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Review Vectors’ Expression
•  Expressions of vector

– Hand writing:     or     or |v> or     or     or  <v|
– Typeface: boldface for vector, i.e.,      or
– Matrix expression of vectors:         or
where the vector is defined by

� 

v
  

� 

 
v 

� 

v

  

� 

 
v = v1ˆ e 1 + v2 ˆ e 2 + v3 ˆ e 3 = vi ˆ e i

i
∑ = vi ˆ e i

� 

v = v1e1+ v2e2 + v3e3 = vie i
i
∑ = vie i

v1
v2
v3

⎡

⎣

⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥

  

� 

 v T

� 

vT

� 

vT

[ v1 v2 v3]
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Matrix Expression of  
Vector Products

•  inner product:

•  cross product: 

•  dyad product: 

v ⋅w = [ v1 v2 v3]
w1
w2
w3

⎡

⎣

⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥

v × w =
0 −v3 v2
v3 0 −v1
−v2 v1 0

⎡

⎣

⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥

w1
w2
w3

⎡

⎣

⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥

vw =
v1
v2
v3

⎡

⎣

⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
[ w1 w2 w3] =

v1w1 v1w2 v1w3
v2w1 v2w2 v2w3
v3w1 v3w2 v3w3

⎡

⎣

⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥

Size and normal direction of the area 
determined by the  two vectors

The multiplying of the projection 
of one vector to the other vector



  Review of Matrix 
Multiplication: Ux, xTUT 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Ux =
↑ ↑ ↑
u1 u2 u3
↓ ↓ ↓

⎡

⎣

⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥

x1
x2
x3

⎡

⎣

⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
= x1

↑
u1
↓

⎡

⎣

⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
+ x2

↑
u2
↓

⎡

⎣

⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
+ x3

↑
u3
↓

⎡

⎣

⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥

xTUT = x1 x2 x3⎡
⎣

⎤
⎦

← uT1 →

← uT2 →

← uT3 →

⎡

⎣

⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥

= x1 ← uT1 →⎡
⎣

⎤
⎦ + x2 ← uT2 →⎡

⎣
⎤
⎦+ x3 ← uT3 →⎡

⎣
⎤
⎦



  Review of Matrix 
Multiplication: UDUT 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UDUT =
↑ ↑ ↑
u1 u2 u3
↓ ↓ ↓

⎡

⎣

⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥

d1 0 0
0 d2 0
0 0 d3

⎡

⎣

⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥

← uT1 →

← uT2 →

← uT3 →

⎡

⎣

⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥

=
↑ ↑ ↑
d1u1 d2u2 d3u3
↓ ↓ ↓

⎡

⎣

⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥

← uT1 →

← uT2 →

← uT3 →

⎡

⎣

⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥

= d1
↑
u1
↓

⎡

⎣

⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥

← uT1 →⎡
⎣

⎤
⎦ + d2

↑
u2
↓

⎡

⎣

⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥

← uT2 →⎡
⎣

⎤
⎦ + d3

↑
u3
↓

⎡

⎣

⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥

← uT3 →⎡
⎣

⎤
⎦
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Changing Basis 
(Changing Coordinate System)

•  v in the original coordinate system:

•  v in the new coordinate system:

•  How to determine     ?

� 

v j
*

� 

v = v1e1 + v2e2 + v3e3 = v je j
j
∑

� 

v = v1
*e1
* + v2

*e2
* + v3

*e3
* = v j

*e j
*

j
∑
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Changing Basis 
How to determine vj* ?

‧ 用計算式的方式（直式）證明

v = v1e1 + v2e2 + v3e3 = v1
1
0
0

⎡

⎣

⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
+ v2

0
1
0

⎡

⎣

⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
+ v3

0
0
1

⎡

⎣

⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
=

1 0 0
0 1 0
0 0 1

⎡

⎣

⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥

v1
v2
v3

⎡

⎣

⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥

v = v1
*e1
* + v2

*e2
* + v3

*e3
* = v1

*

↑
e1
*

↓

⎡

⎣

⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
+ v2

*

↑
e2
*

↓

⎡

⎣

⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
+ v3

*

↑
e3
*

↓

⎡

⎣

⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
=

↑ ↑ ↑
e1
* e2

* e3
*

↓ ↓ ↓

⎡

⎣

⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥

v1
*

v2
*

v3
*

⎡

⎣

⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥
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Changing Basis 
How to determine vj* ?

‧ 用計算式的方式（直式）證明（續）

v =
1 0 0
0 1 0
0 0 1

⎡

⎣

⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥

v1
v2
v3

⎡

⎣

⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
=

↑ ↑ ↑
e1
* e2

* e3
*

↓ ↓ ↓

⎡

⎣

⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥

v1
*

v2
*

v3
*

⎡

⎣

⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥

v1
*

v2
*

v3
*

⎡

⎣

⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥

=
↑ ↑ ↑
e1
* e2

* e3
*

↓ ↓ ↓

⎡

⎣

⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥

−1
v1
v2
v3

⎡

⎣

⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥

=======
if ei

*Te j
* = δ ij

← e1
*T →

← e2
*T →

← e3
*T →

⎡

⎣

⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥

v1
v2
v3

⎡

⎣

⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥

where δ ij = 1,  if i = j, but δ ij = 0,  if i ≠ j  
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Changing Basis 
How to determine vj* ?

