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Solving n Linear Equations
With n Unknowns

— REEERYRRE
- FEREZERME (n=2)
- —(EFAERYSCET (n=3)

— TREEHYRTRE
- Computer Tomography ( CT ZEf&ETfeimhh

(n: the number of pixels of the 3-D image )
« Least Square Fit ( F/NEHZEREEEHLE)
- Numerical Methods (particularly, the finite
difference method #Z=472%)
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Basic Concepts & Outlines

- Linear Combination: cu+ dv

 Linear transformation
T(cua+dv)=cT(n)+dT(v)
- Gauss elimination

- Gauss-Jordan elimination

LU algorithm

- Elementary operators:
— Elimination
— Permutation



Solving Linear Equations

Example 1
» Matrixform: [ 2 ;1T x] [ o
ER S
* Row picture: 2x—y=0

— intersection of two lines —x+2y=3

» Column picture:

— A linear combination of x[ 2 ]_,_y[ -1 ]=[ 0 }
two vectors E 2 3



Solving Linear Equations

Example 2
_ 2 1 0 [ x][ o
- Matrix form: | -1 2 -1 || 5 |=| =1
0 3 4 || .|| 4
» Row picture: 2x—y=0
— intersection of 3 planes —*+2y-z=-1
By+dz=4

- Column picture: . _ _  _

— A linear combination of 1 |+y| 2 |+z| -1
three vectors 0 -3 4




Gaussian Elimination
for the Example 1
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Gaussian Elimination
for the Example 2

Your Home Work:

o 1 o |l x| [ o
Ax=b=| -1 2 -1 || x |=| =1
0 3 4l o | [ 4

- Show that A=LU, determine L and U
« Determine x from Ux=c¢, where c=L"b



The A=LU algorithm

» Gaussian elimination:
Ax=b = (g,---£,€)AX = (g,---E,E)b
= Ux=(g,--&€)b=L"b
Show that A=LU
(g -&8)A=U = (g-6€) (g &€)A=(g €)' U
Since L'=(g--£g) = L=(g--6g) = A=LU
AN{a[ 3k Elementary operator matrix B4/ 5B [&E ?

— -—1 — — _ —-—1 _

1 0 0 1 0 0 1 0 0 1 0 0 |
D'=l 0 a 0| =| 0 1/a 0 E'={l o1 0| =010
0 0 1 0 0 1 b 0 1 b 0 1

i — X FLlaft ERE mkLl1/afE | | H=HMbE—R BERBELE—I



What is Algorithm?

» algorithm

— a process or set of rules or steps to be
followed in calculations or other problem-
solving operations, esp. by a computer
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Permutation

» Row exchange

2x—y=0
—x+2y—z=-1
—3y+4z=4

—x+2y—z=-1
2x—y=0
—3y+4z=4

—

Q

-1 0

3 4

-1 0
3 4
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Permutation :
Row exchange

-1 0
2 -1
-3 4

-1 0
2 -1
-3 4

2 -1
-1 0
-3 4

Permutation matrix 4 %B & - E#l—r
2/20 L iRRF, B
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Permutation

» Column exchange

Y

2
—1
0

—1
2

E

Ry, -3FRME A3, X FI2AITEIE !

—1 0
2 -1
3 4

2 0
-1 -1

-3 0 4
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2
—1
0

Permutation:

column exchange

2 -1 0
-1 2 -1
0 -3 4
-1 0 |lo 1 0
2 -1 1 0 O
-3 4 | 0O 0 1
Permutation matrix
B — 0B — (3T
1 2 0
2 -1 -1
-3 0 4
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_ (AP;(P‘IX) =b
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The Algorithm for
Solving Linear Equations

* (Faussian Elimination:

—reduce to an echelon form
« Gauss-Jordon Elimination: (augmented matrix)

* The elementary matrices:
— The elimination matrices
— The permutation matrices

» The A=LU or A=LDU algorithm:

16



What is an echelon form ?

0O 0 O O

 echelon form

17



What is an augmented matrix?

* augmented matrix

o QL O
>~ QN
o O
o = O
_— O O

C
f
l
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Homework #1-1

 Prove that by applying the “Gauss-Jordon
Elimination” algorithm to an invertable

matrix A, you can obtain A! , which is
shown on the right-hand side of the final

augmented matrix.
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Why do we want to factorize
A=LU ?

Because it is easy to determine the inverse and
determinant of the elimination matrix and the
permutation matrix

Ax=b - L 'LUx=L"'b = Ux=c

— Where Ux=c is very easy to solve (Chap. 2 & Chap. 3)
A=LU then

— det(A)=det(L)det(U)=det(U)=%m AR (Chap. 5)

. A,=L,R, >A,=R.L,=L,R, ... a matrix with

decreasing eigen values on its diagonal ! (Chap. 6)

20



Lecture 1
Part B
Transpose, Inverse, &
special matrices

21



Transpose and Inverse

« Definitions

— AT (transpose of matrix A) : A; = (AT),

— A1 (inverse matrix of a square matrix A) :
AAT=ATA=1

PR CEEET 0 BERET o BB~
JeliieET 0 AR
(AB)T=BTAT  (AB)'=B-1A"

22



(AB)1=B-1A1

. *7%%
(AB)(AB)=1
(1)
B-'A-7(AB)=B-1(A-'A)B=B-1(1)B=B-'B=1
(2)
Equations (1) and (2) yield
(AB)1=B-1A-"

23



(AB)-'=B-1A-"

Example:
1 0 0 1 0 O
LletA=] -1 1 0 B=]10 1 0
0 0 1 0 -1 1

Determine A1, B-1 ,C=AB, and D=B-1A1

Verify your results by checking if they satisfy
the following relations

AA'=1 , BB'=1, and CD=1

24



(AB)T=BTAT

H WA A RS E ERH R -
R
Let us consider two matrices A, and B

We have
A B — mel ’ (AT)nXm ’ (BT)an ’ (CT)le

mxn=nxl

and (BT)an (AT)nXm — (BTAT)ZXm
= Both (AB)' =(C") and (B'A") are /X m matrices

PLLT

25



S MEA

(AB)T=BTAT

2x—-3y=-4

Let us consider the linear equations —x+2y =3

They can be rewritten in the following matrix
forms. Thus, we conclude that (AB)'=BTAT.

