Lecture 8 Sound Wave in Neutral Gas

Key points e Sound wave in neutral gas
e Longitudinal wave & transverse wave
e Linearize the governing equations
e Uniform and/or non-uniform equilibrium
e Plane wave assumption
e Fourier transform
e Dispersion relation
e Phase velocity and group velocity



8.1. Longitudinal Wave and Transverse Wave
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e The shock wave is an interested topic but is beyond the scope
of this Lecture.




8.2. Basic Equations
Governing equations of the sound wave in a neutral gas are the
fluid equations of the ideal gas. They are listed below

Continuity equation
Jd -

GtV -Mp=—pV-V (8.1)
Momentum equation
a - —- -
por+ V-V =-Vp+pg (8.2)

Adiabatic energy equation

Jd o 5 R
(§+V°\7)p=—§p\7-V (8.3)



For sound wave V7 - V # 0, therefore, Eq. (8.1) and (8.3) yields
Jd
—+V-V)p=2=(5+V-V)p (8.4)

Jd
(E + V- \7) Eq. (8.1) yields

0 . 0 ﬁ
(6t+V \7) p=—(a—+V-\7)(p\7-V)

=—(v- v)( +V- V)p oV - (§t+17.\7)17

. (8.5)
= +p(V - V) —PV°(—7p+g)
, Vp-V
= 4p(V -V +v2p L v

p



1 3 2 . (8.6)
= V- \7) 1—2)p(V - V)?
= (at +7-7) p+ (1 =2p( - V)
where C¢ = (5/3)(p/p). Since, in the spatial scale of the sound

wave, V - g — 0, we can ignore the V - g term in Eq. (8.5). Thus,
Egs. (8.5) and (8.6) yield

1,0 - _\° 5 L. Vp-Up
P=zlae p=—3pV V) +— (8.7)

Eq. (8.7) is the nonlinear sound wave equation under an
assumption of that the compressional process is abiabatic.



For a uniform background equilibrium, each variable can be
decomposed into an equilibrium component, denoted by a
subscript “0” and a perturbed component, denoted by a subscript
“1.” Thatis A(x,t) = Ay + A,(x, t). Thus, Eq. (8.7) becomes

a — — 2
+ (Vo +V1)-VIpy

V2p, —
= (ot T TP
37 ' ' (Po + P1)

where C& = (5/3)(py/po). For small amplitude perturbation,
0(A,/A,) = 0(e) < 1073, we can ignore the second order,
0(e?), or higher order terms in Eq. (8.8). It yields

, 1 /0 - _\°
v pl_Cz (at+V0°\7) py =0 (8.9)
SO



If we choose a moving frame in the background flow rest frame, it

yields 170 = 0. Thus, Eq. (8.9) can be rewritten as
2 1 90%°p, 0
P1 cz, o2 = (8.10)
Eq. (8.10) is the linear sound wave equation. The sound wave
propagates at a speed equal to the sound speed

—

Cop = 3Po _ 3KsTo (8.11)
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where p, = nykgTy and p, = nym.



8.3. Linearizing the Fluid Equations
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A(X,t) = Ag(X) + A (%, 1) (8.12)
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Substituting Eq. (8.12) into (8.1), the continuity equation becomes

0 - o
57+ (Vo + V1) - V(oo + p1) (8.13)

= —(po + p)V - (Vo + 1)
The equilibrium components of Eq. (8.1) satisfy the equilibrium
continuity equation. i.e.,

Vo - Vpo = —poV - Vg (8.14)

Subtracting Eq. (8.14) from Eq. (8.13) it yields the perturbed

continuity equation
Jd o R o
(E"‘V 'V)P1 +1/:1'VP0 +K1'\7P1 ) (8.15)
= —poV Vi —pV-Vo—p,V-V3
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Substituting Eq. (8.12) into (8.2), the Eq. (8.2) becomes

I o
(Po + D)oo+ (Vo + V1) - VI(Vo + V1) (8.16)

= —V(o +p1) + (po + P1)g
The equilibrium components of Eq. (8.2) satisfy the equilibrium

momentum equation. i.e.,
poVo - VVo = =Vpy + pog (8.17)
Subtracting Eq. (8.17) from Eq. (8.16), it yields the perturbed
momentum equation
a — — — — —> —>
100 (a‘l‘ V * V) Vl + pon * VVO +,01V0 * VVO
0

