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Outlines

Solving Ax=0
General solution of Ax=b, x=x,+Xx,

Vector Space

— Column Space
— Row Space
— Null Space

Solving Ax,=b with x; perpendicular to x..
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Solving Linear Equations
A xnx1=b

mxn mx 1

The general solution of Ax=b is
X=X, +X,
where Ax,=0 and Ax,=b.



Step-by-Step Solving Ax=0
(non-trivial solution)
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Step-by-Step Solving Ax=0
(non-trivial solution)

» Solving Ax=0 is the same as solvina
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Step-by-Step Solving Ax=0
(non-trivial solution)

+ Solving Ax=0 is the same as solvina
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Step-by-Step Solving Ax=0
(non-trivial solution)

» Solving Ax=0 is the same as solving
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Step-by-Step Solving Ax=0
(non-trivial solution)
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Solving Ax=0
(non-trivial solution)

 Reduce A to “reduced row echelon form” rref
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Step-by-Step Solving Ax=b

» General solution of Ax=b is x=Xx_+x,
where Ax,=0 and Ax,=b
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Solving Ax=0 or Ax=b
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Vector Space

If vector x=(x,, X,, X3, X,) then
X is a vector in the R* space.

R+ is a vector space with dimension of 4.
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Vector Space (]a)&Z=[])

A vector space is different from a set.
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Special Space
(PR ZEE])

R" : the vector space that consists of all
column vectors with n components.

H 22 (EEMERENFEES
T BALELE A 222 |
A+(-A)=0 W= ZEE—E R E 2 REL -

M : the matrix space
Z : the zero-dimensional space
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Subspace (F2Z=[H)

Subspace is a vector space.| = EZ R B
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Subspace (F2Z=[H)
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N2

Orthogonal Subspaces
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Orthogonal Subspaces
(FHE EEH A FZE[H])
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Orthogonal Subspaces
(tH & T H AVF22[H])
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Orthogonal Subspaces

(T8 & 2% 5 Y F25[H)

SER & WF'E,EJE

B > FIRSERE M E ZE RIHYAERL -

 MH G T HHY T ZE R HY4E

ST A = 22 A I 4EE (dimension ) H[E &

[

KT &S
-

pian - =g | 2

3

HE5 R > FilE—(E
| =pezepimm g -

BURAEL

21



Four Fundamental
Subspaces of a Matrix A

Let A be an mxn matrix

C(A) : The Column Space of matrix A is
the vector space spanned by the column
vectors of matrix A. (i.e., all linear
combinations of the column vectors)

Since each column vector has m
components, C(A) is a subspace of R™
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Four Fundamental
Subspaces of a Matrix A

Let A be an mxn matrix

R(A) : The Row Space of matrix A is the
vector space spanned by the row vectors
of matrix A. Since each row vector has n
components, R(A) is a subspace of R"
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Four Fundamental
Subspaces of a Matrix A

Let A be an mxn matrix

N(A) : The Nullspace of matrix A is the vector
space spanned by all the vectors x which
satisfy Ax=0. Since the vector x has n
components, N(A) is a subspace of R".

N(A) and R(A) are two orthogonal subspaces
of the space R".
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Four Fundamental
Subspaces of a Matrix A

Let A be an mxn matrix

N(AT) : The Left Nullspace of matrix A, or the
nullspace of AT, is the vector space spanned
by all the vectors y which satisfy ATy=0.
Since the vector y has m components, N(AT)
IS a subspace of R™.

N(AT) and C(A) are two orthogonal subspaces
of the space R™.
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Rank of a matrix

« Ais an mxn matrix. Let » be the rank
of matrix A. We have r<m and r<n

I 1 2 |- .
3 2 5 A
* Example: Ax=| 1 3 4 || x, |=0
Since Col.1+Col.2=Col.3, -2 4 2 X,
there are only two 15 6 |- -

iIndependent column vectors
* The rank of matrix A is 2.
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Dimension of a space or

subspace
1 1 2
3 2 5 Xy
* Example: Ax=| 1 3 4 || x [=0
Since Col.1+Col.2=Col.3, -2 4 2 X,
there are only two 1 5 6

iIndependent column vectors
The rank of matrix A is 2.

The dimension of column space C(A
The dimension of row space R(A) =

)=2
2
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Subspaces (example)

Four Fundamental

Example:
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Dimension of the Four
Fundamental Subspaces

A Is a 5x3 matrix. The rank of matrix A = 2.
ne dimension of C(A) = 2

ne dimension of R(A) =2

ne C(A) is a subspace of R®, so is N(AT).
ne R(A) is a subspace of R3, so is N(A).
ne dimension of N(A) is 3-2=1

ne dimension of N(AT)=5-2=3

= e e = =
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Definitions (1)

» Rank
— Number of independent components
— Degrees of freedom

Rank of a matrix

Number of independent equations
Dimension of a vector space

« Span

* N independent vectors can span a vector
space with dimension N

2010 Spring Linear Algebra 30



Definitions (2)

 Linear combinations cu+dv

« Linear transformation
T(cu+dv)=cT(u)+dT(v)

» Linear transformation can be represented
by a matrix

2010 Spring Linear Algebra 31



Definitions(3)

. A linear transformation f , that transform
a vector from V to a scalar field, is also
called a linear functionalon V .

- The dual space: a collection of all linear
functionals on V can form a vector space
V*, which is called the dual space of V.

2010 Spring Linear Algebra 32



Solving Ax,=b with x,
perpendicular to x

The general solution of Ax=b is x=x,+Xx, ,where
Ax,=0, Ax,=b, and x is independent of x.

X, B LASE 2 fI7E row space of A, thE] LU row
space of A. & x SEEi7E R(A)F, Bl x is a
linear combination of all the row vectors of the
matrix A and x;, is perpendicular to x,.

The Gaussian elimination yields L-TA=L-LU=U
and L-'b=c then we have Ux=c, Ux =0, and X, is
also a linear combination of all the row vectors of
the matrix U. 33




AX _b

X, IS a linear combmatlon of all the row vectors of

« a — | thematrixA
) IfA= « a — (In this example, if the rank of the matrix A is
— a, > 3 then AAT will be an invertible matrix)
- then . _ o
T T T T T T | »
X, =W a |tV a4 |TY| a; [=| a a a; Y>
R R

- Namely, if AAT is an invertible matrix, then
— T _ _ T\-1
AX =b= A(A'y)=b=y=(4A") b
:ATy:AT(AAT)—lb 34



pr=c
X, IS a linear combination of all the row vectors of
the matrix U

Likewise, if UUT is an invertible matrix, then
Ux,=c=x,=U" (UU") "¢

Otherwise UX, =¢=U(U z)=c = Solvingz=x,=U"z

s FECMERZT, IEHETEF Ax£=bﬁqﬂﬁiiﬂ1%5§
X, is independent of x,, (B X REE x, is
perpendicular to x; (i.e., x, may not be a linear

combination of all the row vectors of the matrix U.
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Summary: Figures

on pages 176,185, 188, 396, 413 and
the back cover of the textbook

dimr

» Four fundamental subspaces
of an mxn matrix A

column



