Lecture 10  Linear Waves in the MHD plasma:
Magnhetohydrodynamic Waves
feaomES (MHD)
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10.1. One-Fluid Equations

The continuity equations of the ath species given in Lecture 1 is

n —>
at“ +V-(ny V) =0 (1.14a)

Y. My (1.14) yields the mass continuity equation of the one-
fluid plasma

0 ﬁ
a—‘; +V-(pV) =0 (10.1)

Yo €,(1.14a) yields the charge continuity equation of the one-
fluid plasma

dp, S
V.- J= 10.2
V- J=0 (10.2)

The momentum equations of the ath species given in Lecture 1 is
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om.n,V O S S
Cgta -+ V- (mang Vo Vo + By) = egng(E + V,XB) (1.15a)

Y..(1.15a) yields the momentum equation of the one-fluid
plasma

a — —— 3 - - -
a(pV) + V- -(VV +P)=p.E+ JXB (10.3)

Y.o(e,/my)(1.15a) and for m, < m,, it yields the following
Generalized Omh’s law

C2 af — - - ——> f]_) pC
w2, Ho {at V-V IV = pVV —27)/(1 =)
— (E + VXB) +—(pcE +]XB =V - F,)

=0



The energy equations of the ath species given in Lecture 1 is

3

J (1 ,
E(Emanava +§pa)

1 3 3 S 5
+V - {(E mon,V,2 + Ep“) V,+P, -V, + qa} =e,n E -V,

Y.« (1.16a) yields the energy equation of the one-fluid plasma

(1.16)

Jd /1 3 1 3 \- 3 o S o
9t 2 3Ny (_ 22 )v .7 *}=E. 10.5
6t(2’0V +zp)+ {va Tap)r et J (10:5)

where
p=nm; +n,me = nm, pc = e(n; —ng)

—

pV = nmV; + n,m,V,



Eq. (10.1) yields

0 N N
dt
For isotropic pressure (ﬁ = pT), Eq. (10.2)—VEq.(10.3) yields
a — — - - -
p(§+V-l7)V=—\7p+ch+]xB (10.7)

For isotropic pressure, and adiabatic process (V - g = 0),
Eq. (10.5)—=V -Eq.(10.7)—(1/2)pV? Eq.(10.1) yields

0 - -

wherey = 5/3.



10.2. Definition of MHD-Scale Phenomena
o M MASIRZE ( MHD phenomena )
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10.3. MHD-Scale MHD-Fluid and Maxwell Equations

- -

MHD assumption = MHD Ohm’s Law = E+VxB=0

ﬁé_éfu fs e }%*;E—fb Eu}%ﬁbﬁx H)E

1. MRS ERN " RRIEE ) RFFABRREBE R
( Generalized Ohm’s Law ) PAJS E + VxB =0
Hoh vV BT ESEEAIEES velocity field.

2. BER(E  RROIURBABERIE ¢,(0E/0t) =~ 0 - &

It Z21E B R OB MREMFE VXB = .
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e The MHD Ohm’s Law (E + VXB = 0) yields Frozen-in Flux,
i.e., the magnetic flux is frozen in the plasma. Namely, it
can be shown that (Appendix Cin Lyu (2014))

do Lo oo
B=—9§(E+V><B)-dl=o

d
o WMR—EMMREEEIR  BEAF 9O (isotropic) BYZELER

7 3B 18 S (isentropic) ABZ0EFE (adiabatic

processes), BI#R M £ : IBBRII44 M AS E 3R (ideal MHD
plasma).




10.4. Linear waves in MHD plasma
Governing Equations of Ideal MHD plasma

Linearized Eqgs.

d0p, _,
S - PV

6171 - —
POE = —Vpy + J1XBy
dp,

P VA E

V-E, ~0
V-B, =0
VXE, = —dB, /ot
_)VX% = Ho /1
E, +V,xBy, =0
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Fourier Transform of the Linearized Equations
(_iw2ﬁ1 = —Po ik - 17)1
po(—iw)V; = — ik '|‘]1X§o
(—iw)p; = _Vpoil_{) ' I731

~

(10.9)

(10.10)
(10.11)
(10.12)
(10.13)
(10.14)
(10.15)
(10.16)
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B SRR NEAR2EERES V52

Substituting Eqg. (10.16) into Eqg. (10.14) to eliminate El, it yields
ik x (- leBO) —(—iw)B,

or

x (ByxV,) = B, (10.17)

S| =4

Substituting Eqg. (10.17) into Eqg. (10.15) to eliminate §1, it yields

12



Substituting Eqg. (10.18) into Eqg. (10.10) to eliminate fl, and
substituting Eq. (10.11) into Eq. (10.19) to eliminate p,, it yields