_2—3 X
_—12 y

=|:_;:| or Ax=Db

:x y]|: _23 _21 :|=|:—4 3] or xXA'=b'

26



(AB)T=BTAT  (naizszovazes)
Let us consider two matrices 4,,.., and B
Forall;e{1,..,m} and je{i,..,1} ,we have

(( AB)' ) = (AB ) Definition of the transpose of a matrix
;iﬁ = Z Aik B . Definition of matrix multiplication
e n
JETRE _ T r e .
%H# — Z (A )ki (B )jk Definition of the transpose of a matrix
U
flice: S Exchange of scalar multiplicati
T T Xxchange of scalar multiplication
ENG =Y (B"),(A"), & P
=( B'A' ) i Definition of matrix multiplication

AR ERBFE ji HEWRIL, HGH(AB) =B A" 7




Symmetric Matrix
&
Anti-symmetric Matrix

« Definitions

— M is a symmetric matrix if M= M
— M is an anti-symmetric matrix if M" = — M

28



Decomposing a Square
Matrix M to MS+MA

If M is a square matrix then M can be
decomposed into a symmetric matrix M=
and an anti-symmetric matrix MA

M=MS+MA
where

MS= (M + MT)/2
MA= (M — MT)/2

29



How to build a symmetric
matrix (method 2)

If R is an m x n rectangular matrix then
RTR is an n x n symmetric matrix

RRT is an m x m symmetric matrix

Proof:
(RTR) '=(R) (RT) =R TR =»R'R is symmetric
(RRT) T=(RT) T(R) =R RT =&»RRT is symmetric

LDLT is also a symmetric matrix

30



Symmetric Matrix

If M is a symmetric matrix, then
« M1 is a symmetric matrix
» M=LDL" and M=QAQT

— The number of positive pivots in D and
positive eigenvalues in A is the same.

— A has real eigenvalues and orthonormal
eigen vectors in Q [l7&%

31



Expressions and Definitions

» Expressions of vector
— Hand writing: v or ¥ or Iv>or y7or v'or <vl
— Typeface: boldface for vector, i.e., v orv'

— Matrix expression of vectors:| v, |or [ v v, vl
where the vector is defined by v,

V= V1€1+V2€2+V3€3 — Zviei = Ve, - =

l
V= Vlel+V292+V3e3 = Z\/’iei = V,€,
[

32



Vector Products

» Definitions of vector products

— Inner product: v-w

- the multiplying of the projection of one vector to the
other vector

— Cross product: v w

- size and normal direction of the area determined by
the two vectors

— dyad product: YW

33



Matrix Expression of
Vector Products

* inner product:

v-w=[ v v, v w,

* cross product:

VXW=

 dyad product:

VW =

0 -,
Vv, 0
-V, V
[ w,

W,
VoW,

VW,

W,
LW,

VW,

VW,
VoWs
ViW,

34




Special Matrices (1)

» Definitions
— A is a symmetric matrix if AT= A
— A is a anti-symmetric matrix if AT=— A
— A is an orthogonal matrix if AT= A" DI{EZ;
— Define z*: if z=a+ib then z*=a-ib
— A is a Hermitian matrix if Af=(AT)*=A DI1&Z}
— A is a unitary matrix if Af=(AT)*=A"1 DI

35



Special Matrices (2)

* |dentity matrix: 1 28T |

- Elimination matrix: ZgE 71 |
- Permutation matrix: a1 |

- Projection matrix: P=P2=PT DAt

. Rotation matrix: LI&Z
. Reflection matrix; Q=1-2uu’ IDRE &0
- Householder matrix: Q'=Q'=Q [17&%

36



Row Operation,
Column Operation,

&
Matrices Multiplication

37



Column Operation

Solve x'A"=b" or [xl X, ][ b2 i|=|i b, b, :I
3 2

1 2
choose the Column eliminator on the right to be|: 0 1 :|

38



Row Operation
E
|
}[; 3} 2 =[_12 (1)

Tosolve x'A' =b’ or [xl xz]

1s equivalent to solve Ax=Db or |: ;

1 O
—
|

1
Il
|

>

— H@A
+
S

(\S)
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Matrices multiplication

SRR MR
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Yo—
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1
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I
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- N —
N 0 o
_ _ |
N — 1
> A M —
— O —
l I 1
— L e
1 AN = + —
RS 1
mzz e N =) —
S © - N l I _ |
L | l | _ _ — 1
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1
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Matrices multiplication

e M e o

_{1-[1 2]+2-[0 1]} . 1 2}

130 2]+2-[0 1]] T3 2

B

S1-[1 2]+2-[0 1]=[1 z]Ll)

& 3-[l 2]+2-[0 1]=[3 2][(1) ﬂ=[3 3]

1 4

1-[1 2]J [2-[0 1]J
3.0 2 20 1]
} yields row operation

Put the Row Operator
on the left! e.g.,

row elimination, or
row permutation

41



Matrices multiplication

5 2l 1 sl Ao
D] 2L ] [ Lo ] =[]
SR S H R R A

Put the Column Operator 1 1 T1 2121 [a
on the right! &2-3+1-2:3 511 =g

e.g., column elimination,
or column permutation



