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Symon (1960): Chapter 3: Motion of a 
Particle in Two or Three Dimensions

Part 1:
3-1 Vector algebra
3-3 Differentiation and integration of vectors

3-2 Applications to a set of forces acting on a particle
3-17 Motion of a particle in an electromagnetic field
帶電粒⼦子在靜電場中的運動
帶電粒⼦子在磁場中的迴旋運動，
帶電粒⼦子在靜電場與磁場中的運動（如何求解：聯聯立ODEs)
（如何由運動軌跡，猜可能的答案）

“⼆二元”或 “三元”「聯聯立的」 微分⽅方程式 (System ODEs)
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Vector algebra
•向量相加
•向量相減
•向量相乘

• 向量內積
• 向量外積
• 向量平行積

•張量
• 純量（零階張量）
• 向量（一階張量）
• 二階張量
• …
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Differentiation of Vectors

𝑑𝐴
𝑑𝑡

= lim
)*→,

𝐴 𝑡 + Δ𝑡 − 𝐴 𝑡
Δ𝑡

𝑑
𝑑𝑡

𝐴 + 𝐵 =
𝑑
𝑑𝑡

𝐴 +
𝑑
𝑑𝑡

𝐵
𝑑
𝑑𝑡

𝑓𝐴 =
𝑑𝑓
𝑑𝑡
𝐴 + 𝑓

𝑑
𝑑𝑡

𝐴

𝑑
𝑑𝑡

𝐴 ⋅ 𝐵 =
𝑑𝐴
𝑑𝑡

⋅ 𝐵 + 𝐴 ⋅
𝑑𝐵
𝑑𝑡

𝑑
𝑑𝑡

𝐴×𝐵 =
𝑑𝐴
𝑑𝑡

×𝐵 + 𝐴×
𝑑𝐵
𝑑𝑡

𝑑
𝑑𝑡

𝐴𝐵 =
𝑑𝐴
𝑑𝑡

𝐵 + 𝐴
𝑑𝐵
𝑑𝑡
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Integration of Vectors

𝑊 = ∫ �⃗� ⋅ 𝑑𝑟 = 8 �⃗� ⋅
𝑑𝑟
𝑑𝑠 𝑑𝑠

For 
�⃗� = :𝑥𝐹! + :𝑦𝐹" + �̂�𝐹#

𝑑𝑟
𝑑𝑠 = :𝑥

𝑑𝑥
𝑑𝑠 + :𝑦

𝑑𝑦
𝑑𝑠 + �̂�

𝑑𝑧
𝑑𝑠

It yields, for a given trajectory [𝑥 𝑠 , 𝑦 𝑠 , 𝑧 𝑠 ]

𝑊 = ∫ �⃗� ⋅ 𝑑𝑟 = 8 𝐹!
𝑑𝑥
𝑑𝑠 + 𝐹"

𝑑𝑦
𝑑𝑠 + 𝐹#

𝑑𝑧
𝑑𝑠 𝑑𝑠
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Integration of Vectors

𝑊 = ∫ �⃗� ⋅ 𝑑𝑟 = 8 �⃗� ⋅
𝑑𝑟
𝑑𝑡 𝑑𝑡 = 8 �⃗� ⋅ �⃗� 𝑑𝑡

Thus 
𝑑𝑊
𝑑𝑡 = �⃗� ⋅ �⃗� = Power

6



Non-relativistic Particle Motion

𝑑�⃗�
𝑑𝑡 = �⃗�

𝑑�⃗�
𝑑𝑡 = �⃗�

�⃗� = 𝑚�⃗� = 𝑚
𝑑�⃗�
𝑑𝑡

�⃗� = 𝑚�⃗�

𝑇 =
1
2𝑚𝑣

1 =
1
2𝑚�⃗� ⋅ �⃗�
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Motion of a Charged Particle
• Let us consider a charge particle with mass 𝑚 and charge 𝑞.  
• Let us assume that the Lorentz force is much stronger than the the 

gravitational force, we shall ignore the gravitational force in the 
following discussion.

