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Polhodes & inertia ellipsoid (in angular velocity space)
VS.
angular momentum sphere & kinetic energy ellipsoid (in angular momentum space)

BRER R L EEEIRE IR —3% Explorer 1 1802 principle axis of the maximum
moment of inertia ]85 - REZ|—E)ER - EREHEERAERBEIE - BthEE|—1E
i 0 EWIEREIEE - BB REBB/ERT - BERREHELMNFGM - LEER5TE -
1. B [ClEE & BEERE
David A. Levinson (BR#%H2Lockheed Martin Space Systems Company) i?
15 November 20125235 7f UC Davis Mechanical and Aerospace Engineering

RYJEEE Seminar

https://www.youtube.com/watch?v=RdDJtUxLwgQ
David Levinson on The Explorer | Anomaly.

7EEE15:00 35:00 B8R R

2. (EIEEmEAL - AR
angular momentum sphere & kinetic energy ellipsoid (in angular momentum

space) EERERANIZE - BERREREE—KR=> MREFET °

https://www.youtube.com/watch?v=IluzsOpVqFvQ
Kinematics - Motions of Spacecraft - 6.1.1 - Torque Free Motion Polhode Plots

UEEEEHR | SAiRMNTES

https://www.coursera.org/lecture/spacecraft-dynamics-kinetics/1-1-example-
special-polhode-plots-9A000

Example: Special Polhode Plots

AERBMMEEEZS B 2R
1. R Polhodes & inertia ellipsoid

https://en.wikipedia.org/wiki/Polhode
FERRBENNXE  IEMA R ES

2. Afali5% principle axes of the maximum
moment of inertia and the minimum moment

Of |nert|a ?TE% ’ %B*E%ﬂ'?ﬁ*%fg- , {EZEE%:II-%_ Itig. 113 'l:Io-‘l'hodes onanondegeneraiinerti.a ellipso-id
principle axis of the intermedium moment of Fig1. & Iy > I, > I, F5HY '”‘f“'a
inertia $J8EMAIZE T2 ellipsoid MK FIAERI A IRE L

#iPolhodes - ItEE & B iR A&

3. 1148 Euler’s equations for the motion of a rigid
(Symon, 1960) -

body - FA'E3REEHR 2. BYfRH - FEAREFEHE
BANMEE TR ST M, VF)?J °
4. thr]Hi1ETE4 Euler's equations K ARERENII4R Polhodes °
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ZRE—EEXZEHE BRI

HR—EETEFFNRERENS > EEVENEDESRENE—EIEN/N > M
FIREE —HRERE N - BEREAINNEINNEH AT - BILLEERBERNYEE -
ENBHEEE—ETIENRE -

HDZYISEHIEENEHEIER (principle axes) HIEFIEEYIESHIES) - EHE
FEERER (AL AREAVRE - BHAR LS —EAEYESNSE(E - HE2—E
AEE - A > BEEEERELAYENAYE  ERAPECENE—EIE > M
AREE—ERERENE - RBRBINNEINNERAS » ItENAHENREX
N ER—EAEE -

MU TERMUAB BRYEErNEE)ESA T EEIZE R (principle axes) {éy,é,,é5}, 2R
IS AV SR EE) -
H Y EERVEEEN 18 = (moment of inertia) A&

i: Ilélél + Izézéz + I3é3é3 (1)
EYDBERY A 3R FE (angular velocity) 2
5 = wlél + (l)zéz + (U3é3 (2)
Y BER A E)E angular momentum 2
I_; = Llél + Lzéz + L3é3 (3)
=]
z = i 5 110)16’1 + 120)262 + 130)333 (4)
Equations (3) and (4) yields
Ll = 11(1)1
LZ == 12(1)2 (4a)
Lz = zws
It B EHENERVIDES - ERYENEE kinetic energy &
1.3 1 1 1
T—Za) I- —Ellwf+512w§+§13w§ (5)

A9t e A1 RERIAENE (angular momentum) AR ERIENAE (kinetic energy).
i.e.,
L L3 13

=14 245 6
21, 21, t 2, ©)
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Equation (5) and Equation (6) &8P AR & B —EIFENBERIEEIRE 5 7230 - (B2 EME
MEEEBHIE » TR | BEERME—THRA LN 48 inertia ellipsoid.

