
1 

Linear Algebra !

Lecture 7c (Chap. 6)!
Introduction to Positive Definite Matrices,!

Similar Matrices, Jorden Form, & !

Singular Value Decomposition (SVD) "

Ling-Hsiao Lyu!

Institute of Space Science, National Central University!

Chung-Li, Taiwan, R. O. C.!

2012 Spring Linear Algebra 



Definition: !

Positive Definite Matrices"
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•" The eigenvalues of positive definite 
matrices are all positive real numbers.!

•" The Inertial tensor of rotation and the 
thermal  pressure tensor are positive 
definite matrices.!



Definition: Similar Matrices"
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•" Matrices have the same eigenvalues 
are similar matrices.!

� 

Let ! and S be the eigenvalue matrix and the eigenvector matrix of A.

" A = S!S
#1

Let M be any invertable matrix and let B = M
#1
AM .

" B and A are similar matrices.  They have the same eigenvalues.

Proof :

B = M
#1
AM = M

#1(S!S#1)M = (M#1
S)!(M#1

S)#1

" The ! and (M#1
S) are the eigenvalue matrix and the eigenvector matrix of B.



The eigenvalues and eigenvectors 
of the similar matrices"

4 

•" !"#orthogonal matrix#$%&'()*!+$#inertial 

tensor , eigenvalues -.)/0#1234-5$#

inertial tensor )607#similar matrices.!

•" /7!"%&'()*8!934-5$#inertial 

tensor), eigenvectors :;-<5=#>:?!"@

A$%&'(=B"

•" The eigenvectors change with Q, where B=QTAQ= 
Q-1AQ!

CDsimilar matrices$<EFG)"

HIJKLpage 344 MNO$Table!



Jordan Form"

•" PQR9#nxn matrix A Srepeated eigenvalues, 

T A $ eigenvectors $9U)#VWXYZ[ n. 1
\ A ]^_`abc)#MDdXce7#####`

ab$blocks3f)Pgh##############################
#1i$#matrix jkl############################## 

Jordan form.#"

•" PQ#B=M-1AM #############################################
T A, B mS<5$################################

Jordan form)#n;]^`abc="
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0 0 0 5 1

0 0 0 0 5

!

"

#
#
#
#
#

$

%

&
&
&
&
&



Singular Value 

Decomposition (#o)"

•" pqrst)*uv$wx)D7 nxn $ 

symmetric matrix or Hermitian matrix.!

•" yz{|}$)~������Dh��~�

��\)#��uvV�OwxY$<Ers#>HI
J#Least Squares Fit �%��$��"�Bh#"

•" Singular value decomposition j�U���
`V�OwxY#)���`�square matrix *

����$R��$decomposition method.!
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Singular Value 

Decomposition (SVD)"

•" PQwxA �R9V�OwxY#)���`�$#

square matrix)T-�J�#AS=SL, #$%& 

AV=US, where matrices U and V are 

orthogonal matrices, and matrix S is a 
“semidiagonal” matrix.!

•" Matrix A can be decomposed into A=USV-1.!

•" Objectives of this study is to find a way to 

determine the matrices U and V and the 
“singular matrix” S. !
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Example of semidiagonal matrix!



Singular Value 

Decomposition (SVD)"

•" ��� projection matrix 8�#least square fit \) ¡;uv#V�

OwxY#$rsh#�\j��"R�¢V�OwxY#$rs)c7

£Owx$rs$O^¤"

•" If A is an mxn matrix then ATA is an nxn matrix and AAT is an mxm 

matrix.!

•" If a matrix A can be decomposed into A=USV-1, then it 
can be shown that the matrices STS and SST are the 

eigenvalue matrices of matrices ATA and AAT, 

respectively. Whereas, the matrices Vnxn and Umxm are 

the corresponding eigenvector matrices of the matrices 

ATAnxn and AAT
mxm, respectively.!
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Eigenvalue matrix and 

eigenvector matrix of ATA"
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� 

Let the singular value decomposition of matrix A =U!V
"1

where matrices U and V are invertable orthogonal matrices 

#U
"1

=U
T  and V "1

=V
T

A
T
A = (U!V "1)TU!V "1

= (V "1)T !T
U

T
U!V

"1
=V (!T

!)V "1

#

V is the eigenvector matrix of the symmetric matrix AT
A

!
T
! is the eigenvalue matrix of the symmetric matrix AT

A



Eigenvalue matrix and 

eigenvector matrix of AAT"
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� 

Let the singular value decomposition of matrix A =U!V
"1

where matrices U and V are invertable orthogonal matrices 

#U
"1

=U
T  and V "1

=V
T

AA
T

=U!V
"1(U!V "1)T =U!V

"1(V "1)T !T
U

T
=U(!!T )U"1

#

U is the eigenvector matrix of the symmetric matrix AAT

!!
T  is the eigenvalue matrix of the symmetric matrix AAT



SVD example 1"
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SVD example 2a"
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SVD example 2b"
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SVD : Summary of examples"
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/ Matrix A has nonunique singular value decomposition form, but

     has unique "singular values," which are the elements in the semi-diagonal matrix (.



Summary of SVD !

(A=USV-1) p. 355"

•" Meaning of Ax !

1." Rotate the vector x based on the row vectors 

of V (or change to the new basis which 
consists of the column vectors of V) !

2." Stretch corresponding components by S !

3." Rotate the resulting vector based on the 

column vectors of U (or change to the new 
basis, which consists of the row vectors of U)!
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Summary of SVD !

(AV=US) p. 356"

•" Matrix A maps the vectors in one 
orthogonal matrix V to the vectors in 

another orthogonal matrix U (with non-zero 
stretches). !

•" The function of A is very similar to the 
function of conformal mapping!!

•" Check for advanced example :  (http://ieeexplore.ieee.org/xpl/freeabs_all.jsp?

arnumber=1196456&fromcon)!
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Matrices for the Derivatives 

and Integral pp. 372-373"

•" Matrix form of derivatives!

•" Matrix form of integration!

•" One-sided inverse: AA-1=? ;  A-1A=?!
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