• 帶電粒⼦子在均勻的靜電場 𝐸 = %𝑦𝐸' 中的運動
𝑑�⃗�
𝑑𝑡

=
𝑞
𝑚
𝐸 ⇒ �̇�' =

𝑞
𝑚

𝐸'

• 帶電粒⼦子在均勻的磁場 𝐵 = �̂�𝐵1中的迴旋運動

𝑑�⃗�
𝑑𝑡

=
𝑞
𝑚
�⃗�×𝐵 ⇒

�̇�3 =
𝑞
𝑚

𝑣'𝐵1

�̇�' = −
𝑞
𝑚

𝑣3𝐵1

• 帶電粒⼦子在均勻的靜電場 𝐸 = %𝑦𝐸' 與均勻的磁場 𝐵 = �̂�𝐵1 中的運動

𝑑�⃗�
𝑑𝑡

=
𝑞
𝑚

𝐸 + �⃗�×𝐵 ⇒
�̇�3 =

𝑞
𝑚

𝑣'𝐵1

�̇�' =
𝑞
𝑚

[𝐸' − 𝑣3𝐵1]
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Motion of a Charged Particle
• Let us consider a charge particle with mass 𝑚 and charge 𝑞.  

• Let us assume that the Lorentz force is much stronger than the the gravitational force, we 
shall ignore the gravitational force in the following discussion.

• 帶電粒⼦子在均勻的靜電場 𝐸 與均勻的磁場 𝐵 中的運動 & 𝐸/𝐵 ≪ 𝑐
𝑑�⃗�
𝑑𝑡

=
𝑞
𝑚

𝐸 + �⃗�×𝐵 ⇒
𝑑;�⃗�
𝑑𝑡;

=
𝑞
𝑚

𝑑�⃗�
𝑑𝑡
×𝐵

⇒
𝑑;�⃗�
𝑑𝑡;

=
𝑞
𝑚

𝑞
𝑚

𝐸 + �⃗�×𝐵 ×𝐵 =
𝑞;

𝑚; 𝐸×𝐵 +
𝑞;

𝑚; �⃗�×𝐵 ×𝐵

⇒
𝑑;�⃗�
𝑑𝑡;

=
𝑞;𝐵;

𝑚;
𝐸×𝐵
𝐵;

+ �⃗� ⋅ =𝐵 =𝐵 − �⃗� = −
𝑞;𝐵;

𝑚; �⃗�> −
𝐸×𝐵
𝐵;

where �⃗�> = �⃗� − �⃗�∥ = �⃗� − �⃗� ⋅ =𝐵 =𝐵 = �⃗� − �⃗� ⋅ @@
@A

.    Let 𝑉> = �⃗�> −
C×@
@A

, it yields

𝑑;𝑉>
𝑑𝑡;

= −
𝑞;𝐵;

𝑚; 𝑉>
𝑑;�⃗�∥
𝑑𝑡;

= 0

Thus, we have �⃗�> =
C×@
@A

+ 𝑉> = �⃗�C×@ + 𝑣E'FG
𝐴×𝐵 ×𝐶 = 𝐴 ⋅ 𝐶 𝐵 − 𝐵 ⋅ 𝐶 𝐴
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Symon (1960): Chapter 3: Motion of a 
Particle in Two or Three Dimensions

Part 2:
3-4 Kinematics in a plane
3-5 Kinematics in three dimensions 
3-6 Elements of vector analysis

“⼆二元”或 “三元”「聯聯立的」 微分⽅方程式 (System ODEs)
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Kinematic Equations in Different 
Coordinate Systems

