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Symon (1960): Chapter 2:

Motion of a Particle in One Dimension
“— WMo FED)AEN
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2-1 Momentum and energy theorems (55 /)

2-2 Discussion of the general problem of one-dimensional motion (75 /)
2-3 Applied force depending on the time (K2)

2-4 Damping force depending on the velocity (K2)

2-5 Conservative force depending on position. Potential energy (i)
2-6 Falling bodies (/)

2-7 The simple harmonic oscillator (5§ & K2)

2-8 Linear differential equations with constant coefficients (X&)

2-9 The damped harmonic oscillator (K£)

2-10 The forced harmonic oscillator (X&)

2-11 The principle of superposition. Harmonic oscillator with arbitrary
applied force



Outlines

 Momentum and Energy theorems
* One-dimensional motions



Kinematic Equations

* Kinematic Equations
dx B
E —
dv B
E -
* Newton’s Second Law:

-

F=m =m

where F is the force



Kinematic Equations

* Kinematic Equations
dx

3

where F is the force



Linear Momentum & Momentum Theorem

 Definition of linear momentum p (non-relativistic)
p=___
» Since force F = md = m(d#/dt), it yields
The (differential) momentum theorem:
 For one-dimensional problem:

d
P p =

* For two- or three-dimensional problem:

(o = ey

a Pr(t) = mv() = _

B S lp @ =miy® = _
dt . :

B.(0) = mi, () = __



Linear Momentum & Momentum Theorem

* Definition of linear momentum (non-relativistic)

- -
p =mv Relativistic monentum

p =ymv
« Since force F ma = m(dv/dt) It ylelds where v is the Lorentz factor

The (differential) momentum theorem: =1//1 —v?2/c?
* For one-dimensional problem:

dp(t)
TR p(t) = F(t)

d
Z—(tt) = p(t) = mv(t) = F[x(t), v(t),t]

* For two- or three-dimensional problem:

. (D (t) = Moy (t) = Fy [x(6), y(£), (1), v, (), vy (), v, (£), t]
d_}Z = F = { p,(t) = mvy,(t) = F,[x(t), y(t), z(£), v (t), v, (1), v, (t), t]
| D2(1) =m0, (1) = F;[x(2), y(2), 2(8), vx (), vy, (1), (1), ]




Momentum Theorem (cont.)

* An integrated form of the momentum theorem:
* For one-dimensional problem:

p = | Fdt

or
to

p(e) ~p(e) = [ F@de

p(e) = p(e) = | FIx(),v(0), el

t1



Kinetic Energy & Energy Theorem

 Definition of Kinetic Energy T (non-relativistic)
T =

* The (differential) Energy theorem:
 For one-dimensional problem:
dT (t)
it  ——

* For two- or three-dimensional problem:
dl
dt —



Kinetic Energy & Energy Theorem

 Definition of Kinetic Energy T (non-relativistic)
1 1

T=§mv2 =§m17-17

* The (differential) Energy theorem:

 For one-dimensional problem:

* For two- or three-dimensional problem:

ar
dac e
where 7 - F is the power

i -
._=v.F



Energy Theorem (cont.)

* An integrated form of the Energy theorem:

 For one-dimensional problem:
ty

T(ty) —T(ty) = AT = f F(t)v(t)dt

t1
If the force F is known as a function of x, then

ty X2
AT:j F[x(t)]v(t)dtzf F(x)dx
L X4

1
* For two- or three-dimensional problem:

ty X2
AT = f F[Z(®)] - B(t)dt = j F(x) - d&
t Xq

1
where f;lz F(%) - d% is the work done by the force F



One-dimensional motion of a particle

2-3 Applied force depending on the time
dv(t) F(¢t)
dt

Av FIH F(t)/m H#R FRYEEK °

2-4 Damping force depending on the velocity
dv F(v) 1 .
dt m ( v)

% v IEIFIRE—R > 45 ¢ HE U%?‘u —f8 > /oS -

2-5 Conservative force depending on position. Potential energy
dv F(x) 1  dV(x)

= U(tl) = U(to) +

dt m m dx
9 o HIESEIA v > EEEGREIE D BN 888 + AIAE<FIE -
BHMERE v
2-6 Falling bodies
d?z dv, mg
2 dt m 9

ssHCE !



