Mechanics II: Chapter 8 #7241 Continuous Medium & Wave Equation S&F |LH. Lyu
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HERKNENENBZLE - BF - SHE » —@RSRNMBEEBHE (Wave
Mechanics) - BARHF » BRT WK - AIMEREZEFERES - HtWFIANKE > BEESE
MEERR NINE o KRBT EESEE - AItSRAt A REEWE > ENET—T NEd

B2 (continuous medium) AY—Lb4FE o

PR RN=FEKET > ZREBERE R - RABEE MK > he—&
BRAEREIRER - AABERENEPEER  NENEERRY » #gTEEtE  BIEN
BERER - MWEANBREHIELR - 815 EEHTER continuity equation (8-127) ~ I£ /AT
momentum equation (8-139) ~ AEE T2 energy equation (8-184) - HREERDHIANE >
BERENNEEIFEE  BEESFZ2HNRE - AR BERENS/ N\FRET - 54
NAE » ELEREMBEERRIERE  REEREZAEA - [RA L > BURSETUERESD
2 BRYBERRRE (K2 - IXTSRMERE (B—) > BRELEELRHREXNH
R ZERFANES - WARHE—BELR » BERNEBARSE - BAASEI R
$1E 7 Boltzmann equation or collisionless Vlasov equation Fta1##E? » EILFREZINEIS
AR - BUERAE+ENEESTER (10-173) - AAHAT RN SMEELERNEIEHTE
HHEEERRER » EM—LE/E{EARER - TREERRE \ENEIEATER (8-139)HEEER
123\ (8-184) » RILEMHAEN - BATEEEHTEI (8-127)  IEHTEL (8-139) ~ £E
E7HE (8-184) » MAZHIETH - EMMWRENM - IGTEH¥IEER « KE) - KEAHRERX -
HEBBNNE - BEHZOR - BIK - UK - (FEMEEIRBER -

8.1. ELERERSY

EEIREERAENIFATAER - MEBEHF 2B ABRFEEXE(collective
behavior). FEEEERE > FE—EMLET » S—EANTHRILEMMEKY - HEEER
SEENZEEELEPEMAIA - FIa] > —HESEE—E » WIEATNERMH ETE
B> ARG —(EEEE - TR —IHAESENE I RItZEAEEMESHEBZIA
BRE > BT —ESENEE > MEH - F5| - ERNEIRFENFEENEE > B
BER—(AEEAGME—(EEER - HEERET  ERNEER > 81 (—) BEPANE
fEEe > A0 - Sfthoz ~ SE - XBIAIPTRIET NS MRS - EIFE IRV > AJUAER
HE2RKIARER - (Z) REFCRESRE - fI20 - 8% - Bl R - (2) REK
AVEAEES > 130 © REORR ~ R4 - (M) B|EREFNESRE > 6120 : X XB5E

BREVIEE (star)EIR - EZ (galaxy) FZEBIRIIKRTERSR (accretion disk)E IR ~ SHETRE - X

1 Symon, Keith R., Mechanics, 2nd.ed., Addison-Wesley, London, 1960.
2 Lyu, , Ling-Hsiao (2014), Elementary Space Plasma Physics Second Edition, Airiti Press, Taiwan, R.O.C.
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P5E (solar wind) EHRRYIEEZR (star wind) B - KZECEEIEP RN F - FFEMAILIE
(collisions) ZRAMAKULAENEAREE - TR AZTEEE » MABRE - AABEXE - fitiE R
A A EFERERTENFENELSNBENRERNEY - UMREERFIIEIES
EFFEENS N RIIRFKILHENE RS - FTAMIKTIBIRIUESRE - K= ~ KF\ -~ K
8~ ) - IR R EERSAIRIRE - HRE - WT2MmAVLAK ~ t - thHEERRIES
BERIRRE -

EEREAE—EMMMRAN—SSM > 615« BE (density) ~ BE
(temperature) - E21JE{ R34 (pressure) o LA ESESERARIE = FEiBERLA0YFM -

HE (density) B11E ZRIREEZE (AR ML)  BERNEHEEEE (BR:
M/L?) ~ KRS RENEEZE (AR : ML) ~ UREBRPFLE - BRI FHESRS
B (number density, F=x : 1/L3) « EREZBE (charge density, A% : Q/L%) « MKE=ZE
(mass density , EZX : M/L3) »