Cartesian Cylindrical Spherical

Coord. [𝑥 𝑡 , 𝑦 𝑡 , 𝑧 𝑡 ] [𝑟 𝑡 , 𝜃 𝑡 , 𝑧 𝑡 ] [𝑟 𝑡 , 𝜃 𝑡 , 𝜙 𝑡 ]

position 𝑟 𝑡 = 𝑥 𝑡 %𝑥 + 𝑦 𝑡 %𝑦 + 𝑧 𝑡 �̂� 𝑟 𝑡 = 𝑟 𝑡 �̂�(𝜃(𝑡)) + 𝑧 𝑡 �̂� 𝑟 𝑡 = 𝑟 𝑡 �̂�(𝜃(𝑡), 𝜙(𝑡))

�⃗� = ̇⃗𝑟
�⃗� = ̈⃗𝑟

�⃗� = 𝑣! %𝑥 + 𝑣" %𝑦 + 𝑣#�̂�

�⃗� = 𝑎! %𝑥 + 𝑎" %𝑦 + 𝑎#�̂�

�⃗� = 𝑣$�̂� + 𝑣% =𝜃 + 𝑣#�̂�

�⃗� = 𝑎$�̂� + 𝑎% =𝜃 + 𝑎#�̂�

�⃗� = 𝑣$�̂� + 𝑣% =𝜃 + 𝑣& =𝜙

�⃗� = 𝑎$�̂� + 𝑎% =𝜃 + 𝑎& =𝜙

𝑣! 𝑡 = �̇�(𝑡) 𝑣$ = �̇� 𝑣$ = �̇�

𝑣"(𝑡) = �̇�(𝑡) 𝑣% = 𝑟�̇� 𝑣% = 𝑟�̇�

𝑣#(𝑡) = �̇�(𝑡) 𝑣# = �̇� 𝑣& = 𝑟 sin 𝜃 �̇�

𝑎!(𝑡) = �̈�(𝑡) 𝑎$ = �̈� − 𝑟�̇�' 𝑎$ = �̈� − 𝑟�̇�' − 𝑟 sin' 𝜃 �̇�'

𝑎"(𝑡) = �̈�(𝑡) 𝑎% = 2�̇��̇� + 𝑟�̈� 𝑎% = 2�̇��̇� + 𝑟�̈� − 𝑟 sin 𝜃 cos 𝜃 �̇�'

𝑎#(𝑡) = �̈�(𝑡) 𝑎# = �̈� 𝑎& = 2�̇� sin 𝜃 �̇� + 2𝑟 cos 𝜃 �̇��̇� +
𝑟 sin 𝜃 �̈� 11



Definitions of Basis Vectors in Different 
Coordinate Systems

Cartesian 
coordinate system

%𝑥 =
∇𝑥
∇𝑥

= ∇𝑥 %𝑦 =
∇𝑦
∇𝑦

= ∇𝑦 �̂� =
∇𝑧
∇𝑧

= ∇𝑧

Cylindrical 
coordinate system

�̂� =
∇𝑟
∇𝑟

= ∇𝑟 Z𝜃 =
∇𝜃
∇𝜃

= 𝑟∇𝜃 �̂� =
∇𝑧
∇𝑧

= ∇𝑧

Spherical 
coordinate system

�̂� =
∇𝑟
∇𝑟

= ∇𝑟 Z𝜃 =
∇𝜃
∇𝜃

= 𝑟∇𝜃
=𝜙 =

∇𝜙
∇𝜙

= 𝑟 sin 𝜃 ∇𝜙

�̂�\ =
∇𝑢\
∇𝑢\

= ℎ\∇𝑢\
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spherical coordinate system

𝜕�̂�
𝜕𝜃

= J𝜃

𝜕 J𝜃
𝜕𝜃

= −�̂�

𝜕�̂�
𝜕𝜙

= sin 𝜃 J𝜙

𝜕 J𝜃
𝜕𝜙

= cos 𝜃 J𝜙

𝑑 J𝜙
𝑑𝜙

= −sin 𝜃 �̂� − cos 𝜃 J𝜃

cylindrical coordinate system

𝑑�̂�
𝑑𝜃

= J𝜃

𝑑 J𝜃
𝑑𝜃

= −�̂�

⽤用“幾何”的⽅方式求 單位向量量的微分結果

�̂�(𝜃)Z𝜃 (𝜃)