One-dimensional motion of a particle

2-7 The simple harmonic oscillator

k
m5€=—kx=>5c’=—(—)x
m

ZRE— 1 (TERRIRE - oMK > ERIRIRRAVERE >
RE—ERIR > BZRU-LEEH ? MAEERHEFEE > MBHE T |

2-8 Linear differential equations with constant coefficients
a,X + a,x +apgx = f(t)
2-9 The damped harmonic oscillator
mix = —kx — bv
or
mx +bx+kx =0

2-10 The forced harmonic oscillator
mxX + bx + kx = Fy cos(wgt + 0,)



One-dimensional motion of a particle

R AEE I RLC circuit :

ZER—HBHER  BFF—EERER - —EEKL - —EEARC - DIk—
EINNER V() - WEEEmEN NHRE :

V(t)—IR+LdI+Q
B dt C
: R L C
Since MAM— BT |
I—dQ .
Cdt O
It yields 4
d*Q dqQ Q
— +— — =V(t
Ld2+d R+C (t)

EENF2A2IR 2-8, 2-9, & 2-10 W F1REZR ? FRLEMAVE - TRE -

HININE B mE V(t) = V, cos(wyt + 90) w2 5 —1@ forced harmonic
oscillator - RILEM=EE - EHERKET NEEEE -



2-3 & 2-4 R

2-3 Applied force depending on the
time
dv(t) F(t)
dt  m

= L (M ro)a
= () = vlto) 4, [ Py
Ao = v(ty) = v(to) FTE F(6)/m i
S FHERRS - or

1 t
v() = vlte) +— jt R
IR BEAATERZFNEEN AN
» A& F(t)/m 2—BAENNRE  Ff
DA
F(t)

v(t) #v(ty) +——t
m

2-4 Damping force depending on
the velocity

dv. F(v) 1

s v IEISFRE—M/ > 15 t KBS
»—8 > /oA -

dv —b
— =dIn(v) =—dt

v m
Inv(t;) —b tq
f din(w) =— [ dt
In v(t,) m Ji,
v(t1) —b
| =—(t; —t
n(v(t0)> m (ty 0)

b
v(t1) = v(ty) exp [F (t; — to)]

Or, for vy = v(t = 0), we have
v(t) = vye ~bt/m

551



2-5 &

2-5 Conservative force depending on position. Potential energy
dv. F(x) 1 _ dV(x)

dt m m'  dx
EERMAIREMN v - EHEFREED RS S8 + (IFEFIE - BHEIEERE v -
Hinqv(x) = —F(x)dx 3 V() —-V(xy) =V -V, =— f;‘o F(x)dx
kBB L RREIR NS

dv 1 dV(x) dV (x)
myv— = mv— |— =v|—

dt m dx

d (1 2) _ dV1dx _ dv

ac\2"V ) T dxlae T de
d(l 2>+dV_d(1 2+V)—0
dt \2 dt _de\2 B

2 1 2
Emv +V=§mv0 + 1,

where vy, = v(t =0), x, =x(t =0)and V;, =V (x = x,). Ityields
2
v =vi+— (Vo -V(x)) =0

BEEIEZER v(t) NEEREZE  B2FE "W, UNGEIN - BRUETSIAKE

=~

dx(t) _ dv(t) Flx(D)]
Fra O R




2-6 & 2-7 A&
2-6 Falling bodies

dzz_dvz__ﬂq__

ez dt = m 9
Hep > 3fMEX z @ £ &1k - ENINEE L @MEF » AAENESS
Ee—E TFNRE) NEE > STPERT - EEABED -
2-7 The simple harmonic oscillator

k
m5c'=—kx=>5c'=—(—)x
m

ZR— 1 TERRIRE > oMK > ERIRIRRAVERE >
RE—EES » BERN-LEEH ? MAEERSTRE > MAERT !

(38) Let x(t) = Ay cos(wt + ¢) it yields x(t) = —wA, sin(wt + ¢) and
¥(t) = —w?Ay cos(wt + @) = —w?x(t)

FRDBIH] - b EAMNEZEBER w = Jk/m
2RBE A, > 0 YUAHBHEN ¢ 5iZH#EEA: (initial condition) ZKGEE -

@Uﬁﬂ %X(t=0)=x0 _’fC(t:O):O EUA(): ¢=
BExt=0=0 x(t=0)=v, Hl4y= 6 =



## 7t The simple harmonic oscillator
—EEEN N TER (FFZLSNAER) - TR —(Bstable

equmbrlum, unstable equilibrium, or neutral equilibrium.

