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Polhodes & inertia ellipsoid (in angular velocity space)
VS.
angular momentum sphere & kinetic energy ellipsoid (in angular momentum space)

HIEM R 2 EEBIRIEZE—5E Explorer 1 5218752 principle axis of the maximum
moment of inertia 1748 - REZ—EE:E - SWEERERVBREGEE - thER—E
B EIERGBIE c BBESRERSEZET - (BEREHERRIRUM » LEERTE -

1. B [0lRE & BUEE R
David A. Levinson (BR#%H2Lockheed Martin Space Systems Company) 5?
15 November 20125 #7£ UC Davis Mechanical and Aerospace Engineering

BYE:E Seminar

https://www.youtube.com/watch?v=RdDJtUxLwgQ
David Levinson on The Explorer | Anomaly.
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2. (WEIEEREBIEE > NMAA
angular momentum sphere & kinetic energy ellipsoid (in angular momentum

space) EEGALHE > BERREBRER K=" > MBBSZET -

https://www.youtube.com/watch?v=luzsOpVqFvQ
Kinematics - Motions of Spacecraft - 6.1.1 - Torque Free Motion Polhode Plots

DA EEBEELKHK | s AT ES

https://www.cou rsera.orq/lectu re/spacecraft-dynamics-kinetics/1-1-example-
special-polhode-plots-9QA000

Example: Special Polhode Plots
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RETH N EE R UG E2 R ER
1. {t/E=2 Polhodes & inertia ellipsoid
https://en.wikipedia.org/wiki/Polhode

FEEGHRNNF > BB EMEREEA—E 7 !
2. A{5% principle axes of the maximum
moment of inertia and the minimum moment

Of |nert|a TTE% ’ %B*E%{t?ﬁ*%;i ’ ,fExEE;JEI!.** I“:ig-ll-3 'l:o‘l'hOdes onanondegeneraiinerti.aellipso.id
principle axis of the intermedium moment of Fig1. 8 Is > I > I, I5HY '”“:”'a
inertia fTEMARE 77 ellipsoid LA RIAERIAIREELE
Polhodes © I5[E] .
3. 1148 Euler’s equations for the motion of a rigid #iPolhodes - L FHBRA

N . (Symon, 1960) °
body - FAEZKEEHR 2. RURRAL - FBERBREHE

BAUNETFEERRN BEM? VFEJ °
4. th ] HIZFESD Euler's equations K AREHEMITAR Polhodes °
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ZR—ETXZEFEHMRENYEE

HR—EEEEZPNERENS » EEVENEHESRENE—EIEN/N > M
FIREE—ERERSENE - ERABINNEINNEHAE » BILERE B HENRIE -
ENAFEEE—ETENDE -

B ZYEEEENIE =N EEEIZ SR (principle axes) RIBMIEEYIRSHES) - THIE
HEEREL—EHARCIEE > BHAK EE—REEHEENSEE  BE—E

AEE - i > BEEEERELENADE  EEABEQENE—EIE > M
AEE—ERERREE - RBERIINNEINNNELHST > IWENAEFENREX

s PEE—EREE -
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AT ZEBEMUE HENEEREENES N T EEAER (principle axes) {é4,é,, 63}, K
RS A ESROES) -

Y RERYEEEN 1 2 (moment of inertia) A&

= 16,6, + 12,6, + 1,648, (1)
IEE¥BER A IR FE (angular velocity) 2
W= w8 + w8, + w3é, (2)
HEYIBERYAENE angular momentum £
L=1,6,+L,6, + Lsés (3)
=]
L Ij @ =lLwé +Lw,é, + ;wsé; (4)

Equations (3) and (4) yields
L1 = 11(1)1
Lz = 120.)2
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L3 = 130.)3
Itb 5 RENERYDES - EMENAE kinetic energy 4
1.3 1 1 1
Tziw-l-w=Ellwf+zlzw§+il3w§ (5)

P AT CARBYEERIEEN= (angular momentum) 2RIFIERIFIEE (Kinetic energy).