‧ 用文字敘述的方式（橫式）證明，比較抽象，但為傳統證法

� 

v = vie i
i
∑ = v j

*e j
*

j
∑ = v j

* Aije i
i
∑ =

j
∑ Aijv j

*e i
j
∑

i
∑

⇒ vie i
i
∑ = ( Aijv j

* )e i
j
∑

i
∑ ⇒ vi = Aijv j

*

j
∑   

� 

Let  e j
* = Aije i

i
∑ ⇒

⇓

⇒
v1
v2
v3

⎡

⎣

⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
= A

v1
*

v2
*

v3
*

⎡

⎣

⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥

⇒

v1
*

v2
*

v3
*

⎡

⎣

⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥

= A−1

v1
v2
v3

⎡

⎣

⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥

A =
↑ ↑ ↑
e1
* e2

* e3
*

↓ ↓ ↓

⎡

⎣

⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
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Changing Basis 
(Changing Coordinate System)

•  P in the original coordinate system:
         dyad product (in Physics)

   matrix multiplication (in Math)

•  P in the new coordinate system:  

•  How to determine     ?

� 

Pij
*

� 

P = Pije i
i
∑ e j

j
∑

� 

P = Pije i
i
∑ e j

T

j
∑

� 

P = Pij
*e i
*

i
∑ (e j

*

j
∑ )T
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Changing Basis 
How to determine Pij* ?

用文字敘述的方式

（橫式）證明
P = Pijei

i
∑ e j

T

j
∑ = Plk

*el
*

l
∑ (ek

*

k
∑ )T

= Plk
*( Ailei

i
∑ )

l
∑ ( Ajke j

j
∑

k
∑ )T

= [ AilPlk
*(AT )kj ]eie j

T

l
∑

k
∑

i
∑

j
∑

⇒ Pijei
i
∑ e j

T

j
∑ = [ AilPlk

*(AT )kj ]eie j
T

l
∑

k
∑

i
∑

j
∑

⇒ Pij = AilPlk
*(AT )kj

l
∑

k
∑� 

Let  e j
* = Aije i

i
∑ ⇒

⇓

A =
↑ ↑ ↑
e1
* e2

* e3
*

↓ ↓ ↓

⎡

⎣

⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
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Changing Basis 
How to determine Pij* ?

Namely, 

Likewise

P = Pijei
i
∑ e j

T

j
∑ =

↑ ↑ ↑
e1 e2 e3
↓ ↓ ↓

⎡

⎣

⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥

P11 P12 P13
P21 P22 P23
P31 P32 P33

⎡

⎣

⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥

← eT1 →

← eT2 →

← eT3 →

⎡

⎣

⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥

P = Plk
*el
*

l
∑ (ek

*

k
∑ )T =

↑ ↑ ↑
e1
* e2

* e3
*

↓ ↓ ↓

⎡

⎣

⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥

P11
* P12

* P13
*

P21
* P22

* P23
*

P31
* P32

* P33
*

⎡

⎣

⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥

← e1
*T →

← e2
*T →

← e3
*T →

⎡

⎣

⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥

計算式的方式（直式）證明（續）
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Changing Basis 
How to determine Pij* ?

P =
P11 P12 P13
P21 P22 P23
P31 P32 P33

⎡

⎣

⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
=

↑ ↑ ↑
e1
* e2

* e3
*

↓ ↓ ↓

⎡

⎣

⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥

P11
* P12

* P13
*

P21
* P22

* P23
*

P31
* P32

* P33
*

⎡

⎣

⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥

← e1
*T →

← e2
*T →

← e3
*T →

⎡

⎣

⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥

⇒

P11
* P12

* P13
*

P21
* P22

* P23
*

P31
* P32

* P33
*

⎡

⎣

⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥

=
↑ ↑ ↑
e1
* e2

* e3
*

↓ ↓ ↓

⎡

⎣

⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥

−1
P11 P12 P13
P21 P22 P23
P31 P32 P33

⎡

⎣

⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥

← e1
*T →

← e2
*T →

← e3
*T →

⎡

⎣

⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥

−1

⇒
if ei

*Te j
* = δ ij

P11
* P12

* P13
*

P21
* P22

* P23
*

P31
* P32

* P33
*

⎡

⎣

⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥

=

← e1
*T →

← e2
*T →

← e3
*T →

⎡

⎣

⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥

P11 P12 P13
P21 P22 P23
P31 P32 P33

⎡

⎣

⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥

↑ ↑ ↑
e1
* e2

* e3
*

↓ ↓ ↓

⎡

⎣

⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥

計算式的方式（直式）證明（續）