- E'I:/) 1 — _E — = 1 —
YPo 1 {ikx

0o (—iw)V, = — ik + ~ X (BoxVy )|t xBo

1)
or
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Let §0 = ZB,, k = k(ZcosO + Xsinf), and
YPo

_wz

k2

P 388 R 1% dispersion relation O] & A

2
CAO_

— (CZ, + C&, sin? 6)
0

2 .
—(CsycosBsinb

Bj

2

)

HoPo
It yields the following dispersion relation

2

w
k2

A

=
Vi

0
— CZycos? 6
o
’ iz

—
—>

—M -

2
Cs0 =

Po
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where 1 = w?/k? , and the matrix M is given by

. [Ci + Cé sin* 6 0 CZ, cos 8 sin 0]
M = 0 Cz, cos* 8 0
 Cé4 cosBsinf 0 C& cos® 8

The symmetric matrix M has three eigen values and three
corresponding eigen vectors. It will be shown that the three eigen

modes correspond to the three propagating MHD wave modes,
i.e., the fast, Alfvén, and slow modes.
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Solution 1: For eigen vector V1 y I71y, (i.e. 1713, *0&
V., = Vi, = 0), the eigen value should be

X 5H B, = 2B,, k = k(2 cos 8 + X sin 8),

MV, =97, "rV, EE B, WEEK - Ff

PER—EABTSRBNEK - BIR R
A2 B ST Im LRI EA X Hannes Alfvén 12 2K

B " RBEXGBRAIRESZES 5 KE) -

A [ 8 %5 Alfvén-mode wave.
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Ifvén

n
>

Hanne
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Phase velocity is

Group velocity is

Alfvén wave

I_/)ph = (w/k)k = C4ycos 0 k
- do
O
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Alfvén wave Y Bl I:i Z BRI EE 1% : Eq. (10.17) yields

-

= -~ k=5 s
.V, — B, = V, = B, (10.20)

B

z8|w¢

—

A% Alfvén wave V; 1k, A EHPk -I:/)1 =0-°- XEA

Alfvén wave w/ k = Cyo|cos 0] T LT Bl B2 A
I kE-B,\V, B
—(k - B,) ! :_(A AO) 1 (10.21)
CyoCcOS B |k - By|)Cao  Bo
The relation shown in Eq.(10.21) is called Walén relation
Fork - B, > 0, I_/)l and §1 are out-off phase.

Fork - B, < 0, V, and B, are in phase
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K& Alfvén wave P 5B ENBLRE B E T 1Ta0 < 1T ( €0 Walén
relation ) - UL Alfvén wave P45 EFT EETE S =MW5 S0 © AT
MEBERES  NRNREE (FENEE ) — BEEERRANEER
@ - RERERK/NAENE - HERLEE - EIE Alfvén wave P55 X
INARE  BEWMBHTOE2IRERWE -

Figure 10.1 is an example of Alfvén waves observed in the solar
wind reported by Belcher and Davis (1971). The perturbation
magnetic field and perturbation plasma flow velocity are in phase.

The perturbation on proton density and the strength of magnetic
field is relatively small in comparing with the perturbations on the

magnetic field components.
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ALFVEN WAVES 1IN SoLAR WIND

TIME (HRS)

Figure 10.1. Alfvén waves observed in the solar wind by Belcher and Davis [1971].
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Figure 10.2 is another example of Alfvén waves observed in the
solar wind at 5AU reported by Mavromichalaki et al. (1988). Large
amplitude Alfvén waves can be found in the trailing edge of the
high-speed solar wind streams. The hodograms of the wave
magnetic field indicate that the perturbation on the field strength
is relatively small in comparing with the perturbations on the field

components

22



380 H. MAVROMICHALAKI ET AL. (1988)
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Figure 10.2. Alfven waves observed in the solar wind by Mavromichalaki et al. [1988].
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Solutions 2&3: For 171 =XV, +2V,,
(i.e., Vly =0 & (Vy,Vy,) # (0,0)), it yields

_wz )
L2 (Czy + C& sin?0) —C&, cosOsinf
e 2 | »
—(gpcos0sinf Tz — CZ, cos? 4
It yields
w* 1], , ) ) : )
k2 ) pase "2 (Ciio + Cso) | (Cho + Cs0)? — 4 C4oCoc0s? 6
Slow

Hop “+ “ BRENw?/k? - “—“ BEKNw?/k? -
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Exercise 10.1.