RE (temperature) BE/ERRANEE (Bh) H—EXRIR - EERNBEENEERNER
BEHNFREBRS AT EENENRER - HAES %—EF'E’\]*ﬁ?’fﬁ%ﬂ‘%l&\i_@]ﬁﬁ%@]ﬁﬁmﬂﬁb £ RE
HWERAE MLYT? > B %ﬁlﬂ - FIbEIRARER > AIFEA eV (electron Volts) » 4l
RABYELEE K K2 EERARRE » BIFEESEL Boltzmann constant 7183114 Joule &
BMREER/ -

Pressure Ei&it:R » HBEE—EHTEI SRS (second-rank tensor ;33 RE+E
E’\JA”’) o IEHTER ZFERE > HANEBEIISE > BEsEHEMMELE - FMEE > [@

£ (—PERE) A=EPE > BEPEHE—EHE - AENSELEX/) 0 SHEZEFTEER
AEREAREME - IRMENRE > FEHEFTEINESHMARMRE - E& - HEN_T
PEoREM T1TFUN{E) (determinant) B2 M¥AELRFN ) (trace) th A EHEFTEEEN A EEAZEH A [E]
M2 ° Since an isotropic pressure tensor can be written as
s 5 [ 0O
P=pl= [0 p Ol
0 0 p
Jtl:ﬂ%iiﬂ‘—’; (isotropic or anisotropic) pressure tensor f T¥1E42F01 BRIA 3 28R4
*EE*?E) FE4L 2/ pressure (scalar pressure) © 4li&EHRY pressure IEEER 2 EEREHIA
ZEE ZF&sREHZTLAY pressure tensor » IEEEREAERS T FAVEBN FTERMNENEE R EEH
FHBEE - ?&fﬁfﬂfju\’“ & pressure FIARA MILT2 B 5K » pressure B—IEAEEZE (41
£) - AHEBENERE (EMIEMMENTFITHE dyad product > thiiE—E_FERE) -
It - 7% pressure BlzEM TBH) EBUARIGE » E% pressure AYFEZRE rm (force) HIE
R ML/T? 8§ body force BIEIZR M/L2T? #AHE[E) » EF body force AiEB4ERE BN FEFES
A7 -



Mechanics II: Chapter 8 #7241 Continuous Medium & Wave Equation S&F |LH. Lyu

8.2. KENFHTY

BRI ERBILE ?

ERIENS ? ARG ? —RESIRE - —REENRE > 1ARIE - hEBAxR -
BEEXMASHWERRE - AMNRIBRAR T IFERK BRI DR -

EREN ? FOAREBBIK (soliton) » 40 » RITAYHIE > HEERMAVER « e
#9 bow wave (&) ~ BLANRZ A FREMEHZRAVIINE - R A EE—ERELE > AR
REEREE (BEEHRRES ' REZKEZEIIER - SURAEIRE ZEIE
B) - HAIRZREREERCHHBRENEE < FILRRIIHEMIRENDE
e -

AL Phase SiF7T RIBRUKEIRER - MRBMINEE > IFEERE > BIRVKE)
FiEss® (signal ) BRITAZMAN (noise ) » FIEERTARKED - AR TRE TR
LR VAT =1l P U

Wave Characteristics ((REBIATYIIEENERNES)

18I phase : —ﬂﬁl%ﬂ%ﬂ%@]ﬁﬁ AYEMEISHZ - fBlan > —EESZ0K - BB 0 2

2m > BARNEEIER - (B2 0 8 2m AR AIZEE/N - At —EEA B

AYERSE °

AT wave front : 188 B B AHERERNU Z AV ERSER

18R FE phase velocity : A TERT EEH > ANEREBERBEIREELAE L

iR DE -

BHRFE group velocity : BENKEEERBNGRE - 191 - KFWLHEER - HBERE
FIRERHRERE LM - EREERBENAE (RERE) AErEd#HRES « EE

giEA -

#e% longitudinal waves : NMERREREREEFTHRFATRIBRES D

f&IK transverse waves : NMENREMEEBHEEFNBREAD

BB hybrid waves @ ENBNERERSEIHERFER TITHRFATRERE

haEsE  LEAEENBERELOFIER  BMEERINNKERSRESK °

WRBARMR - +ER2KE) ? BEMNXFHRRNP > FETRES - LEBEENRER - W
& URETAREIN RIRR > MEKE o (BE(RAE - fHEZE wave equation g ?

