)
vxE at at
Equation (11) yields,
S 04
FEM — _a__v¢EM (12)
t
Equations (10) & (12) yields
. 94 04
E = BBS + FEM = —y(¢pBS + ¢FM) —=r= —Vé - = (13)

where ¢ = ¢E5 + ¢pEM. Substituting Equation (13) into Equation (5), it yields
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4 o Pe
—V2¢>—§(V-A)—a (14)

Substituting Equations (9) and (13) into Equation (8) to eliminate respectively the Band E,
it yields

ot
Note that we can add an arbitrary constant to the scalar potential ¢ without changing the
electric field E. Likewise, we can add an arbitrary curl free function to the vector potential

. . . 14 94
_y2 . - — (= 15
VAV A) = o] + 6t< \YZ0) ) (15)

A without changing the magnetic field B. Let us consider the following two well-known
gauges.

Coulomb gauge:
For Coulomb gauge, we choose

V-4=0 (16)
Equation (14) can be rewritten as
vip = Vg = L (17)
0
Where we have chosen ¢f¥ = 0. Equation (15) can be rewritten as
1 924 L 1 QVES

2l =— = (18)
via c? ot? Hol + c? ot
For a given charge density distribution p.(%,t), we can solve Equation (17) to obtain ¢£5.

Substituting the resulting ¢=° into Equation (18) and for a given electric current density

distribution J (%, t), we can solve the wave equation of the vector potential Ain Equation
(18) with non-zero source term.

For p.(%,t) = J(%,t) = 0, Equations (17) and (18) are reduced to, respectively,

HES =0 (19)
. 1 9%4
V24 — S (20)

Lorentz gauge:
Equation (15) can be rewritten as

. 1024 , . 1 3¢
2 2 T _ . —_ v (21)
Vi~ G =l +9 (VA4 )

For Lorentz gauge, we choose

viv=2_4 (22)
c2 at
So that Equation (21) becomes
. 1 9% ,
VA — C_Z F = —HOJ (23)
Substituting Equation (22) into Equation (14) to eliminate V - A it yields
10% »p

2 — — —— = _¢€ 24
v c? ot? €o (24)
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For a given charge density distribution p.(%,t), we can solve the wave equation of
the potential ¢ in Equation (24) with non-zero source term. For a given electric current

density distribution f(;?, t), we can solve the wave equation of the vector potential Ain
Equation (23) with non-zero source term.

For p.(%,t) = J(%,t) = 0, Equations (23) and (24) are reduced to, respectively,

- 1 0%4A
2f-— = (25)
VEA 7 32 0
1 9%¢
Vzd)—c—zw:() (26)

E—EBENAR  EMEFEN FESI5HES - G charge density p,

and electric current density J BIA/NES M - (B2 » HEERMES B FE2E—EIMIAE
Bi5B (%, ¢) BRsBISE (¥, o) PiEE - RIS SH FIESFE £ AIBEN EI5RUISRERSS - 7]
MAZBEARET o ELLE BRI FROEENET » RTINS E M EXM&H - BN FrEE) -
tHE LA I E 15 1 —1@ Lagrangian RigatiE(E R4t - FRIE(EX0E Lagrangian EER% » &
EE A Lagrange’s equations KRN FI EERE - MEHMNEREERNEZED
#i » 7418 % [E Equations (17)-(18) or (23)-(24)sK&FHI A and ¢ ° BHEEFEMNISHE
Lagrange’s equations K FARRAVN B BLIRFE -

Ailé

it 2 : (BHRAERN)
Governing Equations(1)~(4) AIB A THEMNFR

% = vy (27)

% Uy (28)

% =V, (29)

% = vy, (30)

% = Uy (31)

