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Let the “row” (%] ) denote =@ —HF
Let the “column” ( 17 ) denote #it@AY—HF
BER ? A2EXFHNAERE - FFEZH - mEgog !

Let A;; denote the element in the i-th row and the j-th column of the matrix A.

Let the matrix AT denote the transport of the matrix A. (T ¥ " R EZ%EFE | )

Then, (4");; = Aj; is the element in the i-th row and the j-th column of matrix A”.
Let /Tl-j be the complex conjugate of 4;;.

Let the matrix A¥ = AT denote the Hermitian of the matrix A.
Then (4");; = A;; is the element in the i-th row and the j-th column of matrix A#.
It can be shown that (AB)" = BTAT and (AB)™! = B~1471.

RlEOR  TFRFBFE T TthEFBsReEr -

By definition:
e A matrix A is a symmetric matrix (¥7ExEPE) if 4;; = A;;.

A matrix A is a symmetric matrix (¥FE%EpE) if A = AT.

e A matrix 4 is an antisymmetric matrix (¥ FEM) if A4;; = —A4;.
A matrix A is an antisymmetric matrix (S2¥iFE%ERE) if A = —AT.
e A matrix A is a Hermitian matrix (self-adjoint matrix) if 4;; = _ji.
A matrix A is a Hermitian matrix (self-adjoint matrix) if A = A7
e A matrix A is a unitary matrix If A= = AT (i.e., AAT = ?).

e A real matrix 4 is an orthogonal matrix If A=* = AT (i.e., AAT = 1)
e A real unitary matrix A is an orthogonal matrix.

An n X n square matrix A can be a representation of a 2"%-rank tensor 4 of a given
set of bases {é,, é,, ... ¢,} in an n-dimensional space, where A = [4;;] and A=

i 2jlAijé:é]

The representations of the 2"-rank tensors found in physics are either symmetric (if
all the elements are real numbers) or Hermitian (if some of the elements are complex
numbers).

PREL - ARMP8 SR A AR BB 5T - BR 7 BAERY - —EAEND - HINHERNE—
1B - AREE—1% - HEMAE - NEZME - AEZ _PERSE ( 2"%-rank tensor ) -
M ERRORLIZ_ERE - —F = Hermitian matrix (IR EZ2EE - MENE
symmetric matrix) - 2 YT RE - FIEENHENEES EBNE—L -
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Both the Hermitian matrix and the real-number symmetric matrix can be
diagonalized and has real number eigen values.

;57508 : The eigenvalues of a Hermitian matrix are all real numbers

1) A=A"

2) Ax=Ax

Taking complex conjugate and transpose of equation (2), it yields
(3) X'AT=2X"

Substituting equation (1) into equation (3), it yields

4) X"A=Ax"

XQ)=

(5) X' Ax=AX'x

Substituting equation (4) into equation (5), it yields

6) AX'x=AX"x

Since X'x = ||XH2 >0, equation (6) yields A = A. Thatis A€ R.

iara B . The eigenvectors of a Hermitian matrix that corresponding to different

eigenvalues are perpendicular to each other

1) A=A"
(2) A, #A,, and both of them are real numbers
(3) Ax,=Ax,

(4) Ax,=1x,

Taking complex conjugate and transpose of equation (4), it yields
(5) x;AT =A%)

Substituting equation (1) into equation (5), it yields

() XA=21X,

X,(3)=

(7) XLAX, = AX)X,

Substituting equation (6) into equation (7), it yields

) AXix,=AX.x, = (4, —-2A)X;x,=0

Since A, — A, #0, equation (8) yields X;x, =0. That is x, L x,
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& BEZEFP—HREZNE : Matrix £F—E2 RE
FREBETEZRE tensor ?
e REE—TE "YESE, - YHEE  BAEMN - BERX JHLTMQRERZ -
e T"ZEMEIRE . zero-rank tensor - thFL 24 = scalar -
MERBA/N . "TAEHZEMK, -
BINEE mass * BERAIEREM -
e "—PEIRE . first-rank tensor - L 2[E = vector
EmERA/NMAE T—EHE, -
Bl 1 : 3RE velocity - EMRERZ LT - HREBI#ESE -
%l 2 . BRE angular velocity - BRERZE 1/T - oA EE5E -
AE—BEE basis - MEEILERERPHZFRIEOILIZ—E 3x1 A9 column matrix
5 & 1x3 AY row matrix °
BARNEE - E—EREENERERRAANEAE -
o " M&IRE , second-rank tensor °
_REREAANME "TWMERE, -
Bl 1 : EHEZE moment of inertia - EMEARZ L2M - BERMERE@ . — &S
TERENFER G L - — B THIENAENERESE L o (3 —Ea TEEE
g5m, - —Es "TAERESE, )
%l 2 . B2]5RE pressure tensor - ERIERZE M/ILT? - EMMES @ : — @GS
TERENRAEE . - —Es "TRAOEMNAE, -
%l 3 . BEZRE electrical conductivity tensor - ERIERZE Q2T/ML® - BER
mERmE : —Es "E5AEa, - —@s "TEREEASE, -
iaE—EEE basis -+ _FEREEUIERFHFRIRDI LT A —E 3x3 A5 B
square matrix °
BARNEE - BA—E_fERECHEERRINAST AR -
R Matrix )R B8Nl - RE2—1E " #{F+F . operator - FTLIABESREZ—1E " 5R= |
Blan . EEAZEEEAY rotation matrix R - BERBERK -
MR—EREEEE B FHIFRIRS 3x1 column matrix C - BE2EEE B PHRIRS
3x1 column matrix C’ - RIF MBI A3 EI—1& 3x3 rotation matrix R such that C'=RC
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BISIRE] - ¥R F - B ATRN _ERE - £ ARELPHRITN - HE2HHE
RIZEPESY, Hermitian matrix - BlaNE )& S B ERR S -