3 https://www.youtube.com/watch?v=SknvlL.a8qEu0
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8.3. ik AER

AZHERHZE (VNERBAME - TERBALIE) 8N4
27 I (The 2"-order partial differential equations)

E&£5 LH. Lyu

A=TEEARH PRI

> 4l Table 8.1 Ffi%l °

Table 8.1. The 2"%-order Partial Differential Equations

Bes R

DHREN

Higz—

RERARHFER

2-D Poisson equation
0%d(x,y) N 02d(x,y) _

0x?

dy?

elliptic equation

x2

T

2
}’:1

1-D diffusion equation

parabolic equation

2
aT (x,t) _ Ka T(x,t) y = 4ax?
ot 0x?
1-D wave equation hyperbolic equation
0°A(x,t) 109%A(x,t) x* y* L
0x? c2 otz a2 b?

e Laplace equation 7?® (#) = 0 & Poisson equation V2 (¥) = f(#) are elliptic

partial differential equations of second order.
Diffusion equation is a parabolic partial differential equation of second order.
T (#,t)
ot
Wave equation is a hyperbolic partial differential equation of second order.

1 0%2A(7,¢)
2 -
V2A(#t) 5

A& EEE—ELIEARIHRAR - IJHJE&F Laplace equation or Poisson equation > &

ERMREN—EEAN NERES -

&R —E+IIEARVEAR - EUILERR diffusion equation (HREIAHEX) FE

TR ER B IR A ZE [ 20 1 B a8 SRR -

(&% Diffusion Equation EfESTETVRIER » —Ei D REBFRNIXE » FRFtERE

AFRE - FEAEV2T (7, o) EUEE )\ - EIE » RIBRERFSF) AR Diffusion Equation

R > WIE Laplace equation V2T (7) = 0 f9fZ -

BB BN REEREHSR 5K diffusion equation (HEEXAGZZ) Ed
(K& AHEX) AR - BRUIREKE c E—EEE > HMER

equation BYEEHTA# (analytical solutions) °
RAAEMEE—HREMAEA - FLER 1-D wave equation FIEETER » TFIEE

REERMRH—AEE D eI —4REFIFFED T -

PAFRAESEEN4E » alfalskiG

= kV?T(# 1)

=S 1)

1 wave equation
A LASE 1-D wave

1-D wave equation BIfRATR
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Analytical Solutions of the One-Dimensional Wave Equation

Let us consider the following 1-D wave equation
0%A(x,t) 1 9%A(x,t) _o

1
0x? c? 0t? M
Since
9’A(x,t) 10%A(x,t) 0 1ojy0 1oy,
B i e | e KD
Equation (1) yields
0A(x, t)  10A(x,0)]
[ ox T |70 @
Or
0A(x,t) 10A(x,0)]
[ ox ¢ ot |0 3)

One can show that A(x — ct) is the solution of Equation (2).

Proof:
Substituting A(x, t) = A(x — ct) into Eq. (2), it yields
0A(x —ct) 10A(x—ct) dA(x—ct)d(x—ct) 1dA(x—ct)d(x—ct)
ax  Tc ot da—c) ox ‘Tcdx—co ot

_dA(x —ct) 1dA(x — ct)
~ d(x —cb) ¢ d(x —ct)

Likewise, A(x + ct) is the solution of Eq. (3). Thus, solution of the wave equation

(1) can be written as a linear combination of F(x — ct) and R(x + ct), that is,

A(x,t) =F(x —ct) + R(x + ct)

Table 8.2 4245 KEN A2 (1) ZBRATEE -

(=c)=0

Table 8.2. Summary of 1-D wave equation and its solutions

— A= PR St analytical solutions
A(x,t) =F(x —ct) + R(x + ct
0 A(x, 1) 162A(x,t)_0 (x,t) =F(x—ct) + R(x + ct)
dx? cz otz
I AREFE R M E— P& IR D HE:
dA(x,t) N 10A(x, )| 0 analytical solution
Ox c Ot - A(x,t) = A(x — ct)
0A(x,t) 10A(x,0)| _ 0 analytical solution
dx c at | A(x, t) = A(x + ct)
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RENFFE T PR
How do we know that A(x — ct) is the solution of Eq. (2)?

