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Definition:
Positive Definite Matrices

» The eigenvalues of positive definite
matrices are all positive real numbers.

« The Inertial tensor of rotation and the

thermal pressure tensor are positive
definite matrices.



Definition: Similar Matrices

- Matrices have the same eigenvalues
are similar matrices.

Let A and S be the eigenvalue matrix and the eigenvector matrix of A.
= A=SAS"
Let M be any invertable matrix and let B= M "' AM.

= B and A are similar matrices. They have the same eigenvalues.

Proof :
B=M"'AM =M "'"(SASHYM =(M"'S)AM'S)™"

= The A and (M™'S) are the eigenvalue matrix and the eigenvector matrix of B.



The eigenvalues and eigenvectors
of the similar matrices
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inertial tensor , & tt.A similar matrices.
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- The eigenvectors change with Q, where B=Q"AQ=
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Jordan Form

- 318 —1& nxn matrix A Hrepeated eigenvalues,
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Singular Value
Decomposition (#i2)

8, %4 nxn B9
symmetric matrix or Hermitian matrix.

- FEEREED, FRlE BRI S , 7 HTELE
EXE, BEaI"RARMEMMERMEE GBS
% Least Squares Fit A} EEZ=BIERHIEHER) .

- Singular value decomposition 7t & 212 R £t

HRAME" , s3I EEHFEsquare matrix Ay
W88 H 2R B — E%ﬁﬁ’]deoomposmon method.
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- INE%E
square matrix, BIFHEZ&E AS=SL,MMEZRE

Singular Value
Decomposition (SVD)

A T—E"R7AME" , BEIFHTER
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AV=US, where matrices U and V are
orthogonal matrices, and matrix S is a A

“Semidiagonal” matrix. Example of semidiagonal matrix | [

- Matrix A can be decomposed into A=USV-1.

+ Objectives of this study is to find a way to
determine the matrices U and V and the
“singular matrix” S.
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Singular Value
Decomposition (SVD)

FEAT#B projection matrix LA & least square fit B, FfI&#R&ZF “&
ZIFEME" B, AT EE—EN RAEE" BERE, s
IE A5 EERRRER AL

If A is an mxn matrix then ATA is an nxn matrix and AAT is an mxm
matrix.

If a matrix A can be decomposed into A=USV-1, then it
can be shown that the matrices STS and SST are the
eigenvalue matrices of matrices ATA and AAT,
respectively. Whereas, the matrices V_,, and U, are
the corresponding eigenvector matrices of the matrices
ATA .. and AAT . respectively.



Eigenvalue matrix and
eigenvector matrix of ATA

Let the singular value decomposition of matrix A= UXV ™

where matrices U and V are invertable orthogonal matrices
U '=U"andV'=V'
ATA=wzvH'uvzv'=wH'2v'vzv ' =vE' D)V
—

V is the eigenvector matrix of the symmetric matrix A’ A

>'3 is the eigenvalue matrix of the symmetric matrix A’ A



Eigenvalue matrix and
eigenvector matrix of AAT

Let the singular value decomposition of matrix A= UXV ™

where matrices U and V are invertable orthogonal matrices
U '=U"andV'=V'

AA" =uzviwozv Y =uzvi v Y U =uEEHU
—

U is the eigenvector matrix of the symmetric matrix AA"

>>" is the eigenvalue matrix of the symmetric matrix AA"
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SVD example 1
oI S [ I & ) T

det(A"A—-A)=(5-1)Y-25=0=>A=00rA=10

1
For/’t]=0,x1=|: 11 i| For}t2=10,x2=|: 1 i|.:>V=—2|: 11 1 :|

det(AA” — A1) =8 —-A)2-A)—16=0=>A=0o0rA=10

For A, = 0x—|: 12i|For/”t—10X |:2i|.=>U=L l ?i|
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=SS SVD example 2a

I -1 I -1 2 0 —4
saas|l 1B 2 5o :[ i }andAAT: NGIING L5 200 0 0 o
N | P 0 10 o oo || -1 V52 4 0 8

- .
det(ATA— AI)= (10—’ =0=>A=10=V =7 Possible choices: | . © |or —=| 71 ! |et.
0 1 V21 11

det(AA” — A1) = (2= )10 = A)(8 — 1) —16(10— 1) =0 = —A(A* =201 +100)= 0 => A = 10, 10, 0

-1 0 2 ’ -1 0 2
ForA, =4,=10,x,=| 0 [ x,=| 1 |. Ford,=0,x,=| 0 [ =2U=—| 0 5 0
By o

2 0 1
JIo 0 1 0 2 || V1o o0
1 1 _
letX=| 0 410 |=Uuzv'=—| 0 V5 0 0 10 T[ 11 ”
0 0 S 2 0 1 0 0 2

12



I -1

“15%) SVD example 2b
SRR H EE (ERe EE] EE

dettA"A—A)=(10-1)=0=A1=10=V =7 Possible choices:

(1o | 1] 1
0 1 2| -1

det(AA” — A1) = (2= )10 = A)(8 — 1) —16(10— 1) =0 = —A(A* =201 +100)= 0 => A = 10, 10, 0

1 0 2 . L0 2
ForA, =A,=10,x,=| 0 |,x,=| 1 |. ForA,=0,x,=| 0 |.=2U=—| 0 /5 0
5 0 1 o 0 1
Jio 0 1 0 2 || v1O o0 L
1 1
LetZ=| 0 10 |=Uuzv'=—| 0 5 0 0 10 [T[ 11 ”]
0 0 =2 0 1 o o |\~
10 211 o 10 | 1 -l
=l 0 V5 0 01[1‘11}= 0\/5[1_11]= 5 5
2 0 11|00 2 0 2 2

2 0
=l 0 10

4 0
i|CtC.
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SVD : Summary of examples

[
A=| 5
| 2
[ 1
A=| 5
| 2
likewise
a=| 2
|1
a=| 2
1

1
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1

_1 i
J5 |=Uzv =
2 —
_1 i
J5 |=uzv =
2 —
| 1
=UxV'=—
| J5
| 1
=UxV'=—
| J5

o2
TOJEO
5_201_
1_102
TO\/EO
5_—201_
1 210 o
| 2 1 ]| 0 10
1210 o
2 1 ]| o Vi0

Jio 0 1
b
0 0 V2
Jio 0 1
b .
0 0 V2 -l

(11 1 )
(V2| -1 1 of

=> Matrix A has nonunique singular value decomposition form, but

(11 1 )
Kﬁ_ 1 1 or....

has unique "singular values," which are the elements in the semi-diagonal matrix 2.
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Summary of SVD
(A=USV-) p. 355

* Meaning of AX

1. Rotate the vector x based on the row vectors
of V (or change to the new basis which
consists of the column vectors of V)

2. Stretch corresponding components by S

3. Rotate the resulting vector based on the
column vectors of U (or change to the new
basis, which consists of the row vectors of U)
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Summary of SVD
(AV=US) p. 356

- Matrix A maps the vectors in one
orthogonal matrix V to the vectors in
another orthogonal matrix U (with non-zero
stretches).

- The function of A is very similar to the
function of conformal mapping!

- Check for advanced example : (http://ieeexplore.ieee.org/xpl/freeabs_all.jsp?
arnumber=1196456&fromcon)
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Matrices for the Derivatives
and Integral pp. 372-373

« Matrix form of derivatives " 0

1 0 O
A= 0 0 2 O
00 0 3
- Matrix form of integration | | | |
Y7o 12 o
0O 0 1/3

* One-sided inverse: AA'1=?; A1A="
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