�̂�(𝜃 = 0)

𝜃

�̂�(𝜃)
�̂�(𝜃 + Δ𝜃)

Δ𝜃

Z𝜃(𝜃 + Δ𝜃)

Z𝜃(𝜃)

Δ𝜃
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spherical coordinate system
�̂� = cos 𝜃 �̂� + sin 𝜃 cos𝜙 %𝑥 + sin𝜙 %𝑦
Z𝜃 = − sin 𝜃 �̂� + cos 𝜃 cos𝜙 %𝑥 + sin𝜙 %𝑦

=𝜙 = − sin𝜙 %𝑥 + cos𝜙 %𝑦
𝜕�̂�
𝜕𝜃

= − sin 𝜃 �̂� + cos 𝜃 cos𝜙 %𝑥 + sin𝜙 %𝑦 = Z𝜃
𝜕�̂�
𝜕𝜙

= sin 𝜃 (− sin𝜙 %𝑥 + cos𝜙 %𝑦) = sin 𝜃 =𝜙

𝜕 Z𝜃
𝜕𝜃

= − cos 𝜃 �̂� − sin 𝜃 cos𝜙 %𝑥 + sin𝜙 %𝑦 = −�̂�

𝜕 Z𝜃
𝜕𝜙

= cos 𝜃 (− sin𝜙 %𝑥 + cos𝜙 %𝑦) = cos 𝜃 =𝜙

𝑑 =𝜙
𝑑𝜙

= − cos𝜙 %𝑥 − sin𝜙 %𝑦

−sin 𝜃 �̂� − cos 𝜃 Z𝜃
= −sin 𝜃 cos 𝜃 �̂� + sin 𝜃 cos𝜙 %𝑥 + sin𝜙 %𝑦
− cos 𝜃 − sin 𝜃 �̂� + cos 𝜃 cos𝜙 %𝑥 + sin𝜙 %𝑦
= − cos𝜙 %𝑥 − sin𝜙 %𝑦

𝑑 =𝜙
𝑑𝜙

= −sin 𝜃 �̂� − cos 𝜃 Z𝜃

cylindrical coordinate 
system

�̂� = cos 𝜃 %𝑥 + sin 𝜃 %𝑦

Z𝜃 = − sin 𝜃 %𝑥 + cos 𝜃 %𝑦

𝑑�̂�
𝑑𝜃

= − sin 𝜃 %𝑥 + cos 𝜃 %𝑦 = Z𝜃
𝑑 Z𝜃
𝑑𝜃

= − cos 𝜃 %𝑥 − sin 𝜃 %𝑦 = −�̂�

⽤用“代數”的⽅方式求 單位向量量的微分結果
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Vector Analysis 直⾓角坐標
𝑑𝒓 = %𝑥𝑑𝑥 + %𝑦𝑑𝑦 + �̂�𝑑𝑧

Volumn integration of a scalar field, such as the density field 𝜌 𝒓 = 𝜌 𝑥, 𝑦, 𝑧

c 𝜌 𝒓 𝑑𝒓 =c 𝜌 𝑥, 𝑦, 𝑧 𝑑(𝑥 =c 𝜌 𝑥, 𝑦, 𝑧 𝑑𝑥 𝑑𝑦 𝑑𝑧

Vector differential operator

∇=
𝜕
𝜕𝒓 = %𝑥

𝜕
𝜕𝑥 + %𝑦

𝜕
𝜕𝑦 + �̂�

𝜕
𝜕𝑧

Given a scalar field 𝑓 𝒓 = 𝑓(𝑟) = 𝑓 𝑥, 𝑦, 𝑧 , then the gradient of 𝑓 𝒓 is

grad 𝑓 𝒓 = ∇𝑓 𝒓 = %𝑥
𝜕𝑓 𝑥, 𝑦, 𝑧

𝜕𝑥 + %𝑦
𝜕𝑓 𝑥, 𝑦, 𝑧

𝜕𝑦 + �̂�
𝜕𝑓 𝑥, 𝑦, 𝑧

𝜕𝑧

Given a vector field 𝑨 𝒓 = 𝐴 𝑟 = %𝑥𝐴! 𝑥, 𝑦, 𝑧 + %𝑦𝐴" 𝑥, 𝑦, 𝑧 + �̂�𝐴#(𝑥, 𝑦, 𝑧), then the divergence of 
𝑨 𝒓 is 

