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Let the “row” (%!l ) denote &[@AY—HE

Let the “column” (17 ) denote #t@AY—HE
BER ? A2EXENAARE - 782800 2o !

Let A;; denote the element in the i-th row and the j-th column of the matrix A.

Let the matrix AT denote the transport of the matrix A. (7518 " R E2BME | )
Then, (AT)l-j = Aj; is the element in the i-th row and the j-th column of matrix AT,
Let 4;; be the complex conjugate of 4;;.

Let the matrix A" = AT denote the Hermitian of the matrix A.
Then (A4");; = /Tﬁ is the element in the i-th row and the j-th column of matrix A”.
It can be shown that (AB)” = BTAT and (AB)™! = B~1471.
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By definition:

e A matrix 4 is a symmetric matrix ($3%EEME) if 4;; = Aj;.
A matrix A is a symmetric matrix (¥378xEpE) if A = AT.

e A matrix 4 is an antisymmetric matrix (¥ EM) if 4;; = —A4;.

A matrix A is an antisymmetric matrix (z ¥378xBp#) if A = —AT.

e A matrix A is a Hermitian matrix (self-adjoint matrix) if 4;; = 4;;.
T

A matrix A is a Hermitian matrix (self-adjoint matrix) if A = AT
e A matrix 4 is a unitary matrix If A= = A7 (i.e., AAT = 1).
e A real matrix 4 is an orthogonal matrix If A=1 = AT (i.e., AAT =1
e Areal unitary matrix 4 is an orthogonal matrix.

)

An n X n square matrix A can be a representation of a 2"-rank tensor 4 of a given set of

bases {é,,é,, ...&,} in an n-dimensional space, where A = [4;;] and A= YixlAijé:é]

The representations of the 2"-rank tensors found in physics are either symmetric (if all the
elements are real numbers) or Hermitian (if some of the elements are complex numbers).
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FRUL - IR SR D IEAE ARG - BR Y 2R - —@EAEXT - ENERNE—IE - AR
HE—1% - HEME - SFZME - NEE _FER= ( 2%rank tensor ) - W ZEEFRUR S
IR _PESRE - —XE & Hermitian matrix (QD%’E\%E%*[ ThELRLZE symmetric matrix) © S

AITIRE - SN LR ES 1 EERE—
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Both the Hermitian matrix and the real-number symmetric matrix can be
diagonalized and has real number eigen values.

igrahA : The eigenvalues of a Hermitian matrix are all real numbers

1) A=A"

2) Ax=Ax

Taking complex conjugate and transpose of equation (2), it yields
(3) X'AT=2X"

Substituting equation (1) into equation (3), it yields

4) X"A=Ax"

X' (2)=

(5) X Ax=AX'x

Substituting equation (4) into equation (5), it yields

6) AX'x=AX"x

Since X' x = HXH2 >0, equation (6) yields A = A. Thatis A€ R.

2020-03-31
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;a7 BH : The eigenvectors of a Hermitian matrix that corresponding to different
eigenvalues are perpendicular to each other

1 A=A"

(2) A #A,, and both of them are real numbers

(3) Ax, =AXx,

4) Ax,=Ax,

Taking complex conjugate and transpose of equation (4), it yields

(5) X,AT =A%)

Substituting equation (1) into equation (5), it yields

6) X,A=AX.

X (3) =

() X;AX, = AX3X,

Substituting equation (6) into equation (7), it yields

®) AX x,=AX.x, = (4, —-A)X.x,=0

Since A, — 4, #0, equation (8) yields X;x, =0. That is x, L x,
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& HEZEMA—HREZNE : Matrix F—EZ RE
FREBEEBTEZRE tensor ?
o REEE TYPEE, - WPES BRI BERX - oJHLTMQ KERRLZ
o T"EMIRE  zero-rank tensor - tTFLZ24L = scalar -
MERANN . "TAELZEME, -
BIYNE E mass - EWEARZEM -
o "—M&IRE first-rank tensor - tHLZME vector °
EmEEA/NME T—EHEE, -
Bl 1 : 3EE velocity - ERIRIRZ UT - AEERIERG -
%l 2 . BERE angular velocity - BRRERZE 1/T - HRgEESE -
#aE—EEK basis - MEEILEERPFHIFRIRAILIZE—E 3x1 B9 column matrix 2&
1x3 #Y row matrix °
mAENEE - B—EREENEERRIAASAE -
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e " M&RE . second-rank tensor -
_REREAANME "TWmELmE, -
Bl 1 : EEESE moment of inertia - ERERZ L2M - BRIMESE : —{&a " A
NI E L - —Ea THERNBENERESE, - (K —Ex "TEEEHESE,

—E)s "TAREERGE . o)

%l 2 . B2I5EE pressure tensor - ERIERZE M/ILT? - ERMIES G : —@)s " P
NFHE s - —@s "TRAOENSE . -
%l 3 : BERRS electrical conductivity tensor - BRIERZ Q2T/ML? - BHRIMIE /5
[ —fEs "E5EE, - —@Es "ERBEESM@, -
A E—EEE basis - _FEREEUIERPHFRIRTILIE L —1E 3x3 #Y75 %E0# square
matrix °

mARNER - B—E_fERECHERRRIIATAR -
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B2 Matrix )R BEN - RE—1@ "##{EF ., operator - FTLAAEEREZE—E "5RE .

