Lecture 2

Key points

Gyromotion and Plasma Oscillation

Cyclotron frequency (gyrofrequency) of
the ath species f., = .,/27

., =eB/m,
Plasma frequency of the ath species

foa = Wpa /2T

Wypg = (naez/eoma)l/z
Other combinations:
upper hybrid frequency fyy = wyy /21

Wyy = \/0)53 + 'Qge
lower hybrid frequency f;y = w /21
Wrg = \/‘chﬂci




Example 2.1.
Let us consider an ion with charge e, mass m;, moving in a

space with uniform magnetic field B = 2B. Let the initial
position and velocity of the ion satisfy r(t = 0) = 0 and
v(t =0) =Xv,. For vy < c, the ion’s equations of motion
can be written as

O
o8 Y
v(t e -
Tt =%U(t)XB

Hint: B E% - B KEE.
r(t) = xx(t) + yy(t) + 2z(t)
U(t) = X0, (t) + Jv,(t) + Zv, ()
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%3 LM R M2 7320 Solving the following
system ODEs

X(t) = vy (t) (2.1)

y(t) = vy(t) (2.2)
eBb

U (t) = m. y(0) (2.3)

by (6) = — 2 v, (1) (2.4)

l
Taking time deriviatives of Equation (2.3) and substituting
Equation (2.4) into the resulting equation to eliminate
b, (t), it yields
eB\*
B.(t) = —(—) b () (2.5)

m;



Let 2, = eB/m;. Solution of Equation (2.5) should be
given in the following form

v, (t) = C{ cos(2,;t) + C,sin (2,;t) (2.6)
Substituting Equation (2.6) into Equation (2.3), it yields
vy, (t) = C, cos(2;t) — Cysin (2;t) (2.7)

Since v, (t = 0) = v, and v, (t =0) = 0, it yields C; = v,
and C, = 0. Thus, we have
v, (t) = vy cos(2,;t) (2.8)
v, (t) = —vgsin (2t) (2.9)
Substituting Equations (2.8) and (2.9) into Equations (2.1)
and (2.2), respectively, and integrating the resulting
equations once, it yields



(%
x(t) = Q—O_sin(ﬂcit) + X, (2.10)

Cl

(%
y(£) = ocos(@eit) + Yo (2.11)

Cl

Substituting x(t = 0) = 0 into Eq. (2.10), it yields x, = 0.
Likewise, substituting y(t = 0) = 0 into Eq. (2.10), it yields

Yo = —Vo/f2. Thus, we obtain the following solutions
v
x(t) = —sin(2,;t) (2.12)
Qci
Yo Yo (2.13)
y( ) -Qci COS( “ ) -Qci
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Example 2.2.
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After applying an electric pulse, electrons inside the
capacitor will move to the right and form a new capacitor
at t = 0 as illustrated in the bottom panel. The Gauss
law for electric field yields

eno, L., L
E.L L, =——>— (2.14)
€0
The cold electron momentum equation yields
d46,
MenLyLyl, —— = —enlyLyL,E; (2.15)
Substituting Eq. (2.14) into (2.15) to eliminate E,,, it yields
2
. ne
5., = — ) 2.16
v = e O (2.16)



Solution of Eq. (2.16) can be written as
6, (t) = C1 cos(wpet) + C; sin(wpet)

where w,, = \/ne?/m.¢, is the electron plasma frequency
(angular frequency).

Let 6,(t =0) =8, and 8,(t =0) = 0. It yields C; = J,,
and C, = 0. Thus, the solution of Eq. (2.16) becomes
85 (t) = Oy COS(Wpet) (2.17)
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d) MRAZEIEHTFES - BEZEEF2NESE) - BT B4R
5 - BEFHEBOZCEREBRANHEET] - 1810 restoring
force - EMIZIMNEZMABIAEZER - For the same amount of

pressure changes, the pressure gradient force shall
increase with decreasing wavelength A. For wave number
k = 2m/A, the pressure gradient force shall increase with

increasing k, so does the restoring force. R ILEZAIAZR

SRERY K BINTIRA o = \/w,@ + k202,
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Example 2.3.

The average plasma density and magnetic field strength in
different regions of the space environment are listed
below. Find the corresponding plasma frequency and
gyrofrequency of electrons and ions.

Note that
1#/c.c.=10° #/m?3 ¢ ~ 3x10% m/s
1nT=10"7°T Uo = 4mx1077 kg -m - C~2
m, ~ 0.91x1073% kg Eollo = 1/c?
m;/m, = 1836

e~ 1.6x1071°C
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. € B fbe fpl fce fCl
locations Eff o | @D | (H2) | () | (Ho) | (H2)
The base of the

s 10° | 200000

solar corona-,
The solar wind at : :
1 AU from the Sun
Th k

e shocked 20 20
magnetosheath
The dayside
equatorial
magnetosphere 0.1 /70

about 8 Re from

the center of Earth
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The equatorial
plasmasphere
about 4 Re from

the center of Earth

10°

550

The magnetotall

lobes

0.01

20

The near-Earth
plasma sheet
about 10 Re from

the center of Earth

0.2

" https://en.wikipedia.org/wiki/Corona
®doi:10.1007/s11207-013-0331-7

15




The auroral

acceleration

region ionosphere

8 | region (about 0.7 10 14000
Re above the
ground)®
The low-latitude E- 6

9 10 35000

®doi:10.1029/91JA02193.

16