i.e.,

L L LG
= 2—11 + 2—12 2—13 (6)
Equation (5) and Equation (6) Z8 AT IAX B i —EEF&NEERINEEIRE A TIER - BE2EMmE
HEEREINE » TEER | BEERME—THRAR LN 4B/ inertia ellipsoid.
Equation (5) can be rewritten as

w? w3 wi i a)_% w3

= =— — 7
2T /1, * 2T/1, * 2T/1;  a? * a; a3 7

where a, = /2T /1, a, = /2T /1,, az = /2T /I;. L ERETHEIEZR (principle
axes) {é,, &, é&}4 » MIERARENRE » §EEE—E o-space H [EENBENEEIRS4E

6

T

1
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HBIREL L - thw-space A TEENAEMEIEL BEEA/NELLIAVT © I8 w, w,, w3 &
HEMEERDBIELER /I, 1/, 1/J1; - BRENRIZIRIBBEYE  HE L
Em L E 4TS (Polhodes) FERFRIMNE - AMENEREIRE > BES
EREERNS > BB—4E L SERX  (Euler's equations for the motion of a
rigid body BEIENAR) RAE » WEEEZERINIE (Polhodes) RF|ER -

£2(5:388 Equation (5) & Equation (7) Fr¥i FERYEENAE inertia ellipsoid :
MRBMEE—EEHMENFRERANEAEZANERS R > ENL > 1L > 1; - BIFK
PIx13EE,, &,, 65 AN TEI D BIANE 2 A7 - S B4 B HENEE IS AT ¥ FERY inertia
ellipsoid AFRMAE 3 A7
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L>L>1 a

a

€2

Fig. 2. FHAFREIEAVESTEIEEL, > [, > I B » FBHe,, é,, &M MHIEH: -
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Inertia ellipsoid: ellipsoid of constant kinetic energy in the w-space

Lok Wy

Fig. 3.8 I, > I, > I, BERISENAE inertia ellipsoid  (w-space H5EIRE) - EHEEEA/NIE
EERAVT ° wy, w,, w3 & A EREE D BIIELER 1/, 1/, 1/
BEZBRME-—TUTHEZR 1 R LN BEEEE ellipsoid.

BB R 1: hitps://www.coursera.org/lecture/spacecraft-dynamics-kinetics/1-1-example-
special-polhode-plots-9A000

Example: Special Polhode Plots




Mechanics Il 11-1, 11-2, 11-3 rigid body ¥ 72 Z# Ling-Hsiao Lyu 2021-04-29

Equation (6) can be rewritten as

1

212 13 12 I3 I3

where by = /2T1,, b, = \/2Tl,, b3 =
J2TL. W ReRE M EE R

(principle axes) {é,é,,é;}/ - ¥IEEA
BE/RE > S EEE—ME L-space 1Y

MEBREMERSAEAREL L - IbL-
space 1 TEBNEEMSEIF . RS A/NIE
EERAVT © 385 Ly, Ly, Ly B HEMER D B
ELERVL, L, 15 ° S8 4 FiR ©

A A N A

Ellipsoid of constant L1
kinetic energy
in the L-space

Ll

Fig. 4.8 I, > I, > I; BF#Y ellipsoid of

constant kinetic energy in the L-space -

10
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ERAFENG - BAEHERNMEE - IMEAT - FIARRE,, 6, 6, BEHE » BF)
SNANA G R A EZEHRMAMEE - ELL Equation (3) yields

L2413 +13% =12 (9)
FRIAYBEAENE MR > thhEE(IELLL-space FINEAEERE L - FILYEEE
SR E Equation (8)FT#E#EMY IEENAEMEEIE. B2 Equation (9)FF#E/EN IEAE
SIRE MEBRIREFTEMAIEIAR - BLM4R - PIUAEE TEEEcEEm) £ tha
NEE "SANERE) L - #BTR 1 PHSEEEEEATEREL - BAUNR
MRNMBAE—ERENEE > MeEa T RENSS BB AARENE
2 AIMEBSEAARZING - BREAERZERNNFEIREEEE  FEENEEAEHRER
FAE)\ - ISR E M S AR ERENEMBERNME > et

2 - RERERES

=

En

11
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6. (t — ) =§ (10)
Bt > o) = w8, = (L/1) & (11)
T(t - 00) = Ty = ZLT (12)

ER=EEENELRES - FiUBMR ZEZERENEIEE RN -

12
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A cross-section plot of the kinetic energy ellipsoid and angular
momentum sphere at L, = 0 in the L-space