Plot the Friedrichs’ diagram of the phase velocities of the three
MHD wave modes of the following three Cases: (a) C4o = 2Cy,.

(b) C4o = Csp. (c) 2C49 = Cso. Friedrichs’ diagram of the phase
velocities is a plot in the polar coordinate with (r,8) = (v, Oks),
where 8,5 is the angle between wave normal k and the ambient
magnetic field §0. Since ﬁ’ph = kw/k, 0,5 is also the angle
between phase velocity 17ph and the ambient magnetic field §0.

(Two examples are shown in Figure 10.3)
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Figure 10.3. Friedrichs’ diagram of the phase velocities of MHD waves
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The phase velocity distributions shown in Figure 10.3 indicate that

w> w? w?
( ) = ( ) = ( )
k2 k2 k2
Fast Alfvén Slow

Thus, Alfvén-mode wave is also called intermediate-mode wave.
fHFEERER : B Cyho > Cso ¥ » oM Z B BAVIR K (fast-mode wave) B2 31X
¥ (intermediate-mode wave) FITH3RE X/NEE(EZECS) - R R HR
BER UK GG EEN " 1RK 1 A compression Alfvén wave + MTE &
WIS EEN " ®RK 4 & shear Alfvén wave * EENETE - BMEESE
EXRP IR - AU4ERIGRAR - IR EIEM D A5 Alfvén wave (Alfvén-

mode wave), shear Alfvén wave, compression Alfvén wave Z BN EE -
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Variations of Plasma Density and Magnetic Field Strength
The phase velocity distributions shown in Figure 10.3 indicate that

w? w?
(), z%=(i)
Fast Slow

It can be shown that if v, > Cg, the variations of p; and B; will
be in phase. Otherwise, if v,;, < (g, the variations of p; and B;

will be out-off phase. (Proof of these two statements are given
below.) Thus, for fast-mode wave, the variations of p; and B; are
in phase. Whereas, for slow-mode wave, the variations of p; and
B, are out-off phase.

Bl - REXRERARE B I58E E {54 in phase or out-off phase 2R
H|EF MHD wave 2K ZEZEIEK -
28



Show that, if v, > (g, the variations of p; and B; are in phase.

If v,, < Csp, the variations of p; and B, are out-off phase.

Proof: Egs. (10.9)~(10.11) are listed below.
(_iw2ﬁ1 = —po ik - Yl
po(—iw)V; = — ik p; + J1 XBy
(—ilw)p; = —Ypoik - V3
Egs. (10.9) and (10.11) vyields

- YDo . -
P1 = —pP1 = CSZOP1
Po

ik -Eq.(10.10) yields
Po(_iw)iz V= k2P, + ik - (J1XBo)

(10.9)
(10.10)
(10.11)

(10.19)

(10.20)
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Substituting Eqg. (10.9) into Eq. (10.20) to eliminate k- 71, then
substituting Eq. (10.19) into Eq. (10.20) to eliminate p,, it yields

wzﬁl — kZCS?Oﬁl + §0 ’ (lkle) . (1021)
Substituting Eq.(10.15) into Eg. (10.21) to eliminate fl it yields
_ ikx (ik x B,
w?p; = k*Cép, + By - ( ) (10.22)

Ho
Since ik X (LE X §1) = k* §1 — kk - §1 = k* §1,
where Eqg.(10.13) has been used to set k- §1 = 0, it yields
., ikxX (ik X Bl) ] B, - B,
BO * — k
Ho Ho
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Thus, Eg. (10.22) can be rewritten in the following form

Y _c2)p, = 2% (10.23)
Ho
The change of magnetic field strength is

§1=§—BO=J(§O+§1)-(§O+§1)—BO

=\/B§+2(§0-§1)+§f—30

= Bo\/1 + 2 (§0 §1) /Bg + (§12/Bg) — By
= Bo[(1 + (B, - B ) /B2 + 0(€?) — By ~ By - B,/ B,

where the 2nd order and higher order terms have been ignored.
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Thus, Eg. (10.23) can be rewritten in the following form

w? BB,
ﬁ — CSZO)pl =

(10.24)

Ho

For w/k > Cso, Eq. (10.24) yields p; /B; = positive real number.
AREEENFE L - IEBEMERES 0 - EIL 5, BHEAIE
B, B9tBAI4H[E - R Z p; and B are in phase.