Equation (5) can be rewritten as

- 270")/%11 * 2;)/%12 * 2;‘")/513 N (:_3% * Z_g +(:_§ %
where a;, = /2T /I, a, = \[2T /L, a3 = [2T/I;. WL 2RETEEIZR (principle
axes) {&,,é, &} - MIEAEENRR > §E8% T8 o-space B EEREMEIRSE
WBRRE L L o tbw-space  MEENREMBEIE Y EEEA/NELEIWT © 58 wy, w,, w3 &
HENEESBIELER1/VL, 1/, 1//1; - BERENESIRETAGRNE > B LS
EfE L E 4TS (Polhodes) RERFRIMENE - AMEREREIRIE - BET
ERASEEERNS > BB—4E LhHFEX  (Euler's equations for the motion of a
rigid body BEIEM4AR) RRTE » WEIEEZAINIE (Polhodes) ¥R -

1

22453288 Equation (5) & Equation (7) BTt FERIZEENAE inertia ellipsoid :
MRFMIZE—EEREERNFEERIEAMRNRSE > ENL > 1L, > 1 Al
fIZN%Ee,, é,, é; FIA A RIANE 2 Fiw - EEFFHE B HEESRTATE B inertia
ellipsoid AR E 3 AR °

é
L >0 > 2

és

é;

Fig. 2. FHEFTEIEEIEIEEL > [, > I; BT » Ble,, é,, ;D HIEH -
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Inertia ellipsoid: ellipsoid of constant kinetic energy in the w-space
L>0>1 w,

Fig. 3.8 I, > I, > I, BRI ENAE inertia ellipsoid  (w-space HEEIRE) - HEREA/NE
EEFAVT ° wy, w,, w03 & A EMEEDBIELER 1/, 1/, 1/ °
BEZBME—TUTHEZR 1 P LN BIEEEE ellipsoid.

B 82 R 1: https://www.coursera.org/lecture/spacecraft-dynamics-kinetics/1-
1-example-special-polhode-plots-9A000
Example: Special Polhode Plots

Equation (6) can be rewritten as
L% L3 L5 17 L3 I3

1 == = — — —_— 8
271, T 2T, T 2T, b2 T b2 T D2 (8)
where by = 2T1, b, = /2Tl bs = Ellipsoid of constant L1
J2TL. thih B eR7E T EEIE & kinetic energy

in the L-space

(principle axes) {&,,é,,é;}H » ¥IBEMA L >1> 1
ENERIER - IS EEE—(E L-space HY

rEg AR EENREL L - IbL-
space 1 MEENEEMSEIE ) BIEA/NIE
EERAVT © 35 Ly, Ly, Ly B ERERE D B L,
ELERVL, L, 15 * 318 4 Fik ©

Fig. 4.8 I, > I, > I, BERY ellipsoid of
constant kinetic energy in the L-space °
ERANENR - RSEBMRNYME > SMNESE - TARRE,, é,, 6, FEE » AF)
SR/ NG R BEATEIRTAEE - ELE Equation (3) yields
L2 +13+1% =12 (9)
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FRIAMIBE AENE MR - thNEB(ITELLL-space FNEAEERE L - FILYEAE
SEETE Equation (8)FT 48R EENAEEEIE. B2 Equation (9)FFHEEN MEAE
SIKE MENEFMEHRIMAR - BLEMAR - JUEE TFEEckEm) £ the
NERE TERFEKE) L - BBETHR 1 FHREEEEEEAPEIREL - ARUR
WRNMEAZ—ERENEE - MEES TRENSS  IEEEIHBRENE

» RIYRSERAAZIN - EREREBFIANFEEBEHEA - (ESENEFEEHBER
EaE ) - RIS AR B S AR EINEAREMBMRANMG  hBR LS

it o) =1 (10)

w(t - o) =wé = (/L) é (11)
LZ

T(t - oo) = Tin = ﬁ (12)
1

RAE=EZRNELERHE - FAUABFIR_—EZREEIEE R -

A cross-section plot of the kinetic energy ellipsoid and angular
momentum sphere at L, = 0 in the L-space