BEIIINEEMERNERE - siA—ESHMEIOERE - Al AEERIINNDIERE
—{EEE L - FRfZAAY pressure tensor - " OJEE ; TLE2—EREERIRE - XAIU0 -
thi4 @A ERE SN T - 7€ E-region ionosphere (E-BEEEE) FIfL N EE XK=
conductivity tensor - BEEIZRPRIZRAT - B — B 780 %E P B 7 ¥ R 7B f 2
AN - AR AZ—EE AR 7 - B3R - —EINNES - B ER dielectric
tensor RSN A—EZ—EHTEIER - 2REMKEPTE B effective
conductivity tensor and dielectric tensor A1AJ8E 2 Hermitian matrix 23R ( il 2~ %
THIEBEHTEIEE (+90 BRIMEAL ) -

Examples

1. BREPHWEERES ;
j):g E—O'"E"+O'pEJ_+O'HBXE
where
_)" = EE . E
Fo=(i- EE) B
BXE=MgyE
Thus
j=6.F= [auéé + 0, (T—Eé) + GHM’BX] B
i.e.
G =0,BB + oy (1 — BE) + oyMpy
B? BB, BB, B
ap + (0 Up)BZ (o) — ) UH B (o) — ) B
_ BB, B B2 B B, B,
= ((ay O-p)? + UHEZ ap + (o — )Bz (o) — ) “Ong
B, B B B B, B2
(f’u ) UH B (o) — ) “ + O-HE ap + (o — )Bz
For B = B,2, (i.e., Bx = B, = 0) it yields
B,
. . 0p —O'HE 0
5=a"§§+ap(f §§>+a My =| B
oy — Op 0
0 0 O'"
H I EERRS conductivity tensor - A2 —1{E ¥ #E A 2R &
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2. #4[E5R = thermal pressure tensor B
B55/ 148 $HZER phase space (¥, 7) = real space (x, y, z) + velocity space (vy, vy, v,)
BR—RENEEESMBERESR f(X,v,t) (ARTILS) - BRBERIRIEN
o {EZZEH number density field 2 ( dimension E¥ 1/L3)

(3, t) = fff £&, 5, Dd (1)
o E=%EH mass density field 2 ( dimension EZR M/L3 )
p(X,t) =mn(%,t) = mfff fX,7,t)d3v (2)

o 5 (FHIEES ) flow field & ( dimension AR L/T)
ﬁ 012 3f & 5,0d%  [[[° 8f(&,5,0)d3

Y TEX N VET e @
th o] PLER the mass flux density %
mn(Z OV E,6) = p(&, OV (E £) = m f f f SPGB O (4)

o ENER3R S35 thermal pressure tensor field 4 ( dimension ER

M(L/T/L3=M/T2L )
Bo =m f f f 5= V@ 0|[F - TG Olf 35,0 (5)
o] PLER the momentum flux density %
P, OV @OV (R, 6) + PG £) = m f f f CBHGL B Ody (6)
o ENRIF (MEZENERE ) thermal pressure field ;E'j ( dimension B M/TL )
(%) = %trace[ﬁ(a?, 0] = %m f f f_ Z[ﬁ &0 [F-TGOIfG 5 0d Y (7)

e Stress tensor field % ( dimension EZR M/T2L )

@D =@t —p@EOL (8)
. k215 heat flux tensor field 2 ( dimension EZX M/T?)
5(32, D=m f f f [ - V& 0[5 - VG O[3 - P& OIF G 5, OdPv 9)

o HARMOES (BEBWEARIS heat flux ) & ( dimension AR M/T?)

q(x,t) =% ff [v -V(&, t)] [v — V(& t)][v — V(& t)]f(x v, t)d3v (10)
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ie 75123 ( Chapter 8 Fluid Equations #7547 )
KMo IR "HEEBSMEBERKE L (Phase space density) (X, 7,t) PTmERKZ4S