div 𝑨 𝒓 = ∇ ⋅ 𝑨 𝒓 =
𝜕𝐴! 𝑥, 𝑦, 𝑧

𝜕𝑥 +
𝜕𝐴" 𝑥, 𝑦, 𝑧

𝜕𝑦 +
𝜕𝐴# 𝑥, 𝑦, 𝑧

𝜕𝑧 =
𝜕𝐴!
𝜕𝑥 +

𝜕𝐴"
𝜕𝑦 +

𝜕𝐴#
𝜕𝑧

and the curl of 𝑨 𝒓 is 

curl 𝑨 𝒓 = ∇×𝑨 𝒓 = %𝑥
𝜕𝐴#
𝜕𝑦 −

𝜕𝐴"
𝜕𝑧 + %𝑦

𝜕𝐴!
𝜕𝑧 −

𝜕𝐴#
𝜕𝑥 + �̂�

𝜕𝐴"
𝜕𝑥 −

𝜕𝐴!
𝜕𝑦

(1)

(2)

(3)

(4)
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Vector Analysis 柱⾯面坐標
𝑑𝒓 = �̂�𝑑𝑟 + =𝜃𝑟𝑑𝜃 + �̂�𝑑𝑧

Volumn integration of a scalar field, such as the density field 𝜌 𝒓 = 𝜌 𝑟, 𝜃, 𝑧

c 𝜌 𝒓 𝑑𝒓 =c 𝜌 𝑟, 𝜃, 𝑧 𝑑(𝑥 =c 𝜌 𝑟, 𝜃, 𝑧 𝑑𝑟 𝑟𝑑𝜃 𝑑𝑧

Vector differential operator

∇=
𝜕
𝜕𝒓 = �̂�

𝜕
𝜕𝑟 +

=𝜃
1
𝑟
𝜕
𝜕𝜃 + �̂�

𝜕
𝜕𝑧

Given a scalar field 𝑓 𝒓 = 𝑓(𝑟) = 𝑓 𝑟, 𝜃, 𝑧 , then the gradient of 𝑓 𝒓 is

grad 𝑓 𝒓 = ∇𝑓 𝒓 = �̂�
𝜕𝑓 𝑟, 𝜃, 𝑧

𝜕𝑟
+ =𝜃

1
𝑟
𝜕𝑓 𝑟, 𝜃, 𝑧

𝜕𝜃
+ �̂�

𝜕𝑓 𝑟, 𝜃, 𝑧
𝜕𝑧

Given a vector field 𝑨 𝒓 = 𝐴 𝑟 = �̂�(𝜃) 𝐴$ 𝑟, 𝜃, 𝑧 + =𝜃(𝜃) 𝐴% 𝑟, 𝜃, 𝑧 + �̂� 𝐴# 𝑟, 𝜃, 𝑧 , then the 
divergence of 𝑨 𝒓 is 

div 𝑨 𝒓 = ∇ ⋅ 𝑨 𝒓 =
𝜕𝐴$
𝜕𝑟

+
𝐴$
𝑟
+
1
𝑟
𝜕𝐴%
𝜕𝜃

+
𝜕𝐴#
𝜕𝑧

and the curl of 𝑨 𝒓 is 

curl 𝑨 𝒓 = ∇×𝑨 𝒓 = �̂�
1
𝑟
𝜕𝐴#
𝜕𝜃 −

𝜕𝐴%
𝜕𝑧 + =𝜃

𝜕𝐴$
𝜕𝑧 −

𝜕𝐴#
𝜕𝑟 + �̂�

𝜕𝐴%
𝜕𝑟 −

1
𝑟
𝜕𝐴$
𝜕𝜃 +

𝐴%
𝑟

(5)