A
Ly

Ellipsoid of constant kinetic energy =il 20,
4,1 1
o9TL 2TL " 2Th

Sphere of constant angular
momentum (dashed circle)

L* =15+ 15+ L5

Tinin = LZ/le

Fig. 5. L-space (WS ENEEBEIE (B4R) HMER/PEIRE (E4) L, = 0 BIEIE

» HAR@ESEEREL > I, > [; - BRERHEVNRES oS &/ EEEER
o RRABEEER  BEEEER T, = L2/2]; BIBE T, = 12/21, > ZEME
iinE R AEIEE e -
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5 #@itiL-space > FEIAGEHLESAMNEIKEEL, = 0 EEHE - BFERER
YIRS E B inE R/ ESEE SN > RERRAMEBER » BEEFAEHT w0, = L7/215
BRZE T = 12/21, > BEWER aEZXEIG SRS

BE FRMt eI DEREREGF - BERAPRFIT4ERY inertia ellipsoid 2REEFEINR B HE
SREMEAR » BEMERSE R NEHESNEE - ARINNEAT » BHET
5 - 4% Equation (4a) {X A Equation (9) » AJ1%
IFw? + IFw3 + [Zw% = I?

FibATEw-space Ff » A L EEABEFE AR FINE S —EHBEHZEN

1= w1 + ©2 + w5 =w—%+w—%+w—§

L2JIZ  L2]12 1212 ¢ c2

where ¢; = L/I,,c, = L/1,, and c; = L/I;. tbw-space 1 MEAENEMEEIEI EEHEK/
IEEERAL ° 38 wy, w4, w3 B A EMEHR D BIIELER1/1, 1/1,, 1/15 » ELEEE Equation (7)
HELE » £ w-space F IEAEMHER =@ttt 'EBEEHBEERR) EHENTEE

M °

(13)

A cross-section plot of two types of inertia ellipsoids at w, = 0 in the w-space
L >1, >,

2 2 2
w1 w3 w3

1= + +
2T /1, 2T/I, 2T/l

Ellipsoid of constant kinetic energy
(inertia ellipsoid)
wi @]

Ellipsoid of constant angular momentum 1 = + +
P 9 2/12 " 12/12 " 12/1%

(dashed curve)

Fig. 6. w-space MEEIAEHEIE (B4R) HEABEHBEE (ER) o, =0rEIH
» HR@ESNEEREL > I, > [; - BRERHEVNRES oS &/ EEEER

b - RERRBEELER - BEIBEAT e, = L2/21; BRIEZE Ty = L2/21, - BEEYES
iinE R AEIEE e -
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& 6 48 w-space 7 > MFE inertia ellipsoids fEw, = 0ERMEIEE - ETiEE)IEE R
Bl > 1, > I; - BRFERRNRESEE oE &/ EENEEN - REBARMEELE
o EEENAEHT 0y = L2/21 FRIEZE Thun = L2/21, » BEVEEGERAESIES
AIEdEsS - EUItARsRZE 5 SE 6 FrILASEIMERErVSR -

MTHES R 2 Haiil Equation (13) TEAF=EMEEE) 2 Equation (7)) TE
BEEEEIE. BREMEFTEA Polhodes AEREHAVINITE -

B2 82 R 2: https://www.youtube.com/watch?v=ei79Y aqrm0

Dynamics of a rigid body in torque-free motion.
IRELERIERA » HEMHEZ Euler's equations for the motion of a rigid body °

E % B HEEAEEMETZRIRINIEN AT » B

d -
= 14
n —L=N=0 (14)
#:'J L, I, I3 %Z:?'zz% ’ 'fE % ’Ej(d\ W, Wy, W3, L\/Ui é,,6,, 63 EEH]E"]HFEJ ’ gﬂg
RERFREIEA % » A LE Equation (14) can be rewritten as
dl  dw, . dw, | dws dé, dé, dé, 15
dt Il dt 81 + Iz d 82 + 13 d 33 + 11(1)1 d + 120)2 dt + 136[)3 dt = O ( )
u\EI . lﬁ_.l-;l-ﬁ EH
de
— = w3(+6;) + wy(—83) (16)
dé
— = 03(=8) + w0y (+63) (17)
dé
— = 0y(+8) + w1(=&;) (18)

