Lecture 6  Component analysis of the JxB force, the
electric field, and the current density
field in plasma
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6.1. % JxB force

If we ignore the displacement current (eoptoPE /Ot = 0),
the JXB Lorentz force can be decomposed into a magnetic
pressure gradient force and a magnetic tension force.
That is

. » VxB B-VB VB2
JXB =~ XB = -
Ho .Uo_> _Z).Uo (6.1)
VJ_BZ V"BZ B ¢ VB
= — - +
2o 2o Ho
where Vy =BB-Vand V, = V-V, =(1—BB) -V . Since
R B-VB VB
B = A~ I
L - _B.vB=— +—— (6.2)
R B2 B



Substituting Eq. (6.2) into Eq. (6.1), it yields
ixB = v, (2~ Re B
- 210" Rp o

magnetic pressure magnetic
gradient force tension force

(6.3)



6.2. MEREFAKEER

SN2 GRS

equations HIE G

=271 - IFRHA

- 10, 0] = B FEH

VXVf =0
V- (VxA) =0

V- (VfxVg)

=0

\ df

FE B ¥ Maxwell’s

MR EEmEREF -

(6.4)
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Application (1) : Initial conditions of E and B

Equation (6.5) yields V- (VxB) =0 and V - (VxE) = 0

Thus, taking divergence of the following equations

OE L1,
= C2UXB ——]
ot €o
0B VXE
ot

it vields

(6.8)

(6.9)

(6.10)



a(V - B) (6.11)

where the charge continuity has been used fo eliminate

V-] in Eq. (6.10). Equation (6.10) vields that the initial
condition of the Electric field in the Ampere’s Law

satisfies

v.B="e
€o
Equation (6.11) yields that the initial condition of the

magnetic field in the Faraday’'s Law satisfies
V-B=0



Application (2) : Introduction to vector potential

V-B=0
Eq. (6.5) yields that the magnetic field can be expressed
in the following form

B = VXA (6.12)
where 4 is the vector potential.



Application (3) : Introduction to scalar potential

aﬁ— VxE
ot

For electrostatic (E.S.) wave of phenomena aﬁ/at =0, it
yields

PXEES = ( (6.13)

Eq. (6.4) yields that the electrostatic electric field (EE-S)
can be casted in the following form

EES. — —Vo (6.14)
The Poisson Equation yields

= P
V- EE.S. — _\72 —°
¢ e



Application (4) : Decomposing the electric field E

The electric field can be decomposed into a curl-free
electrostatic component (EES) and a divergence-free

electromagnetic component (EEM). We have shown that
the curl-free electrostatic electric field satisfies
VXEES =0
and can be casted into
EES. — —Vo
The divergence-free electromagnetic (E.M.) electric field
(EEM-) satisfies

-

V.EEM = (6.15)
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and
UXEEM = — —— (6.16)

Substituting Eq. (6.12) B = Vx4 into the above Eq. (6.16)
Faraday's Law, it vields,
FEM. _ _G_A (6.17)
dt
By definition, V - EEM- = 0, it yields V - A = 0, which is
called the Coulomb gauge. As a result, the total electric
field can be written in two components

F — FES. 4 FEM. _ Ve — aa_‘;l (6.18)
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Application (5) : Decomposing the current density field J

The current density field can be decomposed into a curl-

free electrostatic current density component (JE5) and a
divergence-free electromagnetic current density

component (JEM). It yields the current density in the
charge conftinuity is the electrostatic current density.
Namely,

dp, S
V.JES — (6.19)
” + V-] 0

The current density in the Ampere’s Law consists of both
electrostatic and electromagnetic components. Taking a
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curl of the Ampere’'s Law, we can obtain an equation of
the electromagnetic current density. That is
. 1 9dVXE
\7><(\7><B) = UV X] + 2 5y
It yields only the divergence-free componen’rs of the
vector fields. That is

. N 1 2B
2 — E.M.
_V B i ,LloVX - CZ atz
or
_ 10%B
VZB — — _HOVX]EM _.UOVX] (620)

c? 0t?
Eq. (6.20) is the wave equation of the magnetic field with

a source term that is proportional to VxJ.
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Likewise, taking a curl of the Faraday’s Law, it yields
, OV xB 0] 1 0%E

TX(VXE) = =5 = ~Hog ~ g

For Vx(VXE) = —V2E + V(V - E), we have
- 9

PE - = Bt =T, (6.21)
Eq. (6.21) is the wave equation of the electric field with
two source terms. One of them is proportional to 9]/dt.
The other one is proportional to Vp.. Eq. (6.21) consists of

both the electrostatic component and the electromagnetic
component for the fields E and J.
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6.3. HEmEEERA CRYEH
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