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Symmetric Real Matrices

- If a matrix A satisfies 4,e R and 4,=4; or A=A
then A is a symmetric real matrix

— The eigenvalues of a symmetric real matrix are all real
numbers.

— The eigenvectors of a symmetric real matrix that
corresponding to different eigenvlaues are
perpendicular to each other.

— One can always find a set of orthonormal eigenvectors
to diagonalized the symmetric matrix.
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Hermitian Matrices

- If a matrix A satisfies 4,e ¢ and 4,=4; or A=A"
then A is a Hermitian matrix

— The eigenvalues of a Hermitian matrix are all real
numbers.

— The eigenvectors of a Hermitian matrix that
corresponding to different eigenvlaues are
perpendicular to each other.

— One can always find a set of orthonormal eigenvectors
to diagonalized the Hermitian matrix.
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Proof:

The eigenvalues of a Hermitian matrix are ali

real numbers
1) A=A"
(2) Ax=Ax
Taking complex conjugate and transpose of equation (2), it yields
(3) xX'A"=2x"
Substituting equation (1) into equation (3), it yields
4) x"A=2x"
X (2)=
(5) X' Ax=AX'x
Substituting equation (4) into equation (5), it yields
6) AX'x=AX"x
Since X' x = HXH2 >0, equation (6) yields A = A. Thatis A€ R.
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Proof:
The eigenvectors of a Hermitian matrix that
corresponding to different eigenviaues are
perpendicular to each other

1 A=A"

(2) A, #A,, and both of them are real numbers

(3) Ax, =Ax,

(4) Ax,=A1x,

Taking complex conjugate and transpose of equation (4), it yields
(5) X,A"=1X]

Substituting equation (1) into equation (5), it yields

6) XA=A4X,

X,(3)=

(7) %A%, = A%X;x,

Substituting equation (6) into equation (7), it yields

®) AXx,=AXx, = (4 -21)X,x,=0

Since A, — A, #0, equation (8) yields X,x, =0. That is x, L x, 15



True or False?

If A is an eigenvalue of matrix A, and f is an eigenvalue of matrix B,
then AfB is an eigenvalue of matrix AB. True or False?

If 1t 1s True, Prove it. If it 1s False, explain why.
If A is an eigenvalue of matrix A, and  is an eigenvalue of matrix B,

then A+ [ is an eigenvalue of matrix A+ B. True or False?

If it is True, Prove it. If it 1s False, explain why.
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