Substituting Equations (16), (17), and (18) into Equation (15) to eliminatedé, /dt,
dé,/dt, and dé;/dt, respectively, it yields

dL  dw, dw, . dws
ar =L —- dt é+ 1L — dt é;+ I3 —— dt é3 + Lwi[wz(+8&;) + wy(—é3)]

+ Lwy[w3(—é1) + wi (+83)] + Lws[w, (+6;) + w,(—&3)]
N dw,
= el (11W—12w2w3 +I3(l)3w2> (19)

A dw,
+ 62 (12 ? + 11(1)1(,03 - 13(,03(,01)

A dws
+ 63 (13_t - 11(1)1(,02 + 12(1)20)1> = 0
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Equation (19) yields

dwl 12 - 13
W —_— Il a)z(l)3 (20)
dwz 13 - Il
T _— 12 (U3(U1 (21)
dw3 Il - 12
T _— 13 (l)lwz (22)

Equations (20)~(22) are the Euler’s equations for the motion of a rigid body.

HETE— RGNS 0, w,, 0 B MRASERER S EEIZE DU LS4 Euler's
equations 5ZI—#Hw, (1), w,(t), w;(t) FEw-space RIERITAR - tEED Polhodes AIRE
EHAVERITAR ©

MREMRABOAREEEFHHITAGITE - BRATUMU T MBEMD T
(stability analysis) - ZMIBE 2 TAT » BPISCEMET BREMBFIHTTR -
—1EF & R& (equilibrium state) » ZAR MBI —E/ NRIBAIIEEN (small amplitude
perturbation) &&EE/JEFAVIRIEE A Z K (be amplified) ° A1 RIRIEE #X

X - Bt ERERE—E TABENTFERR (an unstable equilibrium state)
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B2 B AT HAEE(equilibrium state) :

Case 1: w(t = 0) = wyé;
i.e., without perturbations

w(t =0) = w, (23)
w,(t=0)=0 (24)
ws(t=0)=0 (25)

Substituting Equations (23)~(25) into Equations (20)~(22), it yields,
dw; dw, dws
dt dt dt

Thus, w(t = 0) = w,é, is an equilibrium state.

Case 2: w(t = 0) = wyé;
i.e., without perturbations

w(t=0)=0 (26)
wy(t =0) = wy (27)
ws(t=0)=0 (28)

Substituting Equations (26)~(28) into Equations (20)~(22), it yields,
dw; dw, dws

at ar ar
Thus, w(t = 0) = w,é, is an equilibrium state.
i.e., without perturbations
w,(t=0)=0 (29)
w,(t=0)=0 (30)
w3(t =0) = wg (31)

Substituting Equations (29)~(31) into Equations (20)~(22), it yields,
dw; dw, dws
dt dt dt

Thus, w(t = 0) = w,é; is an equilibrium state.

=0

P Cases 1~3 #f 2 ERERIER - UNTRABREDINE » BEEBLETERE REN

FERE  (stable equilibrium) 22 TRIBEMTERE) (unstable equilibrium)

FEEITRE DM ZA] - BT D T —Td?w,/dt?, d*w,/dt?, d*w;/dt? BT °
Taking the time derivative of Equations (20)~(22), and using Equations (20)~(22) to

eliminate dw, /dt, dw,/dt, dws/dt in the resulting equations, it yields
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dzwl _ 12 - 13 dwz 12 - 13 dw3
ez I, dt 3 TN
12_13 13_11 12_13 11_1
= I, ( I a)3a)1> w3 + I, 2( I - w1w2> (32)
— (12 - 13)(13 - 11) (;)2 + (12 - 13)(11 - 12) (‘)2 w
LI, ’ L1 21
dz(l)z _ 13 - Il d(l)3 + 13 - Il d(l)l
a2 I, dt * L, “*Tdr
I;—-1, /I, -1 I; —1 I, —1
=3 1<1 2w1w2>w1+3 1a)3<2 30)20)3) (33)
I I3 L I
— (13 - Il)(Il - IZ)Q)Z + (13 - 11)(12 - 13) (;)2 w
L1 ! L1 51
d2w3 _ 11 - 12 dwl + 11 - 12 d(l)z
ez I, dt 2 L, “tdr
L-1 (I, —1 L —1 I; — 1
_hTh (2 3 a)za)3>a)2 L5 w1<3 1 a)3a)1> (34)
A I, A 1,
— (11 - IZ)(IZ - 13) wz + (11 - 12)(13 - Il) (;)2 w
L1, ? 31, i
Equations (32)~(34) can be rewritten as
d?w
d’w
d’w
where
L — 1) — 1
Al — ( 3 1)( 1 2) (38)
L1
L —1L)U,—1
AZ — ( 1 2)( 2 3) (39)
I3
L, —13); -1
PRCEIOICEY “0)
LI,