BIg0 : EEAREEIRAY rotation matrix R - B BRER

MR—EEEEEREE B PHFRIRS 3x1 column matrix C - (EEEEE B’ FHIRIE S 3x1
column matrix C' - BIF D] LU #2l—1& 3x3 rotation matrix R such that C'=RC

AINIRE - ¥R E - ZFBERATERN _ERE - E—ERZERPHRIRN - #HESHEAOERE
5% Hermitian matrix - BN ENES LB RS -

BEIIINEEMERNESE - A —ESHTEIOERE - Al . ABEROINIERE—EY
fe - - PAFZBLRY pressure tensor - " OJ8E ; B —EAIAEEARE - NAIMD : o4 E Al iE
Ml - TE E-region ionosphere (E-BE&fE) P2 I EEZRRE conductivity tensor -
BEEZRPHERLN - 2RISR R BEER 2 - FAILERMAZ—EEHE
FBRE Y - E3E - —(ESMNES - FRETFERY dielectric tensor RS A A —E2—(EETE



Mechanics Il Matrix& Tensor 78 A Ling-Hsiao Lyu 2020-03-31

%EpE - ERBUHORENFTEIFER effective conductivity tensor and dielectric tensor A1 TI AN

Hermitian matrix 235 ( th# 2 & HHEIREHTEIEE 790 EHAMI ) -
Examples
1. BHEPNEEERE

jzg'ﬁzo'"Ez"{'O'pEzl'l'UHBXEz

where
= 1—1§1§>-E
BXE=Mg,E
Thus
J=é E=[UHBB+UP<T—BB>+0HMBX E
i.e.
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G =0,BB +0, (T - BB) + 0y Mpy
[ B? B.B, B,B, B,
Yy
ap + () — )Bz (ou - ) — (o— ) tonp
_ B.B, B, B§ B B, B,
=1(ay - ) >+ On g ap + (o) —0 )ﬁ (ou - ) ~Ong
B B, B B B, B B?
-y X z
| (01 - ) Hp (o1 — ) topp  Opt (o — Up)ﬁ
For B = B,2, (i.e., B, = B, = 0) it yields
B,
Op —0y ) 0
O_->=O-||BB+UP<1—BB>+O-HM§X= O'H% O_p 0
B
0 0 U||
H B EFHR=E conductivity tensor - 2 —{E %I TE AV 2B &
2. B[R = thermal pressure tensor B

E5E/T 48 2R phase space (¥, 7) = real space (x,y, z) + velocity space (vy, vy, v,)

BE—RENHEZEEIHEERER f(X,0,t) (BRTILE) -

AIRERE

10
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{E 2122 35 number density field & ( dimension EZ 1/L3)

(@) = j f FG5,0d% (1)
BS%E5 mass density field 2 ( dimension B M/L3 )
pGt) = mn(E t) = m j f j £33, 0d% )

w5 (FH9RES ) flow field & ( dimension AR L/T)
W2 of &, 5,0d% [ 5f(F 5, )d%

—

VOO = G ody T GO @
th Bl R the mass flux density %3
mn@E, OV, 6) = pG OV G ) = m j f j BFGL B Ody (4)
# B2 5R =15 thermal pressure tensor field 43 ( dimension EZR M(L/T)?/L3=M/T2L )
Bao=m j f j 5=V 0[5 - V& O]f G 5, 0)d (5)

11
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s\

B ER the momentum flux density %3
POV E OV G ) + PG, 6) = m j f j "SRG B Dd (6)
o EEIG ( WEZEEIS ) thermal pressure field & ( dimension B M/TZL )
pE,0) = S trace[P(2,0)] = 3m j f j_ Z[a _V@ 0] [5-TEOIfGE B OBy (7)

e Stress tensor field % ( dimension EZR M/T2L )

N&t) =P@Et) —p@E 01 (8)
e HRIREIF heat flux tensor field & ( dimension B M/T3)
G0 =m j f j [6 - V& 0[5 - VG O[3 - V& OlF G 5, Od®v )

o FRMEL (BEBHEEMIF heat flux ) 7 (dimension AR M/T?)