IR A(x, t) RMEBIIEH (x,t) FERE > IRES T —EFH Eq. (2) MIERBIIEHAIE
SFD—E - thIER - HPIRT B —AERRBUEH ()00 )] ERARZ (N
HE > TAZ n FIRE > il

K

G_A
677 &=const.
“HE E(x t) and n(x, t) REEBFE (EEFHFRERE - BABRKAMI) - BIFHE x and

t BRIE (&,n) HIERE > thitE x(&,n) and t(&,n). EItk Eq. (4) AINES

=0 @)

dA[x (&, m), t(E, )] 6 dx 0A| ot
| | at ,ﬁL - ©)
L Eq. (5) B2 Eq. (2) 1 94/0x and 94/t RUZEL
0A| 0x 0A| at
ax ,:—L +a,ﬂ|€ -
JdA 10A
ax oo
18
0x _
anl, =1 6)
ot 1
%L =z (7)
Eq. (7) can be rewritten as
dct _
anl, ! ®
Subtracting Eq. (8) from Eq. (6), it yields
d(x —ct)
—5] = ©

Eq. (9) yields, x — ct is a function of £. The simplest solution is
x—ct=E&(x,t)

Thus, the solution of Eq. (2) is A(x,t) = A[¢(x,t)] = A(x — ct).

Likewise, the solution of Eq. (3) is A(x, t) = A(x + ct).

The characteristic curves of the Eq. (2) are
&(x,t) = x — ct = constant curves
We can show that the phase of the perturbation is constant along a constant é(x, t).

Figure 8.1 sketches the propagation of an initial disturbance based on Eq. (2). The
amplitude of the disturbance is constant along each characteristic curve £ = x — ct. The

disturbance propagates toward +x direction at a speed c.

6
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X=X,+6C

N W b O O ~

!

Figure 8.1. A sketch of the propagation of an initial disturbance based on Eq. (2). The
amplitude of the disturbance is constant along each characteristic curve & = x — ct. The
disturbance propagates toward +x direction at a speed c.
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8.4. 5%
2K FE-yFEL » — 858 Al
S - FEy SR - REEEEE - y(iyiiﬂ* .
SRS E1EHE - % EE—\ERIITEAL » Ty J
HEMRIEARE - FRSElySHE 3R OV Y z
(Tension Force) thAR[E -

Figure 8.2. The vibrating string
g 8.2 » —/NExsZ A RE| TmMZAETHAL BSRS] » HyB RS ES —Tsin[6(x, t)]
Bz TARL %3 Taa LAl NRD - EyAaiNo8R +T sin[6(x + Ax, t)]
HAg (x, O RTE(x, R EME LR » 528X EhAIRA - ARZARDIRE > BISZARENRIER
BABRX (&)RE 8.1 FIFEARAIRIE) % 6(x,t) « 1> RIFAPIRTINEBUISE

éil%(sm 0)~0 = éi_rg(tan )
B sin[0(x, ¢)] ATAEAABBATELLBRAIRIZ tan[0 (x, )] = [By(x, €)/0x] ) © EULIE—/\RZE
A2 Ry B RRERN %

. . N 6y ay
Tsin[6(x + Ax,t)] — T'sin[0(x,t)] =T [(a)xﬂx - <£)x]
ERNGEERESp  BiE—/\ERSZNEES Al - BB (x,t) > 0 EltbAx = Al cos 8 ~ Al
thRILE—NESZE R M A Ax » X - E—/\ERSETEy S ARIINRE S 02y/0t? - 1R

BHEE_ER > E—/\RIENZHENEREFTERE

pan?2=r|(2) (@)

=17
1), - ()]
azy _ 0x X+Ax ax X
ot? (p Ax)
ForAx -» 0, EXAIRES
o’y T 0 [0y
a2 pox (5)

e > ZES—HNy = y(x t) MEM T AR
0%y(x,t) Tad%y(x,t) c? 0%y(x,t)