(6)

(7)

(8)
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Vector Analysis 球⾯面坐標
𝑑𝒓 = �̂�𝑑𝑟 + =𝜃 𝑟 𝑑𝜃 + =𝜙 𝑟 sin 𝜃 𝑑𝜙

Volumn integration of a scalar field, such as the density field 𝜌 𝒓 = 𝜌 𝑟, 𝜃, 𝜙

c 𝜌 𝒓 𝑑𝒓 =c 𝜌 𝑟, 𝜃, 𝜙 𝑑(𝑥 =c 𝜌 𝑟, 𝜃, 𝜙 𝑑𝑟 𝑟𝑑𝜃 𝑟 sin 𝜃 𝑑𝜙 =c 𝜌 𝑟, 𝜃, 𝜙 𝑟' sin 𝜃 𝑑𝑟 𝑑𝜃 𝑑𝜙

Vector differential operator

∇=
𝜕
𝜕𝒓 = �̂�

𝜕
𝜕𝑟 +

=𝜃
1
𝑟
𝜕
𝜕𝜃 + =𝜙

1
𝑟 sin 𝜃

𝜕
𝜕𝜙

Given a scalar field 𝑓 𝒓 = 𝑓(𝑟) = 𝑓 𝑟, 𝜃, 𝜙 , then the gradient of 𝑓 𝒓 is

grad 𝑓 𝒓 = ∇𝑓 𝒓 = �̂�
𝜕𝑓 𝑟, 𝜃, 𝜙

𝜕𝑟 + =𝜃
1
𝑟
𝜕𝑓 𝑟, 𝜃, 𝜙

𝜕𝜃 + =𝜙
1

𝑟 sin 𝜃
𝜕𝑓 𝑟, 𝜃, 𝜙

𝜕𝜙

Given a vector field 𝑨 𝒓 = 𝐴 𝑟 = �̂�(𝜃, 𝜙) 𝐴$ 𝑟, 𝜃, 𝜙 + =𝜃(𝜃, 𝜙) 𝐴% 𝑟, 𝜃, 𝜙 + =𝜙(𝜙) 𝐴& 𝑟, 𝜃, 𝜙 , then the 
divergence of 𝑨 𝒓 is 

div 𝑨 𝒓 = ∇ ⋅ 𝑨 𝒓 =
𝜕𝐴$
𝜕𝑟 +

2𝐴$
𝑟 +

cos 𝜃 𝐴%
𝑟 sin 𝜃 +

1
𝑟
𝜕𝐴%
𝜕𝜃 +

1
𝑟 sin 𝜃

𝜕𝐴&
𝜕𝜙

and the curl of 𝑨 𝒓 is 
curl 𝑨 𝒓 = ∇×𝑨 𝒓

= �̂�
1
𝑟
𝜕𝐴&
𝜕𝜃

−
1

𝑟 sin 𝜃
𝜕𝐴%
𝜕𝜙

+
cos 𝜃 𝐴&
𝑟 sin 𝜃

+ =𝜃
1

𝑟 sin 𝜃
𝜕𝐴$
𝜕𝜙

−
𝜕𝐴&
𝜕𝑟

−
𝐴&
𝑟

+ =𝜙
𝜕𝐴%
𝜕𝑟

−
1
𝑟
𝜕𝐴$
𝜕𝜃

+
𝐴%
𝑟

(9)

(10)

(11)

(12)

課本Page 3-6
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Gauss‘ theorem & Stokes' theorem
• the divergence theorem, or Gauss' theorem:

c
gGh.(j)

∇ ⋅ 𝐸 𝑑k𝑥 = l
j(gGh.)