L>1L>1

Ly

Ellipsoid of constant kinetic energy Toi=17/2I,
L 13 13
= + +
2T,  2TI, 2Tl

Sphere of constant angular
momentum (dashed circle)

PP=L1+15+15

13
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Fig. 5. L-space (NSENAEEEIE (B4R) BER/IEIRE (E4R) L, = 0 BIEIE
 HREHEEREL > [, > [ - BTFERRNRES Sos R/ EEEEN
b - REREABMEEER - BEIAEAT e, = L2/21; BIEE Ty, = L2/21, - EEYES
nERAEIEENHNEE -

5 #@tiL-space 7 » FENAAGEELESAMNEIKEEL, = 0 HIEIEHE - BFERE
VIRfEEE R inE /) BHEENT > REESEBER  BEMEEHT w0 = L*/2];
BEARZE T = 12/21, > BEVERIaEZXEHIESNMNEE

FB BRI BMEREEGF - AERARATT4EH inertia ellipsoid ZREZFEINR A AL
SREMELR > BEMERRLESAEEESMNEEE - AR NERT > AFEST
{E - #% Equation (4a) XA Equation (9) » AI15

Fw? + IZw3 + Zw3 = 12

14
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FiilATEw-space F » M LEEEAEEFEAER TXNE A& —EHBEE S EX

o} w3 wi 0} 0 wj

“HEtEHETEE gt g )
where ¢; = L/I;,¢c, = L/I,, and c; = L/I;. tbw-space & TEBENEWEEIE EiE A/
IEEERAL ° 38 wy, w,, w3 B A ENEHR D BIIELER1/1, 1/1;, 1/15 » ELEEL Equation (7)
HHEE » FEw-space P TEAEENEMHEER) E—MELE TEFENENREER) EfHEERTEE

Eo

15
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A cross-section plot of two types of inertia ellipsoids at w, = 0 in the w-space
L>1>1

) 2 2
w7 w3 w3

Ellipsoid of constant kinetic energy 1= + +
2T [y~ 2T 1L~ 2T 1L

(inertia ellipsoid)

2 2 2
w7 w3 w3

- -
L2/1f 1215 12]13

Ellipsoid of constant angular momentum 1 =
(dashed curve)

16
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Fig. 6. w-space MNEFEAEHEIE (B4R) HFSABEHEE (E4R) Ho, =083H
& HPESEEmEL > I, > I; - BPER&VNREEE S &/ EHEE/
B> RESFEBLER  BENEAEATh, = L7/21; BIRE Ty = 12/21, > Z{EYES
nERAEIEENHNEE -

6 #&H w-space F » FIFE inertia ellipsoids FEw, = 0ERIBIEE » HAPEENESTH
EL > 1 > 1; - BPERRNREES oS &/EENEENH - KRERARMREELE
2o EENENEEHT e, = L?/21; BRIEZE T = 12/21, - BEAVEBRLERAEHES
AYERTEES - ELEAEREE 5 U[E 6 I LASEIBERAEER

MTHEZ R 2 M2 Equation (13)8 NEESH=EMEEIE, £ Equation (7)89 T
ENAEEEIE.) BREMIEFFEMN Polhodes AEREHAVMITE -

BB EZ R 2: hitps://www.youtube.com/watch?v=ei79Y aqarm0

Dynamics of a rigid body in torque-free motion.

17
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IREEIRIERA » HBETERZ Euler's equations for the motion of a rigid body °
HA& S REENYEMAZ RN NENAE > RN

d — —

7T =N-= 14

TL=N=0 (14)
2‘% 11, Iz, 13 %Kﬁi ’ TE % Fj(/J\ wq, Wy, W3, L/Ui 81,62,6’3 _EH]E’]HF@ ’ %BE
PBERS RS EN%E » AL Equation (14) can be rewritten as

dL dw, . dw, | dws | dé dé dé
dt Il dtl eq +12 dtz € +I3 dt 3e3 +110)1 d1 +12(U2 dtz +I3(U3 dt3 =0 (15)
llE./iT;ﬁﬂg
dé
—7 = 03(+8) + Wz (=) (16)
dé
— = w3(=01) + W (+8) (17)

18
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dé
= w2(+01) + 01(—8) (18)