- HAORERRE | 2RMZERILEMBRRNFEHEH—E/NNERUE (a

virtual displacement ) -

- MRNUBEFAZFE] - BUBHOEN - MR e =2 —E%E 7] restoring force
- MEERKRWFEERE S IBEFERE stable equilibrium. IZEFEEMITIEE G52

’Z harmonic oscillation 3R

- MIRMNUBEMMSNZEN  HUBRAHEMHEE  BFMBRERE—EfFEENBHANT - &
=& F [OIEE W FE positive feedback - E M RRBIF &85 AIEEFERE unstable

equilibrium.
- MRNBEPAZRZENDNDAE - BAMERKNEERS BEEFEEE neutral
equilibrium.
- HEEEWERE | IR—EFERZAFEHUMEEIEGRUER -
HiE = mUse=ZE N - EERAEE—{E stable equilibrium.
%

fiE
« BEzGMUESRED - EiEZ4m2E—{E unstable equilibrium.
&z usE AL - B8z 2E—{E neutral equilibrium.

o DUEf - (RASERBIIRARIS ? (RS ER ) AOER SR AR B IR BT A
15 ? (REERNEMERE - ARSI R RIS 2
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2.9 RE

2-9 The damped harmonic oscillator
mx = —kx — bv

Forv = x, it yields the governing equation

., bk
X+—x+—x=0
m m

Note that the dimension of b/m is (Time)~".
The dimension of k/m is (Time)2.

(78 ) Let x = Cexp(yt) it yields
x = yCexp(yt) and & = y2C exp(yt)
Substituting the expressions x, x, and X into
the governing equation, it yields
b k
2+—y+—|C t) =0
[V Ty + ml exp(yt)

For C exp(yt) + 0, it yields
b k

2
—y+—=0
4 +my m

The solution of y are

AN
Thus,
x = Cy exp(y1t) + C; exp(y,t)
For
k b \?
LNEAN
m 2m
it yields

v1=—(b/2m)+iwandy, = —(b/2m) — iw

where w = /(k/m) — (b/2m)?

Thus,

X = exp (% t) [D; sin(wt) + D, cos(wt)]

Or

X = exp <% t) [A cos(wt + ¢)]

The constants C; & C, ,orD; & D, ,0or Ay & ¢
can be determined based on the intial
conditions.



LEER 2-4, 2-7, & 2-9
(2-0 HAZSAEHEM » EHEE)

| b>08&Kk>0 x(t=0)=x, & v(t=0)=uv,
2-4 dv 1

x(8) = xo + (Wo/Y)(L — e 77")

dt m v(t) = voe 1*
wherey = b/m
2-7 mi = —kx x(t) = (xo/ sin ¢g) sin(wt + ¢py)
v(t) = (vy/ cos ¢py) cos(wt + ¢py)
where

w = k/m & ¢po = tan" [xo/(vo/w)]
2-9 mxX =—kx —bv  For .,/k/m > b/2m
x(t) = .x e “1ot sin(wgt + ¢o)

v(t) = . e Yot cos(wgyt + ¢Pg + 1)

where yo = b/2m, wg =/ (k/m) — (b/2m)?

¢1 = tan*(yo/wq), o = tan™ {[(@)x%—oyo]}

w a)d



LEER 2-4, 2-7, & 2-9
(2-0 HAZSAHEM » EHEE)

- hb>0 & k>0 x(t = 0) = xo & v(t=0) = v,

m¥ =—kx —bv  for \[k/m < b/2m

x(t) = Y2Xo + Vo o-vit _ Y1%o0 + Vo —
Y2 — V"1 Y2 — V1
Xo + VU Xog + VU
O V2Xo 0 71t * Y1Xo R
Y2 — V1 Y2 — V1
where

Y1 = Yo —+ (b/2m)% — (k/m)
V2 = Yo ++/ (b/2m)% — (k/m)

2-9 mx = —kx — bv For /k/m: b/Zm
x(t) = xge Vot + (yoxo + vg)te Yol
v(t) = voe Vot —yo(yoxo + vo)te ot
where y, = b/2m

Homework: Plot the above solutions with xy > 0 & vy = 0.



2-8 & 2-10 &=

2-8 Linear differential equations with constant coefficients
a,X + a;x + agx = f(t)

FAE{EfEE (Euler method, the 2nd-order Runge-Kutta method, or the 4th-
order Runge-Kutta method)

X
- — t
prd Rl B PR R
| 4y a, a,

2-10 The forced harmonic oscillator
mx + bx + kx = F, cos(wgt + 0,)

FEER

F,
dt[ ] ——x——x+—cos(a)0t+90)
m m



— TR BEIREN » HEEEEE  tWH2BENEE m
R EYNERM - BEESGEENER m MAZE
B L3 5 R A0 TR B BRI A [ 20 2

k 1 1m L/l \? — or,
—kx% +-—Mx?+—— (— x) = constant m
2 2 L (M n 3) %= —kx

1k + — M + jlzdl
x X 2L3

It yields
1k 1M Im x(t) =
Pl +2 a +Eﬁx? anbo

= Ekx s (M + E)x = constant ST

sin(wt + ¢¢)

The time derivative of the above conservation law yields w =
m
ki + (M +§)5c5c' =0

W[ 3



