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Review:
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Inertia tensor = Moment of inertia = I (&

Velocity ¥ = dxX/dt ((RE B—E@E - HEVAZERIERLGD - REEA . RE/RKE)
Angular velocity @ (%%E —RBEE  AEsEEHLSED  AASZSBAZAMT
FRlABFERIE REMAD - BREBISE - #2Z pseudo vectors - Ry
A ERAEFERKRER - RIEEikGE - AREEN : 1/FE - (o] = dj/dt)

U= x7 (IRE - RE B ARENREEG - ARRER (IR AR As =r A0 B
TEBERE AN/ vy = lim As/At = lim v AO/At =rw - 5[0 - FEBEBECLE-TFT)

Momentum p = mv (B)£ = RFE B—1EQE - HOEERESD - B )
Angular momentum L = 7 x § (RE8 2—@MAE8 - AL EE#MAE - AFEH
B - )

REEZRE—EBEEAIRE - £EBSTIAN/E - FIHEE o= —EEHUERE & b
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D= fexPo= ) fe X [mdd = ) 7 X [m(@ X 7)) (1)
k=1 k=1 k=1
HENOERTE - LAEE L ERBHNEREEAR DNRAESAY 7
R) lmkrk z mk'rk (2)
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Substituting Equation (3) into Equation (1) to replace all the 7, in Equation (1), it
yields

N

L= i xIm@x 7l = ) [(e— ) + &] x (m@ x |7 - B) + R])

k=1 k=1 (4)

= ) (= R)] x oo x [Gie= R} + ME x (@ x )
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where
;[(?k — R) + B x {my@ x [(7 — B) + B[}

, Zm )] e x (G- R + Zm )] x e x 7]

+ Z[ﬁ] x fmis x [(7c — R)]} + 2[ | x {m@ x [R]}

- Z[(?k — B)] x {m@ x [(7 - R)]} + {kz my (7 — ﬁ)} x (@ xR)

R x {ax k_lmk(fk —ﬁ)}+ R x (@ xR) ka]

i (7 — )] x {my@ x [(7 - R)]} + (MR — MR) x (@ x k)

+ R x {@x (MR- MR)} + R x (& x R)M

:Z[(?k—ﬁ)] x {mds x [(7 — B)]} + 0+ 0 + ME x (@ x E)
Since

Ex(@xR) =R -R)3—-RR-@
Equation (4) can be rewritten as
L={i;+m|(®-R)1-Fr|}- @ (5)

where
N

o= me|Ge—B)- Gie— B)T = (e — ) (e~ ) 6)
Z

is the inertia tensor with respect to a rotating axis passing through the center of mass
of the rigid body.
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AR
Let R = R,% + R, + R,2. Ityields
M [(ﬁ R)I - ﬁﬁ]

1 o o1 | RZ R, R,
=M{(RZ+R2+RZ) |0 1 0]— RyR, Ry RyR,
o o 1l |RR, R,R, R (7)
RZ+RZ —R.R, —R.R,
=M|-RyR, R:+RZ —R,R,
~R,R, —R,R, RZ+RZ
Likewise
R N N IGxx Iny Ize
=Y me|Gie=B)- Ge— BT = Ge— B~ B)| = |lovs Loy lova|  (®)
k=1 lozx  lezy  lgzz
where

- = 2 R = -
IGxx my {_(Fk - R)y] + [(Tk - R)Z_ 3

IGZZ

N
N ] X ]
gy = Y m{[(e=R)] +[G-B),] ]
k=1 ) )
N ] X ]
> m { G- B),] +[Ge-B),] '}
N
Iny = Iny =- z mk(f)k - ﬁ)x ) (fk - ﬁ)y
k;l
Igxz = lgzx = _z mk(fk - ﬁ)x ) (Fk - ﬁ)z
k=1

N
IGyz = IGzy = _z mk(f)k - ﬁ)y ) (Fk - ﬁ)z
k=1

EEEEES 28 - Bl 6= w,2 andR=RE2+R,J °

A LG
) RZ —R,R, 0 0 0
u|(R-Ri-fd] o -m|-mR. R o M: 0
0 0 R2+R2| lod  |M(RE+RY)w,
Likewise
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"“H

