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Motivation

- o L R RE AR 2 E B R R symmetric matrix
(A=AT) - 4D - EEE E BT RE -
— Symmetric matrices (with real elements) are
diagonalizable.

o TR HEEFHIRZS Hermitian matrix
(A=(AT)*, where (AT)* is the complex conjugate of AT )
— Hermitian matrices are diagonalizable.
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eigenvalues and eigenvectors.




Review: How to make a
symmetric matrix

If A is a square matrix, then (A+AT)/2 is a
symmetric matrix.

For any matrix (square or not) R, the RRT is a
symmetric matrix.

A diagonal matrix D is a symmetric matrix

For any matrix (square or not) R, the RDR'" is a
symmetric matrix.
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: A=UDUT

Making a symmetric
matrix
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Note: UBSE —1{Ecolumn vectorEHEE, (BREEF A1,




Find the eigenvalues and
eigenvectors of a matrix A

 Find the eigenvalues and eigenvectors of A

1 0 -3 0]
0 8 0 -2
A=
3 0 1 0
0 2 0
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Find A and x such that Ax = Ax

- where 1 is the eigenvalue of A and x is the
corresponding eigenvector.



The eigenvalue | of A
satisfies det(A-Il) =0

1 0 -3 0 |
Aol 0 8 0 =
3 0 1 0
0 =2 0 8

Ax=Ax= (A—A)x=0
For nonzero x = det(A—A1)=0 =

1-24 0 -3 0 |
wl 0 8-4 0 =2 |,
3 0 1-1 0
0 2 0 8-2 |

X HIEEME > ForsbfE A-Adigy
JU{fE column vectors L GEFE (span)
—{[EldimensionZE Y B/ NP3 ZE RS
B BEAELE U ZEfE A o $RF]
2= 0 (5% 22 Y
H&E X FEEIFEE A-A1 hEy
JU{Ecolumn vectors o HLIA|H:

we can conclude that the 4 column
vectors{E VU 2= i Hh A5 HH 2K HY
JUFEZ2fIREFE ( =|det(A— A1)




Find the eigenvalues

-2
det(A— A1) =0 = det 03
0
8—1 0
—(1-Adetl] 0 1-2
20

=[(1-4) =918 - 1)" — 4]

=[1-)+3][A-24)=3][B-A)+2][(B-4)-2]=0

— 3 det

=A=4, L,==2, A, =10, A,=6




Find the corresponding

eigenvectors of 1,=4

-1 0
(A-Ax=0=| 0 8-4
3 0
0
For A, =4
-4 0 =3 0
0 8-4 0 =2
3 0 1-4 0
0 2 0 8-4
1/2
= e, = 0
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0o 4 0 =2 1|l o
3 0 =3 0 || =1
0 2 0 4 0




Find the corresponding

eigenvectors 1,=-
1-2 0 =3 o || *
_ 0 8-1 0 =2 x |
(A-ADx=0=> L 5 N =0
0 2 0 8-4 || 4
For A, =-2 - -
142 0 =3 o || %[ 3 0 =3 0
0 842 0 =2 n | | o 10 0 =2
30 142 0 X, 3 0 3 0
0 =2 0 8+2 || . 0 =2 0 10
_ i 4 ] _
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=e, = U
142
- 0 —
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Find the corresponding
elgenvectors 43=10

-2 0 =3 0 X
— —_ X
(A= ADx=0= bog=a 0 2 > =0
-3 0O 1-4 O X,
0 2 0 8-1 ||
For A,=10
1-10 0 -3 o || = 9 0 =3 0
0 8=10 0 ) Ll o 2 0 =2
-3 0 1-10 0 X, 3 0 -9 0
0 ) 0 8-10 || , 0 —2 0 =2
. -1 4_ - .
.
1/2
=>e3=
0
—1/2




Find the corresponding
eigenvectors 1,=6

(A= ADx=0=
For A, =6
1-6 0
0 8-6
3 0
0 =2
0
1/2
=e,=
0
1//2

-4 0

=0

0O 2 0 =2
-3 0 =5 0
0O -2 0 2

_— O = O
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Change of Basis

» Verify your results by changing the basis to
the eigenvectors coordinate system. In that
coordinate system, the matrix A should be a
diagonal matrix with diagonal elements
equal to the corresponding eigenvalues.
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Review Change of Basis

When we change the basis from B={e, e,, e} to
B ={e,, e, e,}the representation of P also changes

-1 - - -1

P Po Py | [t v 12| |[R B B e -
P2*1 Pz*z P2*3 = e>1k ez e; F, P, P, — eZT —
P3*1 P3*2 P3*3 i I 1 1 ] P, P, P, <~ e:'T —
B, B, B — e - B, P, £, T T 7
= P;l P;z P2*3 =| e;T — P, P, P, e>1k e; ¢
if ejTej' = 6z‘j P3*1 P;z P;; — ezT —> P, P, Py | AN




Diagonalized

the Symmetric Matrix

—e — Tr .
[A]B* = i e e €, e ¢ el.Tej = 61.].)
cel || 30 1 0
o o0 s IlL L Ly
—el — L
N2 0 -1N2 0 [ o 3 0 /N2 142 0 0
12 0 12 0 0 8 0 -2 0 0 /N2 142
0 1/42 0o -1/J2 |3 0 1 0 N2 12 0 0
0o 1/v2 o 142 |[LO 7 8 0 0 “1/42 142

Your home work
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Applications (in Physics)

- What are the principle axes of an inertial
tensor? Your home work
» By definition:
Toque =(inertial tensor) dot (angular acceleration)
T=1-«

- Under what condition the toque will be

parallel to the angular acceleration?

Your home work
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Applications (in Math)

° G|Ven i 1 0 =3 0 il
A= O 8 0 =2
-3 0 1 0
O -2 0 8

« FInd 4%=2 Your home work
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Application to ODE & PDE
(ﬁ%‘[‘z A )L::.\\EI_J'@')

» Determine the dispersion relation of the
MHD waves with B,=B8,z and wave

number k in the x-z plane

- What is the eigenvector of each MHD
wave mode?

- What is the corresponding eigenvalue?

ANEF= ~ PUZ=gH[E]E2, Your home works!
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Selected Problems

Section 6.1

— Problems 1~12, 22, 30 (pp. 283-287)

Section 6.2

— Problems 1~8, 21~23, 27 (pp.298-301)

Section 6.3
— Problems 1~9 (pp. 315-316)

Section 6.4
— Problems 1~9 (pp. 326-327)
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