77123 Boltzmann equation

of %,5,t) . afXv,t) F@v,0) af(Xv,t) (6f(X,3,t)
Rk I 2 Ll AN (11)
dat 0x m v ot
collision
Hoh F(% #,t) 5—7& phase space 1Y Force field - #EH
HE 2T, Continuity equation
op(X,t -
PEE) v 1o 07 )] (12)
&)= /5723, Momentum equation
0 IR & N s 3 ., -
0G0V G, 0] = v [p(x, OV & OV, ) + B t)] +FG,0) (13)

or
% [0 OV E 0] = -V - [p()?, DT @OV @) +p, 01 + T(E, t)] +FRGE  (14)
Hoh F(%,t) 5—7& real space P Force field -
A A Equation (12), Equation (14) Bl{b& %
)laV(x t)

+ V(@1 - VW(&, t)l =-Vp(#t)—V- ﬁ(}?, t) + F(%,t) (15)
B 17523 Pressure equation

0 o iR 3
S [p()?, OV GOV D + P&, t)]

- _v. lp(gz, OV E OV E OV ) + (517)5 F O t)l + (VF)’ o
BEE A2 Energy equation

o [E PR OVE D) V@& )+ ;p(f, t)]

_ {Ep(f, OV, D) T ) + ;p(f, t)] Pt + PG 0 -V, 0 (17)
+c7(a?,t)}+ V-F
KA Equations (12) & (15), Equation (17) SJ{E& %
;lapg, D4 5G0 - v, t)l

(18)

- —5p(f, OV V(@ ) — [ﬁ(f, £) - v] @O -V 360
DBt SRR e - A2 (%0 R - @3, DN EEED -
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BZ

o BNMBEERES p(¥ )NURKELEE BENEEERESEFIIREHZNE
EiFaNiie

o EMETIEES VE OWMABREZE BARMNERES  FHRES - #E
35 - Stress Tensor B = IGHIZEE M -

o ZEHEEREIGp(X, ) MOIBEREEE - BRMEBES  FIIRES - BES -
Stress Tensor ~ =735 ~ DIKEURISHZEB O -

EIREANE Stress Tensor [1(Z, ) R EH7 S g(xt) MOEBERBEZ(E  MEZRES

FHET - HEEZEREAFETL Pressure equation (16) 2K3K ﬁ(a?, t) - B ESTIEIR

—
=

SREIS Q(X,t) MZERIDM - WL - 5858387 | RBRRATEM—E "TH, - BE
L EHHELS - Stress Tensor 11(7,t) « MRS @&, o) 87 —LfREe - R
SFIRESNEEREY - N2RERENREY - REBREAFAEER —EME—/Z -
RE  BERR - EFRUEYERED  A—EEH -

BAEE  HIREREERNEY  NARERNE T, REERATSRES
BE = RIRRE -
7572 (5), (7), (8) T4 P 218 "%iFEEE , - T stress tensor 1 BIE—{B " %78
ENERMASNES , - FHit NEX BHIUT THEEE,

v+ (Vi)'
HA

1 - ot 2_ .
Strace [V7 + (W/) | =5v-V

PSjlis

U

v+ (Vi) - g V-7
FE—E THEENAESNEDNESR, - HABRS stress tensor [ AIXEA
= [vr? + (V) - g - 17)?] (19)
SOINESE  BEMEMRKRE S -
A LEEER SR E 0 IR &

"'UH

= pl- n[vv+(vv) ——(v V)1] (20)
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=n=F8 - Al stress BENTNES

3 . . 2 3 . 2 -
—v-nznv-[vv+(vv)t—§(v-v)1] = [nvzv+n<1—§>v(v-v)]

or
= - 1 _
—v-nznvzv+§nv(v-v) (21)
Equation (15)7A 0] X &= %5
v . o1 IR,
plogtV-wW =—Vp+nV2V+§nV(V-V)+F (22)
Hrh
v
= Tyep
ot p

whie —{EEE 5123 Diffusion equation + Fillnv?V Th2—EFEAIE - ZEZEBEPH
mENEN (REEESZ/) - EMERTE Equation (19)F - BRIEZRELLAIEE
AIE EN S SR M IELESR -

B3 - REBRTERAAELRRERE - AOERERESRER (BRESER
BEa ) - Mz

qg =—«kVT (23)
arxaEE - RIAREIN(18)FHERVRIBO N E &
-V -q(%,t) = kV?T (24)
R RIREEBRNNEGRS
p = nkgT

HUICMREBPBEEEEAK - RBI-V- & )EBBEHFEN(18)F - thiBL—(E

diffusion term -
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3/0 - 3 =
§<_p+V.Vp>:——pVV (1‘[ )-V(a?,t)+;cV2T

ot
av; av; av;
6x 6x <6x>] 77( V)

( V(x t) = nzu