_ {Z [ ) G- B - G- )G - )@
IGxx Iny 0 0 0 0

= Iny Iny O . [ O ] = [ O ] = IGZZ('UZ [O]
B 0 0 IGzz Wy IGzzwz 1

Ioxx = imk{[(rk R) }

1

lgyy = imk{[(rk R) }

k=1

where

N

Iz = z my {[(fk - ﬁ)x] + [(F" B ﬁ)y]z}

k=1

N
Iny = Iny =- z mk(f)k - ﬁ)x ) (fk - ﬁ)y
k=1

and the matrix representation of the unit vector Z is
0
0
1

L= {IG +M [(R R)1 - } @ = [Igzz + M(R? + R2)|w,2 = (Ig,, + MR®)w, 2

EILEF PSR TEEE

REZEHMERS —EHENSES  ERMER—AEUFENRLGE  RESL -
BEEAW BEAD HD<W<L HRMECEERELZOAx - EESEBy
B BEAORz 8@ WRELORRE - RIRESETN(S)SH

R R IGxx Iny Ize IGxx 0 0
T=1,=leyx leyy loyz|=|0 Igy 0
Isz IGzy IGzz 0 0 IGzz

HAPREBURARE o B~y B - 50 z BHAEEE - BBERELD - B Iy = lox, =
Igy, =0« FIMIEENBIEL =1 @ WERERRTES

Lx I Gxx 0 0 Wy I Gxx Wy
Lyl=10 gy 0 [[oy|=]|lywy
LZ 0 0 I Gzz Wz I Gzz Wz

fo + Lyj} + L22 = IGxx(l)xf + Iny(l)yj; + IGZZw22
WA A £ T ABREERORT s B T mERART ) M {EEAEE ?
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BT HER - P2 BE B =1{1,9,2} = {616, 65}

1
The matrix representation of &, on the basis B is (¢;) = |0
0]
07
The matrix representation of €, on the basis B is (é,)5 = |1
0]
07
The matrix representation of €; on the basis B is (€;)5 = |0
[1]
Thus,
. 1 0 0] |[Lx
(L), = Lx(€)p + Ly(€)p + L, (83)p = Ly [0 + Ly |1 + Ly [O| = |Ly
0 0 1l L,
1 0 0 Wy
(@) = we(€1)p + Wy (€7)5 + w,(€3)3 = wy |0| + wy [1]| + w, [0f = | @y
0 0 1 Wy
Likewise,
IGxxwx 1 0 0
Inywy = Igxxwy [0 + Inywy 1|+ Iz, |0 = IgxxwxX + Inywyj} + g, 0,2
| 0 0 1

MITERIE ZMRE K "YIERERDIN . I = lguk® + Iy 99 + l6,,22

& IzGEEEEE B Ry "ERERRT  MEZBEREG

Igxy 0 O 1 0 0 0 0 O 0 0 O
0 Igy O =IGxx[O 0 0 +IGW[O 1 0|+1I;,[0 O 0]
0 0 Iy 0 0 0 0 0 0 0 0 1
1 0 0
=16xx[0][1 0 0l+Igyy|1][0 1 0]+Ig,, o][o 0 1]
0 0 1

= Igxxler ><eq| + Igyyle; >< ey| + I, les >< es]

= Ixx (€1)3(81)5 + Igyy (€2)3(€2)5 + 15,,(€3)3(€3)5

i

I &=

~

¢ @ = (Igxx®% + Igyy 99 + I2522) - (0% + 0,9 + w,2)
= lgux Wy X + lgyywy Y + lg,,w,2
Or
[IGxx(él)B(él)% + Iny(éz)B(éz)% + IGzz(§3)B(§3)%] [wx(gl)B + wy(éz)B + wz(§3)B]
= [IGxxwx(§1)B + Inywy(éz)B + IGzzwz(§3)B]

R 5 1 ifi=j
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IREEENE—H &K B = {é],6,,6;} - & B basis is an orthonormal basis ( IEX

RENEEK ) Al
5 =00=lo iz )
Let
€1 = A11€1 + 4316, + A31€;
€; = A12€1 + Ap€; + Azy8s
€3 = A13€1 + Ap3€, + A33€s
Name, é; = Y7_, A;;€;. Namely

Ay A Ags T T T
A=Ay Ay Axp|=|EDs €Dz (€5
A3y Azp Asz l \) \)