% =V (32)

my d;];l = qq[Ex(x1, 1,21, t) + V1 () B, (x4, Y1, 21, 1) — V1 (£) By (X4, 1, 2, )] (33)
m % Q1[Ey (X1, ¥1,21,t) + V1 (O)Bx (X1, Y1, 21, £) = V1 (£)B, (%1, Y1, 21, )] (34)
m % = u[E, (1, Y1, 21, ) + U3y (O By (X1, ¥1, 21, 1) = Vy1 () B (%1, 1, 73, 1)] (35)

dv,,
My~ = Q2lEx (%2, 72,22, 1) + 032(O)B, (%2, Y2, 22, 1) (36)

— U, (t) By (X2, Y2, 23, )]

4
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dv,,
My = [Ey (X2, Y2, Z2, £) + Vyp () By (X2, Y2, 22, £)
= Vo (1) B, (X2, Y2, 22, )]
Vs
M = Go[E; (X2, Y2, 72, 1) + Uy (0) By (3, Y2, 2, 1)

= V)2 (£) By (x2, ¥, 2, 1)]

E&£5 LH. Lyu

(37)

(38)

405240 vector potential 4 and scalar potential ¢ Bl Equations (33)~(38)4 » W59 &7

H Equation (9)15

_ 04, 04,
*~ 9y o0z
_0A, 04,
YT 9z ox
g _ Ay 04,
27 9x  dy
Ei515 D =rFH Equation (13) 1§
o9 9A,
B PR
o __0b 04,
YT 9y ot
o 94,
B =5, "%

MR EHEIZENIS - FAILE A Equations (27)~(38).

it 3 ©  (Lagrangian #iZEH23)

(39)
(40)

(41)

(42)
(43)

(44)

FEE—T - RiE LERNERES - —Ey = INGTENFESHETES > N

L=T—qp+qh ¥
REFRMEZEMMENT (FT#ED N ET)

ZEMERE XN RNF B FEEHETEE - Wh S FESHET
iEH) - &40 vector potential 4 and scalar potential ¢ B %4 Lagrangian B1E %
L(x1, Y1, 21, X2, Y2, Z2, X1, V1, Z1, X2, V20 2, 1)
1 o, w2y a2y L 2 2 o 2
= §m1(x1 +yi +27) +§m2(x2 +y5 +23)
= q10(X1, Y1, 21, 1) — @ P(X3, Y2, 25, 1)
+q; [5‘1Ax(x1r3’1:21' t) + 371Ay(x1'3’1: 7y, t) (45)

+ 2,4,(x1, Y1, 21, t)]
+q; [szx(xZ'J’Zrzz: t) + )"sz(xz’ V2,23, t)
+ 2,A,(X2, Y2, 23, t)]
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—{B#8%| Lagrangian L > #£ T3 E H Lagrange’s equations # 2B EHIE » FIAEXEH
L R4S - REIT—ERX45)#MB T » AIMTRZ A -
BAMIRTIAGERR - THEM 2, B2 THE 3) HEEMMERNYIERAR - BA > FRE
e T3, B MEd2) BE27T | ERAMERRAN T 11 > tBEEE
(RAEM@ESFEX Equations (1)~(4)) ° FAIARESBR FRNZROERSRE - thal M@

$T— e -

HomeWork: :5%|F8 Lagrange’s equations :508 » gt 2 B2 Tigit 3, HEEHEMEIE
—HHiEEF HEN
7 ERBA : Substituting Equations (9) and (13) into a momentum equation

v o L o
ma—q[E+va]
it yields
dv oA\ " Y S
mE=q[(—V¢)—E>+vx(VXA)]=q[—V¢)—E—v-VA+V(v-A)
or

d - L -

—(mb +qh) = ~V(q¢ — g7 - A) (46)
Thus, the generalized momentum and potential are respectively mv + q/T and
qp — qv - A.
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C.2. HiEAMNBEBEIEES

ZR—ERMEENNEBREZRFEHELEN

mZ = —bz —mg (1)
Bt —{8 Lagrangian iSRRG
Bal—:
1
T= Emz'z (2)
V =mgz+ bzz (3)
Al Lagrangian A&
1
L=T—V=§mz'2—mgz—bzz' (4)