For I, > I, > I3, ityields A; <0, A, > 0, and 4; < 0.

10
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BE 217 Stability Analysis:

Case 1: equilibrium state w, = wyé;
Adding small amplitude perturbations to the equilibrium state, it yields

0)1 :a)o +6w1 (41)
0)2 = 6(1)2 (42)
0)3 = 6(1)3 (43)
where
dw 6 o
| ! z| @2 -«| i reKL1
Wy Wy Wo
Substituting Equations (41)~(43) into Equations (35)~(37), it yields,
d?Sw
Tzl = (43 Sw? + A,6w3) (Sw, + wy) = (e2wd)w,
d*Sw
— ot = [A1(60y + 00)* + 43803160, ~ (4; + Aze?)f S,
d*Sw
Tf = [Az0w5 + A;(Sw; + wg)?*]6ws = (Az€? + A w§ Sws
Ignoring the €2 terms, it yields
2
d“dw, o (44)
dt?
d?Sw
d?Sw
dt2 > = A, 0} Sw; (46)

Since A; < 0, Equations (45) and (46) yield the small amplitude perturbations dw,
and Sw5 will not be amplified. Thus, w, = wyé, is a stable equilibrium state.

Case 2: equilibrium state w, = wyé,
Adding small amplitude perturbations to the equilibrium state, it yields

0)1 = 6(1)1 (47)
(1)2 = a)o + 6(1)2 (48)
0)3 = 6(1)3 (49)
where
o 6 o
| ! z| @2 -«| i reKL1
Wy Wy Wo
Substituting Equations (47)~(49) into Equations (35)~(37), it yields,

d*Sw,

dtz [A;5 w3 + A (8w, + wo)*16w, = (Az€* + Ay)wg Sw,

11
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dz&‘)Z 2 2 2,2
I (A16w7 + A36w35)(Bw, + wy) = (6°w§)w,
d*Sw
TZ?) = [A2(6w2 + (,Uo)z + A16w%]5w3 = (AZ + Alez)wg 6(1)3
Ignoring the €2 terms, it yields
d*5w
2
d“dw, o (51)
dt?
d*Sw

Since A, > 0, Equations (50) and (52) yield the small amplitude perturbations §w,
and Sw5 will be amplified. Thus, @, = wyé, is an unstable equilibrium state.

Case 3: equilibrium state w, = wyé;
Adding small amplitude perturbations to the equilibrium state, it yields

0)1 = 6(1)1 (53)
0)2 = 6(1)2 (54)
(1)3 - a)o + 6(1)3 (55)
where
ow Sw ow
| ! z| 2 -«| 3 reK1
Wo Wo Wy
Substituting Equations (53)~(55) into Equations (35)~(37), it yields,
d*Sw, 5 5
W == [A3 (6(1)3 + (,Uo)z + A26w2]6w1 =~ (A3 + A262)w0 6(1)1
d?*Sw
TZZ == [A16a)% + A3(6w3 + (1)0)2]50)2 =~ (A162 + A3)wg 60)2
d?Sw,
oz = (A,6w3 + A1 6w?)(Sws + wy) = (e2wd)w,
Ignoring the €2 terms, it yields
d?*Sw
e L~ 4302 bw, (56)
d*Sw
e 2 ~ A0 Sw, (57)
2
d°omz _ (58)
dt?

Since A; < 0, Equations (56) and (57) yield the small amplitude perturbations sw,
and Sw5 will not be amplified. Thus, @, = wyé; is a stable equilibrium state.

12



