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Applications of Determinant

. Find A1 analytically.
. Solve Ax=Db analytically. (Cramer’s rule)

. Find the size of ‘volume’ built by the n
row vectors of the nxn matrix A in the n-
dimensional space.

. Find the eigen vlaue of the matrix A
(Solve Ax=Ix)



How to evaluate the determinant
of a square matrix A

» Multiply the n pivots of an nxn matrix A
AT k Krow exchange, FEEFIELL(-1)

ERSTE U AYEE 574 (the pivot formula )

+ det(A)=S (&jumn.. A1iAAZAIAsmAGn: )

B EZ (the big formula * FEAE > HES
(TR )

. cofactor formula ([&[%£)
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Meaning of Determinant
(Volume picture)

 The absolute value of the determinant of an nxn
matrix A can be considered as the ‘volume’ built
by the n row vectors, or the n column vectors

[since det(A)=det(AT)], in the n-dimensional
vector space.



Meaning of Determinant
(surface picture = 5g1E:%)

« The determinant of an nxn matrix A can also be
considered as the ‘direction and area of the
surface’ in the (n+1)-dimensional vector space,
where the sign of the determinant denotes the
direction of the surface and the absolute value of

the determinant denotes the area of the surface.
— The surface in the (n+1)-dimensional vector space is

built by the n row vectors, or the n column vectors, of A,
and with the n+1 component equal to zero.



Meaning of Determinant
(surface picture = 5g1E:%)

» The surface picture of the determinant
explains why the determinant changes sign
after a row exchange.

— The exchange of row will change the normal
direction of the surface in the (n+1)-dimensional
vector space.



Properties 1, 2, 3 of Determinant

1. det (1)=1
- Mg > BER—  HEBEOMHEBENIE)
JCHEfE > BUEJTReRetE » &%/ ?
2. det( A with k row exchanges)=(-1)kdet(A)
3. The determinant is a linear function of
each row separately.
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Examples of Property 3

Q: det(kA)=kdet(A) ?
A: False

k kb b AY AW EE_L‘\ AW
det[ Ca ; ]=kdet{ CCZ ; ] g2t B > HEEE Ik
But k[ a b
c d

=| K K and det| MK pger| 40
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Examples of Property 3

AY
Q: det(A+B)=det(A)+det(B) ?
A: False (c,d) (a+e,b+f)
[ a b ]+ e f _| ate b+ f !
c d c d c+c d+d (0,0) ’

but det[ a b ]+det[ ¢ f ]=det[ ZFe D) ]#det[ Zre Ol ]
c d c d C d c+c d+d
H—ENI—E » HEREFEAREY—IE - B B N—IR -
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Properties 4~6 of Determinant

4. If two rows of A are equal, then det(A)=0
5. Subtracting a multiple of one row from
another row leaves det(A) unchanged.

a b a b a b a b
det = det — kdet = det +0
L —ka d- kb} L d} L b} L d}

property 3 property 4

6. If a row of A are zeros, then det(A)=0
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Properties 7~10 of Determinant

7. It A'is upper or lower triangular matrix,
then det(A)=product of the diagonal entries
8. If Alis singular then det(A)=0.
If A is invertible then Idet(A)l >0
9. det(AB)=det(A)det(B)
—>det(A)=1/det(A) (if A is invertible )
10. det(A)=det(AT)
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Pivot Formula

Q: det(elimination matrix E)=?
Q: det(permutation matrix P)="?
Q: det(E;E,E;A)="

Your home works

13



Cramer’s Rule

Ax=b| 4. 4. || & |_| & |can be written as
] Ay Ay 1L Xy 1 L b, ]
A, Ay x 0 _ b, A,
] A, Ay 1L x, |1 1 L b, A, ]
A, A, 1 x _ A, b
A, Ay 1L 0 x, 11 A, b, ]

Making use of the property 10:
det(AB)=det(A)det(B), one can solve x="?

Your home work 14
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Using determinant of A

Let A be a 3x3 matrix 4=

1
 det(A)

" det(A)

to determine A-

|:(cofact0rs)ij ]T

Al 1 Al 2
A21 A22
A3 1 A32

Al 3

>

23

A33

A23 de t A21 A22
A33 A3 1 A32

13 _ det Al 1 A12
A33 A31 A32

Al 1 Al 2
A21 A22

|
|
|
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Using determinant of A
to determine A1

50% students forgot to take transpose!

det(

" det(A)

|:(c:0fact01rs)lJ ]

A, Ay
A=| A, A,
L Ay Ag
A A
det 12 13
A22 A23

>

13

>

23

>

33




Using determinant of A

to determine A1

All A12 Al3
* Prove that AB=1, where A=| Ay A, A,
A31 A32 A33

Your home work

de t A21 A22 _ de t Al 1 A12 de
A3 1 A32 A3 1 A32

A, A A, A
det = > —det 2 P det
A32 A33 A32 A33 A
B= ! —det A Ay det A Ay —det
det(A) A, A A, A A




Selected Problems

 Section 5.1
— Problems 1,5,8,10,11,18,27 (pp. 240-243)

« Section 5.2
— Problems 20, 30, 36 (pp. 256-259)

» Section 5.3
— What is the Jacobin matrix? (p. 256)
— Problems 6, 21,27-31(pp. 270-272)
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