+p0V1 * VVl + ,01V1 * VVO + p]_ (a + VO * V) V1

(8.18)

+p,Vy - VV, = =Vpy + p1 g
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Substituting Eq. (8.12) into (8.3), the Eq. (8.3) becomes
0 o
[E + (Vo + V1) - V](po + p1)

5 —> —>
= _§(P0 +p)V - (Vo + V1)

The equilibrium components of Eq. (8.3) satisfy the equilibrium
adiabatic energy equation. i.e.,

‘70 - Vpo = —(5/3)p,V - I70 (8.20)

Subtracting Eq. (8.20) from Eq. (8.19), it yields the perturbed
adiabatic energy equation

(8.19)

o ~ -
(_‘I'VV)pl‘l‘Vleo"‘Vlel
ot 5 L5 L, 5 . (8.21)

:_ngV'V —§p1\7-V _§P1\7‘V
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For small amplitude perturbation, 0(4,/4,) = 0(¢e) < 1073, we
can ignore the second order, O(e?), or higher order terms in Egs.
(8.15), (8.18), & (8.21). The linearized fluid equations are :

The linearized continuity equation

a — — — —
(3 + Vo V) pu Vi Vpo = =poV -V =p¥ ¥y (8.2

The linearized momentum equation
a — — — — — —
pO (E + V ¢ V) Vl + pOVI * VVO + p1VO * VVO (8.23)
= —Vp; + p1g
The linearized adiabatic energy equation

(EH/ -V)p1+V1-\7po=—§poV'V —3pV Vo (8.24)

13



8.4. Sound Wave in a Medium With Uniform Background Flow

If the background flow velocity is uniform, all the spatial
derivatives of the background flow velocity become zero. We can
also choose the moving frame to be the equilibrium flow rest

frame (170 = 0). Thus, Egs. (8.22)~(8.24) become

9 L
Sop1=—poV Vi = Vi Vp, (8.25)
Jd - N
P0§V1 = —Vp, +p1g (8.26)
0 5 - o
gt P1 =_§p0\7-V1—V Vo (8.27)
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Likewise, the equilibrium momentum equation (8.17) becomes

—Vpo + pog =0 (8.28)
For g = —Zg, Eq. (8.28) can be rewritten as
dpo _ 0pg
—=—=0 8.29
0x dy ( )
0
% = —pog (8.30)
Namely, po = po(2).
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8.5. Fourier Transform and Dispersion Relation
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or simply
Ay (x,t) = Rel{A; (k)e'lkx-wl | (8.29)

where A, can be p4, p{, or V;,.. After Fourier transform, the PDE

of A,(x,t) will be converted into an algebra equation of 4, (k),
where

Jd .
sza—ukx andae—lw

Namely, The Fourier transform of Eqg. (8.25), the x-component of
Eq.(8.26), and Eqg. (8.27) becomes, respectively,

—lwp; = —pPg (ik)le (8.30)
—iwpoVy, = —ikp, (8.31)
—iwp; = —(5/3)po(ik)Vix (8.32)
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Substituting Eq. (8.32) into w(8.31) to eliminate p,, it yields
2

0)) ~
O Chi =0 (833

where Cszo = (5/3)(Po/Po)-
B ol DU @2 A Eq. (8.31) X Aw(8.32) JHE T, 55
2

a) ~
7z C0)Py =0 (8.34)
5 #% Eq. (8.30) XA Eq. (8.33) HE V,,, BE
w* wp
2 1
- - — 8.35
(kz CSO) kp() 0 ( )

For non-zero V,,., P1, and 9y, Egs. (8.33)~(8.35) yields the
“dispersion relation” of sound wave

w?(k) = k?C&, (8.36)
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The phase velocity of the sound wave is
W~ -
—k =kC
I S0
By definition, the group velocity is

Vg = V%w(lz)
Thus, the group velocity of the sound wave is

dw(k)
Ak = XCsp = VUpp,

9 —
Upp =

—)_/\

(8.37)

(8.38)
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