a2 p oxz 0x?
Ht > RIBRENHTER > LSRRI R ER

()
Il
<=

o
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8.5. E5if Sound wave

RESRYEE /TR continuity equation 2
(a+v v) = —pV-V (1)
ot p P
REERVENE H T2 momentum equation 2
p<%+7-V)I7=—Vp+p§+BE):I:IE (2)
Heh s p,p, V DRIAREZE « B - BTSEE - ARMRBKT  BH#EHEBNRE
B WEILARRRENIE - £ 7 RERRERER - HPIE—FTZBARIE - ARENEIELE
NN ES
a -
<0t+V v)v —p 3)
AABKE—ERERRGEK - AR —2E5iERE - AItRIENEEESLER energy
equation A& 4
d
<6t+v V)p——ypV V (4)
Hrh y ALEEREE ratio of specific heat (y = ¢,/c, = (f + 2)/f where f is the degree of
freedom)  FARESKFIV - V # 0 » EIEEATRR(1)&(4) 1BAREEH T2 (equation of state)
O 7 W)p=L2(L4v.v 5
<6t+ )p_p <6t+ ) )
BRERESE—EEINTEE > py, po, V, DBIBTEHENRERE  BH - BF9RE - @
/‘E'j:Fi’jLFEE E1E > BAFIRTLAEER—1E moving frame, such that V, = 0 = {B&&%6p, 6p,

VRIARBEEE B « BTREN/IMEERE - thi 20 HML

p=po+dp
P =pot6p
V=6V

#ESp K po, 8D K o, |8V| < [po/po » BAFRIIMIEATER (1), (3), (4), (5) 4R 1E(linearize)
BRI EREER TR

2 6p= 0,7 (67) (6)
L ENE S TR
po o8V ~ — V(Ep) 7)
LR TR
2 0= —vpo V- (67) ®
BRELARAE SRR
d Ypo O

507 = N 5:5P 9)

9
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or
sp="2 5p (9a)
Po
V- Eq. (7) yields
d N
pog, [V (8V)] ~ = V3(8p) (10)
2 Eq. (8) yields
02 d N
ﬁ&’ = ~YDo ot [V ) (5V)] ()
Substituting Eq. (10) into Eq. (11) to eliminate % [V (8V)], it yields
0° YPo ,
- §p=--"2 12
5229 o V= (8p) (12)
Likewise, - Eq. (6) yields
0% 9 7 13
Substituting Eq. (10) into Eq. (13) to eliminate % [V (8V)], it yields
az
2 sp=v2 14
57200 = VA(8p) (14)
Substituting Eq. (9a) into Eq. (14), it yields
2
I sp =Py 15
5.29°P o V(8p) (15)

HER (12) & (15) BRBN BN EpERERHES, #ine BRI AR - EK
RENH 2T R AV IRBE A/ N

Cs = ’@ (16)
Po

mA2(9a) BIFEER

Sp _ vpo
== _ 2 17
& po (7
EAREEMRA - ZFEEFBHEHER TR —TESHERNEREE - 5%EE
2
l7x(V><I7)=—I7-VI7+V(V7> (18)
Substituting Eq. (18) into Eq. (3) to eliminate V - VV, it yields
- - V2
paV—pVx(VXV)+pV(7>=—Vp (19)
H Eq. (19) AIAE L - EREALZFER (Bernoulli theorem)
2
Y (% + p) =0 (20)

AR (i) — BRI BYER (31 2 B B4ER) 8% (p = constant), (ii) steady flow
(%17 = 0), (iii) irrotational flow (V x V = 0) » EItt/NRERSBRSELR > SiEM/\RISLSE |

10
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8.6. EZ=hAYEH K Electromagnetic Wave Equation in Vacuum

We can derive the electromagnetic wave equation in vacuum from the following Maxwell’s
equations in vacuum

(1)

()

vxp=_28 (3)
at

- 10E

_ % (4)

VXB 25

where c is the light speed. The curl of Equation (3) yields

_3(VxB) (5)
ot

Substituting Equation (1) into Equation (5) to eliminate V - E and substituting Equation (4)

into Equation (5) to eliminate V x B, it yields the wave equation of the electric field in

vacuum,

Co)

V-E=0
V-B=0

Vx(VXE)=-V2E+V(V-E) =

- 10%
22~ (6)
E c? ot?
Likewise, the curl of Equation (4) yields the wave equation of the magnetic field in vacuum,
- 10%B
g~ (7)
VB T 0

For simplicity, let us consider a plane wave, where V= %3/0x only. i.e., d/dy = d/dz = 0.
Equations (6) and (7) yield

9%E, 1 0%E,
a2 o 0 ®)
2 2
0E, 10, _ ©)
dx%  ¢? 0t?
2 2
0°B, 10°B, _ (10)
dx%  ¢% 0t?
92B, 1 9B,

—_—~Z_y (11)
0x? c? ot?
and Equations (1) and (2) yield E, = 0 and B, = 0.

1"