Then, a vector
L=L,& +L,8,+ L85 = L8] + L&, + L},&}

i.e.,
3 3 3 3
szLlej=ZL}§]’=ZL}ZAU&=Z ZAUL; é;
i=1 j=1 j=1 i=1 i=1 \j=1
It yields
3
j=1
or
Ly Ayp A A (L) T T T L)
Lz = A21 A22 A23 L'2 = (513 (éé)B (éé)B le
Ls A3y Aszy Aszl|LY ) ) N A
It yields

Ll 11 1 T 1Ly
Ly =1(Ds ()3 (55)4 [Lz]
Ly N l l Ls
For the orthonormal basis, it can be shown that

« (e173 -] 1 1 1 10 0
« (3 ~ [(5{)3 (é)s (€5 B]=[O 1 0]

<—(3)B—>_l l l 0 0 1

Namely

€Dz (€)s (€)p| =|< Dz -

[T 0 T]‘l « (@D -
! ! !

«— (3)73 -
Thus, we have

L « (@D -]L,
Ly| = |« (92 B [LZI (9)
Ly «— (33 5 = Ls
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Likewise, for
W= W16 + W€, + W33 = W61 + WHE5 + W3E,
we have
w1 < (D3 ~][o
wy|=[e (€ - [‘“2 (10)
w3 « (€3 ~ @s

Then, how about
3 3
I = Illé)lé)l + 1225252 + 1335353 = z z Il,] ->i, ->],

_>

Since L =1 - @, it yields ( = (T)B, (@)g. Namely

1A 1A
111 112 Ii3]| | w1

Z

[ =1 Ly IDLs||w; (11)
I3; I3, I3z||ws

)

Substituting Equations (9) and (10) into Equation (11) to eliminate (L) and (@)
respectively, it yields

< @5 |1 Iy I, Is][e @Dz ~]jws
« (é)F B [LZI =Ly L ILp|l< (€5 3 wZ] (12)
« (33 B Ly Iél Iéz 1_4,3 | — (6’3 3 - | W3
Equation (12) yields
L, < (D - B I, L L[« (D —]jo
[Lzl =« (s - Iy L Is|l< (s - [wzl (13)
Ls « (93 B I3; I3, Iazf|« (63 g w3
We recall that
Ly I,y 0 071w,
[LHO hy 0] wzl (14)
L, 0 0 I3llws
Equations (13) and (14) yields
L, 0 071 [« @D =11 L, L[« @5 -
[0 I, 0]= « @E - Iy, I, DLsll< (@) - (15)
0 0 Iy - (@ - Iy I3 D3]« (DL -
or
Ly Ly 5] [« @F =lpgn 0 o[« @EDEF -7
Li I DLgl=|« (€3 - [0 I52 0] < ()z -
I3, I3, I35 « (@)L - 0 0 Ixl|c ety - (16)

=« (€3 —=[|0 Iz (eDs (€)p  (€3)3

<—(em—>[111 0 OHT 0 T]
0 0 I3 l l l

— (e3B N
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AEIE B ={é,,¢é, e} WE (s (€ (€3)z muLliFEl
D)y @ WR—aRER (1)

f)Bu)ﬁ? S

(T)B #Y eigen values FLE 11 , I, , I35 , ¥IFERY eigen vectors FiE (€))z (83)5 (€3)z

Note that, by definition

Thus, we have

) ) (I ) ) )
[(5{ 3 (€)z (& B] = [(51)73, (€2)z (53)73,]
l l l l l l
< (Dz - ) ) )
[“ (€)% *‘ = [(51)73/ (€2)3 (53)73/]
— (33 5 l l l
I, 113‘ [<— @DE >y, 0 o07r 1 " "
L, Lis|=|« ()3 - [0 L 0 [(5{ 3 (€ (éé)B]
L, I « @pL -JLo0 0 LIl ) ) )
0 0 i, 0 o071« @D -
= [(51)73/ (€2)3 (53)73/ 0 I 0] « (é)3 *‘
l l l [ 0 0 I33 | — (53)%, N
[ T ] T
=14 [(@)m |« (D5 =1+ (éz)B,] [« ()5 -l
l l
T
+ I35 (53)73/ [« (53)%, -]
l