Q@D =om j f j =TG- [-TGEO|F-VE O G508 (10)

12
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REEH 2T ( Chapter 8 Fluid Equations #78%(47 )

HFIOIIA "THEEE D MEBERE , (Phase space density) f(%,U,t) FTm e K ZAE H 12

= Boltzmann equation

of %,5,t) _ of(X,9,t) F@ov,t) af(F,6,t) (Sf(XD,t)
+ P+ el cadhl (11)
at d0x m av ot .
collision
Hoh F(%, 3,t) 2—7& phase space 3H Force field - #EH
HEH 2T Continuity equation
ap(x,t Y N
pgt )= —V- [pE OV 0] (12)
g2 757230 Momentum equation
a — — — 3 —
GOV D] ==V [p@ OV E OV @ 0 + PE D]+ FG0 (13)

or
%[p(z, OV 0] = -V [p(f, D@ O, 0) + p(&, D1 + T, t)] +F@ED  (14)
Hoh F(%,t) /—7& real space H4 Force field -

13
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FJH Equation (12), Equation (14) S5
V(% t)

p(Z,t) [ +V (&b -V (Z, t)l = V@) —V-TE D) +FGE 1) (15)
[ 7175723 Pressure equation

0 = = 3
S [p(f, DV @OV @G + B, t)]

- V. [p(z, OVE OV E OV (E,6) + (517)5 + 3(2, t)l + (VF)’ o)
BEE 771230 Energy equation
= [E PG OV D V(&0 + 2, 0]
_ _v. {E PG OV D V(&0 + 2, o|ven+Pen vEn (D)

—

+<7(9?,t)}+V-F

FH Equations (12) & (15), Equation (17) SJ{t& %

14
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3 ap(f; t) e -
AT + V(% t) Vp(x, t)l

- (18)
= —Ep(a?, OV -V t) — [ﬁ(}?, t) - v] V@& -V-4@&0)

M EBERFEAPHNESE  HR2 (40) WRE - tbf(@ 0, )WBHBED - B2

o BIBESRES p(X ONUBIKEZE  BEMNBESTEESEFIIRESNZER D
ffi -

o BHIBEVIHEES VE OMMEREEE  BEMNERES  PIHORES - #ERE -
Stress Tensor A& = NG ZERB 51 -

o BIEREIG p(¥, MU BIREBEE - BEMERES - VIIRES - 21E5 - Stress
Tensor ~ /115 - UREFISHNZEE oM -

[EFEZE4N3E Stress Tensor H(x OUURERS (%, t) EBEREEE  MEEZEREZHE

o - HEAEHTET Pressure equation (16) 23K ﬁ;(f, t) MEBESLHNEHREES

H

5(9: t) NZEB DM - WUE - R5ER 7 | RIBRB FEZW—E " 7,  BEmIZHRE
15
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5 - Stress Tensor H(x t) ~ UREVRIS (X )8 7 —ERa - BRI FHRESG
BRE  StEREHENRE - RNEREEAKEE—EE— - R2 - SLENR - TR
HIEBES - A—TEA -

ARAETE - MIRBRERENFHE - MARBRNY "5, ABREEFIREZHEEZ
BB % - BAREINB), (7), (8) BIHA B =@ "$¥TERE L - 1M stress tensor Tl A Z2—1&
THREEBAGMAZRE ) - Bt RBXR BHUT "HERSE
v + (V)
1trace [VI7 + (Vl7)t] = EV -V
3 3
FSjlin
N t 2 - 3
vV + (VW) -3 (-1
HE—(E T HEEHERMASHEES, - MRERS stress tensor [ THEH
16
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i=—y [W + (VP - % V- 17)?] (19)
AOUMES - BEMEMREAB S
R B R E O R 7
F=pi—n|v7 +(v9) - % -] (20)
=n B - Alstress BENINER

3 . - 2 3 - 2 .
—V-H=17V-[VV+(VV)t—§(V-V)1] = [nvzv+n(1—§>v(v-v)]

= - 1 -
—v-nznvzv+§nv(v-v) (21)
Equation (15)7A 0] X &

—

p<E+V'VV>=_VP+UV2V+§77V(V'V)+F (22)

b

17
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W _n
at p

T —EEE 52 Diffusion equation + BT nv2V M —EFEEIE - ZEEEDHEEL]

g\ (REEEE/]) ) - EIEBTE Equation (19)4 - RIEBZSRELEAIE AT E EE 5%

MmIFLESE -

V2V

B3 - REBRTEEZRFALLLRRERE - HOERERESEMER (FRASmanE
m) - EE

G = —KVT (23)
xR EE - BARIN(18)PHERIRD RS
-V -q(&t) = kV2T (24)

R EREE - RIREEBRNNBEGRS

p = nkgT
AL MREF R BZEEZEAKR - BI-V- §& ) EEESER(18)F - a1 —{& diffusion
term -

18
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3/0 - 5 o3 o
—(—p+V-Vp>=——pV-V—(H-V)-V(iZ,t)+KV2T

2\0t 2
=\ v av,  (avi\’] 2, .2
—(H'V)'V(X,t)—nzij a_xla_x]+<_> —§T](VV)

an

19