Substituting Equations (16), (17), and (18) into Equation (15) to eliminatedé, /dt,
dé,/dt, and dé;/dt, respectively, it yields

dL  dw, dw, dws ) )
T 11731 + 1, PTIAL + I3 T + Lw[ws(+8;) + w, (—é3)]

+ Lwy[ws(—é1) + 0y (+83)] + Lws[wy(+8€1) + w1 (—&;)]

A dw,
=€ 11W—12w2w3 +I3U)30)2 (19)

A dw,
+ ez (12 W + 11(1)1(1)3 - I3(U3(U1>

A dws _
+e3 I3W_Ilw1w2 +12(U2(U1 —_ O

Equation (19) yields

19
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da)1 IZ - 13
ar oL @29 (20)
dwz 13 - Il
I, @@ (21)
dw3 11 - 12
L e (22)

Equations (20)~(22) are the Euler’s equations for the motion of a rigid body.

BT —HBVIRIEE 0, w,, w; BT UBSEER A EEIZED A LE Euler's
equations 5Z—#Hw, (t), w,(t), ws(t) TEw-space KIENIN4E » LtEEN Polhodes AIRE
EAVENENAR -

WMR A RBDT A REEE T EMTONME - M ABATH TRE M2
(stability analysis) - BEMIBE MDA » HPIAEMETHEREHE FETITR > 2
—{EF &8 (equilibrium state) ~ A& F M B IN—1E/)\RIGAVIEE) (small amplitude

20
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perturbation) HEEEE/NEBEFNRIIRIEZE A ZHIAK (be amplified) o A RIRIEEZ #H X

X - Bl @EREmaE—E TRIBENFERE (an unstable equilibrium state) o

21
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1BEE R & AFERE(equilibrium state) :

Case 1: w(t = 0) = wyé;
i.e., without perturbations

w1 (t =0) = w, (23)
w,(t=0)=0 (24)
ws(t=0)=0 (25)

Substituting Equations (23)~(25) into Equations (20)~(22), it yields,
dw; dw; dws

at ~dar ~ar
Thus, w(t = 0) = w,é, is an equilibrium state.
Case 2: w(t =0) = wyé,
i.e., without perturbations
w,(t = 0) = wy (27)

22
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w3(t=0)=0 (28)

Substituting Equations (26)~(28) into Equations (20)~(22), it yields,
dw; dw; dws

at ~dar ~ar
Thus, w(t = 0) = w,é, is an equilibrium state.
Case 3: w(t = 0) = wyé;
i.e., without perturbations
w,(t=0)=0 (30)

Substituting Equations (29)~(31) into Equations (20)~(22), it yields,
dw; dw, dws
dt  dt  dt

Thus, w(t = 0) = w,é; is an equilibrium state.

0

23
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PTA Cases 1~3 £} 2 FEIRRRIER - ATRMAREDINE » BEEBLETERE REN

FEEE)  (stable equilibrium) EE TRIEETFERE] (unstable equilibrium) -

FEEITREDNZA] - BT D T —Td?w,/dt?, d*w,/dt?, d*w;/dt? 2T °
Taking the time derivative of Equations (20)~(22), and using Equations (20)~(22) to
eliminate dw, /dt, dw,/dt, dws/dt in the resulting equations, it yields

d2w1 _ 12 - 13 dwz + 12 - ]3 da)3
ez 1, dt 3 L, Y274
L—1; /I3 =1 IL,—1 L =1
= z 3 ( 3 ! (1)30)1) (U3 + z 3 (1)2 ( ! 2 (1)1(1)2) (32)
11 12 11 13
(12 - 13)(13 - 11) 2 (12 - 13)(11 - 12) 2
= w3 + w5 | wq
11, L1,