For w/k < Csg, Eqg. (10.24) yields p; /B; = negative real number,
ASTEEBEE L BEEFNERES r - B p, FIMENHE

B, WHEIHZr - 1F 2 p; and B, are out-off phase.
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Solution 4: Entropy mode is a non-propagating wave mode in the
MHD plasma. The entropy mode is characterized by
p, =0butp; #0
In contrast, we have
Alfven mode (intermediate mode)
pr=p1 =0
Fast mode
p1 and B; are in phase
Slow mode
p1 and B, are out-off phase
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Phase velocity is I7ph = (w/k)k

Group velocity is

Fast/Slow-mode waves

- ~ (W 1 ~
Vor = k (E)Fast = E[(Cjo + C&) + \/(Cjo + C4)% — 4Cs,Céycos2 0|k

Slow

w? = k*v;,(6)
dw dw v;h(g)
- Zwﬁ = 2kv},(0) - = o R = v,,,(0)
Zwa_w _ . dvj, (6) . 10w _ 1 dvj, (6) _ 1 dv;,(6)
90 A6 k08 w/k d8  v,.(6) db
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Exercise 10.2.

Plot the Friedrichs’ diagram of the group velocities of the three
MHD wave modes of the following three Cases: (a) C4o = 2Cy,.
(b) C4o = Csp. (c) 2C49 = Cso. Friedrichs’ diagram of the phase
velocities is a plot in the polar coordinate with (1, 8) = (v, HUgB),

where vaB is the angle between group velocity ﬁg and the

ambient magnetic field §0.

Applications of the Friedrichs’” diagram of the group velocities of
the three MHD propagating wave modes are given below.
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Fig. 10.4. Fast-mode Mach-cone wave (Adapted from Lai and Lyu, 2008)
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Figure 10.5. Friedrichs’ diagram of the phase velocities and group
velocity of MHD waves (Adapted from Kivelson, 1995)
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Figure 10.6. Simulation results of MHD waves with a localized disturbance
at x=y=0. Comparing the results shown in Figures 10.5 and 10.6, the
disturbances should expand based on the group velocity but not the
phase velocity.
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Figure 10.7. Friedrichs” diagram of the group velocity of the slow mode
waves at different plasma beta. (Adapted from Lai and Lyu, 2008)
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Figure 10.8. Slow-mode Mach-cone wave (Adapted from Lai and Lyu, 2008)
40



[ Y
(a) CA>CS Il B

(6)C,:<Cq

3
II'B

Figure 2.1 Friedrichs’ diagrams of MHD waves with (a) C4 > Cs and (b) C4 <
Cs. The Friedrichs’ diagram displays the dependence of three MHD wave phase
speeds (radial coordinate) on their angle of propagation with respect to the ambient
magnetic field (the angular coordinate measured from the vertical axis). MHD shock
waves can be found with upstream state in areas 1, 2, and 3 and with downstream

state in areas 2, 3, and 4 as listed in Table 2.1.
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Table 2.1 Upstream and downstream normal flow speed of MHD shock waves

Shock Brief Upstream Downstream
Types Notations Flow Speed Flow Speed
Fast 1 -2 Vel < Vi Vaxzs < V2 < Vg,
Fast-Alfvén 1—-3 Vr1 < VN Vsio < Va2 < Vaxa
Fast-Alfvén-Slow 1 -4 Vr1 < VN VN2 < Vsio
Alfvén 2—3 Vax1 < Vn1 < Vi1 Vo < Vya < Vaxa
Alfvén-Slow 24 Vix1 < VN1 < Vg VN2 < Vsio
Slow 324 Vs < VN1 < Vaxi VN2 < Vsio

VN1 is the normal upstream flow speed in the shock rest frame.

V2 is the normal downstream flow speed in the shock rest frame.
Brief notations are obtained based on upstream and downstream states
of each shock and the corresponding areas shown in Figure 2.1.
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Figure 2.3  Velocity jump across various types of MHD shocks for 8 = 0.1, 8y

(b) Bgn=20° (C) Opn=45°
A BC A B C
i T
2 ¢ '
~ | |
~ ', oE
- ' F
= E
Q D E ks D
S
BE: fast shock CH: fast shock CF: fast shock
AC: slow shock AD: slow shock AD: slow shock
BD: switch-on fast shock GF: fast-Alfvén shock BE: Alfvén shock
CD: fast-Alfvén-slow shock EF: fast-Alfvén-slow shock|| DE: Alfvén-siow shock
BG: Alfvén shock
DE: Alfvén-slow shock
1 1 1 1 ]
1 2 3 40 1 20 1
VNI/ CA VNI/ CA VNI/ CA

(@) 0°, (b) 20° and (c) 45°, where Vy; and Vy, are the upstream and downstream
normal flow speed in the shock rest frame, respectively.
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