Al Lagrange’s equation

d <6L) daL _ 0
dt\oz) 98z
EIE=151

d
E(mz‘—bz)—(—mg—bz‘)=mZ—bZ‘+mg+bZ‘=mZ+mg=0 ()

&% Equation (5) B2 Equation (1) A48[E > FfLA Equation (4) i&1E Lagrangian 2549 -

hdp —
Sal— ¢

< Lagrangian %

1 b
=(Zmz?— — 6
L (2 mz mgz) exp (m t) (6)

Al Lagrange’s equation
d <6L) JaL _
dt\oz) o6z

FIR Y
()| -]
mzZexp (% t) +mz (%) exp (% t) + mg exp (% t) (7)

b
(mZ+ bz +mg) exp (E t) =0

Since exp(bt/m) # 0, it yields
mZ+bz+mg=0 (8)

&% Equation (8) E2 Equation (1) #8[E » FrLA Equation (6) 351 Lagrangian 2189 -

7
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C.3. Relativistic Lagrangian Mechanics [1]

The relativistic action S is a Lorentz scalar [2]

S=[Ldr=[Ldt = [ Lydr
ForV =0, let L* also be a Lorentz scalar. It yields L* = —mc? = constant [2]
Thus, we can define a relativistic Lagrangian

L mc?
L=—=——-V
Y Y
Since the relativistic kinetic energy is
T =(y —1)mc?
it yields
-mc? T—-ymc®> T )
= =——mc
14 14 14

Thus, the relativistic Lagrangian can be rewritten as

T

L=-mc*+—--V

Y

Fory — 1,ityields L = —mc2+T -V
(CBE—EEEmc? » FH2£ Lagrange equation ) (See Non-uniqueness in [3])
Since
daL

forV =0, it yields

1
oL @ (T\ (-1 \ @ n o, 9/ 1y , 0 v2\?
T%‘T%(?)‘ﬁ( ” ’”C)—a(l ;)mc —a( ;)’”C = me g\l T

Thus, we have

Px = YMUy
Likewise, we have

by = ymv,
and

p, = ymv,

For V = 0, the relativistic Hamiltonian is

p?  mc?

oL . mc? p%c? + m?c*
H= a_-qk_L=zpqu+_=_+ =
! Ok - 14

ym y ymc? =yme? =me?+T

(I E—EE&mc? » REEE Hamiltonian equations )

where the kinetic energy can be written as
1

2 \2
T=({—-1mc*= (1+mp ) — 1| mc?

2c2
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One of the Hamiltonian equations yields

oH
apx - Qx -
2p
0H oT 1  j52¢2 , P
—— ==z TMCE = — =X = Uy
Opx  Opx 2 p? \2 ym
(1 +-P )
mec
Thus, we have
Px = YMUy
Likewise, we have
py = ymvy
and
p, = ymv,
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C.4. Relativistic charged particle in an electromagnetic field [2, 4]
(example where V # 0)

EE 5% (in Gaussian unit)[2]

S H a2 T
L/;/, Ma C W ?@fc/)/V

S 5

in the non-relat. limit ,./}’nﬁCQ T %n_o /Vl_ 745%;/)”

FEERISH(in S| unit)[3]

-

T T mc T
L = —mc? +;—V——mc +;—q¢+ qA-v = mc2+T—q¢+qA-v

mc? S
=—7—Q¢+CIA'U

where
my?v?
I _y+ 1 myv
Y 14 y+1

Fory — 1, it yields T/y = (mv?)/2 and
T mv? S
L=—mc2+;—V= —mc2+T—q¢>+qA-v

Fory >1
mc? 5
L=————q¢p+qA-v
14

The particle's canonical (total) momentum is
aL
£=ymfc+qAx =P,
aL .
a—y=ymy+qu =P,

L
£=ymz'+qAZ=PZ

The relativistic Hamiltonian is [4]
p? mc? P
H(th)—z qr— L= Zquk—L— y—+qA 7+q¢)—qA-v

(P—qh) (P- qA)
m2c?

pic? + m?ct

+q¢=ymcz+q¢)=mc2\/ +q¢

ymc?

10
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