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Euler Angles - Interactive 3D Graphics
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Fig. 11.4 Euler’s angles.
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Proper Euler angles geometrical definition. The xyz (fixed) system is shown in blue,
the XYZ (rotated) system is shown in red. The line of nodes (N) is shown in green
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Fig. 11.4 Euler’s angles.

We may therefore express w in terms of its components along the principal
axes:
w; = fcosy + $sinfsiny,

wg = —fdsiny + $sin fcosy, (11-44)
w3 = ¥ + ¢ cos 0.

The kinetic energy is now given by Eq. (10-153):
T = 3w} + 103 + $Ta0f. (11-45)

The kinetic energy is a rather complicated expression involving 6, ¢, ¥, 6,
and ¢. Note that 6, ¢, ¢ are not orthogonal coordinates, i.e., cross terms
involving 6é and Y¢ appear in T. In the case of a symmetrical body
(I1 = I5), the expression for T simplifies to the form:

T = 31,6% + 31,4?sin? 0 + 4I3(¢ + ¢ cos 6)%. (11-46)

The generalized forces Qs, Qy, @y are easily shown to be the torques
about the ¢, 2z-, and 3-axes.
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where
Z=cosBé; +sinfn (2)
71 = cosy é, + siny &, (3)
E=fHxé;=cospé, —sinyé, (4)

Substituting Equation (3) into Equation (2) to eliminate 7, then substituting the
resulting equation into Equation (1) to eliminate Z, and then substituting Equation (4)

into Equation (1) to eliminate &, it yields

@ = ¢[cosB é; +sin B (cosy é, + sin é;)] + O(cosy é; — sin é,) + Pé, (5)
or
W= w181 + w8, + w,8é5 (6)
and
w; = ¢ sinBsiny + O cos Y (7)
w, = ¢ sin B cosy — O siny (8)
w3 = P cosh +1 (9)
The kinetic energy is
13 _ 1 , 1
Tzzw-l-wzzllwl+§Izw2+§I3w3 (10)
For I, = I, the kinetic energy becomes
T = %Il(w% + w3) + %130)% = %Il(d)z sin? @ + 62) + %13(4) cos 6 + 1/))2 (11)
Namely,

T=T(0,9,6,%)

If the potential energy is only a function of 6, then p, and p,, are constants of motion.
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