24



Mechanics Il 11-1, 11-2, 11-3 rigid body ¥ 72 Z# Ling-Hsiao Lyu 2021-04-29

dz(l)z _ 13 - 11 d(l)3 + 13 - 11 dwl
ez 1, dt ™ L, “Tdt
I;—1 (I, =1 I;—1 I, =1
=21 (1 2 w1w2> W + SBER w3 ( 23 w2w3> (33)
I I3 I I
_ (13 B 11)(11 - Iz) w? + (13 B 11)(12 - 13) ol w
B L1, 1 L1, 3172
dz(l)g _ 11 - 12 da)1 + 11 - 12 dwz
dtz L, dt 2 L, at
L-1 (I, -1 L =1 I3 —1
_ha7h (2 3 w2w3>w2 g7 a)1<3 1 w3w1> (34)
I3 I I3 I
_ (L, — L), — 13) w2 + (I, — 12)(13 — 1) w?| w
B I31 ? I3, o
Equations (32)~(34) can be rewritten as
d?w,
TR (45 w3 + A,03)w, (35)

25
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d’w,
dt?
d?w,
dt?

where

A1=

A2=

A3=

= (4 wi + A303)w;

= (Azw% + Alw%)w3

(I3 =)L — 1)

L1

(h — L), — Is)
1311

(I — )3 — 1)
1112

For I, > I, > I3, ityields A; <0, A, > 0, and 4; < 0.

26
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(36)

(37)

(38)

(39)

(40)
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BE o Stability Analysis:

Case 1: equilibrium state w, = w,é;
Adding small amplitude perturbations to the equilibrium state, it yields
wq = (UO + 60)1

w, = dw,
w3 = dws
where
5 ) 5
| e z| it z| 3l e«
Substituting Equations (41)~(43) into Equations (35)~(37), it yields,
d*Sw
dt2 "= (A3 Swj + A;6w35) (Sw; + w) ~ (E*w)w,
d*Sw,

=[A;(bw; + wy)? + A36w3]6w, =~ (A; + Az;€®) w3 Sw,
3 0

dt?

27
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(41)
(42)
(43)
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d*6w
723 = [Ay0w3 + A1 (Sw; + wo)?]6w; = (A% + A wi Sw;
Ignoring the €2 terms, it yields
2
d“dw, o (44)
dt?
d*6w
dtz 2 =~ Alwg 5(1)2 (45)
d?6w
dt? > = A, 0 Sws (46)

Since A; < 0, Equations (45) and (46) yield the small amplitude perturbations dw,
and Sw5 will not be amplified. Thus, w, = wyé, is a stable equilibrium state.

Case 2: equilibrium state w, = w,é,
Adding small amplitude perturbations to the equilibrium state, it yields
wq = 50)1 (47)

Wy, = Wy + 60)2 (48)

28
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(1)3 = 5(()3 (49)
where
1) 1) 6
| ! z| @2 z| i reK1
Wy Wy W
Substituting Equations (47)~(49) into Equations (35)~(37), it yields,
d*Sw
Tzl = [A3 Sw?3 + A,(Swy + w)?]6w, =~ (A3€% + Ay)wi Sw,
d?Sw
—a = (16wt + A3805) (Bw, + wy) = (0w,
d*Sw
e 2 = [4,(8w, + wp)? + A,80%)8ws ~ (A, + A1€2)wE Sws
Ignoring the €2 terms, it yields
d?Sw
dtz L = Azwg 60)1 (50)
2
d“dw, o (51)
dt?

29
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d?5ws

Cdt?
Since A, > 0, Equations (50) and (52) yield the small amplitude perturbations §w;
and dw; will be amplified. Thus, w, = wyé, is an unstable equilibrium state.

Case 3: equilibrium state w, = wyé;
Adding small amplitude perturbations to the equilibrium state, it yields

w; = 6w, (53)
wy = 6w, (54)
w3 = Wy + dws (55)
where
) ) )
| e z| it z| 3l e«
Wo Wo Wo
Substituting Equations (53)~(55) into Equations (35)~(37), it yields,
d?s
2 = Ay (B0 + w0)” + Az803180, = (A + A, 0y

30
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d?s
T(:z = [A;6w? + A;(bws + w)?]0w, =~ (A1€2 + A3)w3 Sw,
d?Sw
Tz‘?’ = (4,6w3% + A 50?) (Sw; + wy) = (2w3)w,
Ignoring the €2 terms, it yields
d?Sw
dtz L = A3(US 60)1 (56)
d?Sw
dtz 2 = A3(US 60)2 (57)
2
d“dw; _ (58)
dt?

Since A; < 0, Equations (56) and (57) yield the small amplitude perturbations dw,
and dw5 will not be amplified. Thus, @, = w,é; is a stable equilibrium state.
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