𝐸 ⋅ 𝑑�⃗�

• Stokes' theorem:

m
j(n)

∇×𝐸 ⋅ 𝑑�⃗� = o
n(j)

𝐸 ⋅ 𝑑𝑙

m
j(n)

∇×𝑉 ⋅ 𝑑�⃗� = o
n(j)

𝑉 ⋅ 𝑑𝑙

If  𝑉 is the flow field(流場), then ∇×𝑉 is called the vorticity (渦度), 
and ∮n(j) 𝑉 ⋅ 𝑑𝑙 is called the circulation along the closed loop 𝐶(𝑆).

微觀的物理量 宏觀的物理量
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以 Stokes‘ theorem 為範例例證明之
m
j(n)

∇×𝐸 ⋅ 𝑑�⃗� = o
n(j)

𝐸 ⋅ 𝑑𝑙

將 𝑆(𝐶)切成很多小塊的方型切面。每塊面的法線方向不一定相同。但是只要每一塊面
都滿足上式，則加起來，相鄰兩面右側積分互相抵消，最後只剩最外圍的積分 𝐶(𝑆)。
現在取 local	coordinate	。考慮其中一個小塊方型切面 𝑆z，法線方向為 �̂�。整塊面位在
𝑧 = 0處。方型切面兩邊分別沿 %𝑥 and %𝑦 方向。若方型切面左下角位在 (𝑥, 𝑦)，右上角
位在 𝑥 + Δ𝑥 , 𝑦 + Δ𝑦 。再令 𝑥z, 𝑦z = 𝑥 + Δ𝑥/2 , 𝑦 + Δ𝑦/2 。因為

∇×𝐸 = %x
𝜕𝐸1
𝜕𝑦

−
𝜕𝐸'
𝜕𝑧

+ %𝑦
𝜕𝐸3
𝜕𝑧

−
𝜕𝐸1
𝜕𝑥

+ �̂�
𝜕𝐸'
𝜕𝑥

−
𝜕𝐸3
𝜕𝑦

在 𝑥z, 𝑦z, 𝑧 = 0 處
𝜕𝐸'
𝜕𝑥

−
𝜕𝐸3
𝜕𝑦 3|3!

'|'!
1|z

= lim
~3→z
~'→z

𝐸' 𝑥 + Δ𝑥, 𝑦z − 𝐸' 𝑥, 𝑦z
Δ𝑥

−
𝐸3 𝑥z, 𝑦 + Δ𝑦 − 𝐸3 𝑥z, 𝑦

Δ𝑦
1|z

m
j!

∇×𝐸 ⋅ 𝑑�⃗� = ∇×𝐸 ⋅ �̂� Δ𝑥Δ𝑦 3|3!
'|'!
1|z

=
𝜕𝐸'
𝜕𝑥

−
𝜕𝐸3
𝜕𝑦 3|3!

'|'!
1|z

Δ𝑥Δ𝑦

= lim
~3→z
~'→z

𝐸' 𝑥 + Δ𝑥, 𝑦z − 𝐸' 𝑥, 𝑦z
Δ𝑥

−
𝐸3 𝑥z, 𝑦 + Δ𝑦 − 𝐸3 𝑥z, 𝑦

Δ𝑦 1|z
Δ𝑥Δ𝑦

= lim
~3→z
~'→z
1|z

𝐸' 𝑥 + Δ𝑥, 𝑦z − 𝐸' 𝑥, 𝑦z Δ𝑦 − 𝐸3 𝑥z, 𝑦 + Δ𝑦 − 𝐸3 𝑥z, 𝑦 Δ𝑥

= o
n(j!)

𝐸 ⋅ 𝑑𝑙 %𝑥

%𝑦

𝐸 '
𝑥
+
Δ𝑥
,𝑦
z

𝐸 '
𝑥,
𝑦 z

𝐸3 𝑥z, 𝑦 + Δ𝑦

𝐸3 𝑥z, 𝑦

𝑥z, 𝑦z

𝑥, 𝑦

𝑥 + Δ𝑥, 𝑦 + Δ𝑦

%𝑛 = �̂�

𝐶(𝑆)
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