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Momentum & Energy Theorems

* The (differential) momentum theorem:

dp

—=F
(Dx(t) = muy(t) = F [x(£), y(8), 2(2), v (), vy (£), v (8), t]
Py (t) = mvy(t) = F,[x(t), y(£), z(£), v, (t), vy, (£), v, (2), t]
| D2(1) = mu,(t) = F[x(¢), y (1), 2(t), vx(t), vy, (£), v, (2), t]
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* The (differential) Energy theorem:
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where 3 - F is the power



Plane and vector angular momentum
theorems

Let p be the linear momentum of a particle
and F be the force acting on the particle

p =mv
dp
" _F
dt

Let us consider the particle is gyrating

around an axis. The distance between the
particle and the axis is r . then the angular
momentum of the particle with respect to

the axis is

.

L = 7Xp = *Xmv
where 7 = #r and 7 is the unit vector

perpendicular to the axis and point from
the axis toward the particle.

If there is a force F acting on the

particle, then we have

where 7 is the torque that acting
on the particle with respect to the

axis
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Angular Momentum & Rotational Inertia (or
moment of inertia) (1321} JY%ﬁE"‘Hﬁ-Z)
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Angular momentum theorems
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Angular momentum theorems
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The harmonic oscillator in two and three
dimensions

Let us consider an object with mass
m, which is connected to three
springs in perpendicular directions.
The spring constants of these
springs in the X, y, and z-directions
are k4, k,, and k3, respectively. The
equation of motion of the object can

be written as
2
m—s (Xx +Vy + 2z
dtz( yy )

= X(—k1x) + y(=kyy) + Z2(—k3z)

Then we have

X =—(ky/m)x
y = —(kz/m)y
z=—(k3/m)z

The solution of x(t), y(t), z(t) can be written as
x(t) = Ay sin(w4t + 6;)
y(t) = A, sin(w,t + 6,)
z(t) = A3z sin(wst + 63)

where
w? = ky/m
w? = ky/m
w? = ky/m

Exercise: (Lissajous curves)

Plot x(t), y(t) on the x-t, y-t, and x-y diagrams
choose A =4, =1, w;:w, =1:1,6, =0,

I8 T 3m 3T 51

0, = (@0, (0) 7, ()5, @D, (=, (N~
or other combinations of these parameters.

e.g,wq:wy, = 1:1.01 9



Projectiles }il&ifs
Ballistic trajectory J&3&

Ignoring the air resistance

Given initial conditions of the projectile:
x=y=z=0
UV, = Vg COSH
vy, =0
v, = Vysinf

Find the solution of x(t), z(t), v, (t), v,(t), and the trajectory z(x) under
different combinations of parameters: bv/mg and initial shooting angle 6



Potential Energy

If the curl of a force F is equal to zero, that is
VXE =0

Then, the force can be written in the following form
F=-Vo

Because VxVf = 0. (EmM@L LRIT5A - oJLREHRLETY - 58 "RlaEZ 1 )

The work done by the force should be independent of the path, and is equal
to

- -
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T
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T

where @ is the corresponding potential energy of the force.
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