Space Physics (I) [AP-3044] Lecture 1 by Ling-Hsiao Lyu Oct. 2011

Lecture 1. Dipole Magnetic Field and Equations of Magnetic Field Lines

1.1. Dipole Magnetic Field

Since V-B =0 we can define
B=VxA (1.1)
where A is called the vector potential. We use the bold face font to denote vector. For static

magnetic field, we have

VxB=puJ (1.2)
Substituting Eq. (1.1) into Eq. (1.2) to eliminate B, it yields
VXx(VxA)=-V’A+V(V-A)=pu,J (1.3)
We choose the Coulomb gauge, V- A =0, the equation (1.3) can be rewritten as

VA =-u,J (1.4)
Note that:

If we choose the Coulomb gauge: V- A =0, the scalar potential will contain no

electromagnetic component.

1 d(x,1)

If we choose the Lorentz gauge: — >
c

+ V- A(x,t)=0, the scalar potential will contain

an electromagnetic component.

Eq. (1.4) is similar to the Poisson equation of the electrostatic potential

qu):—% (1.5)

General solution of Eq. (1.5) can be written as

Py
4me, lr—r'l

or)= | (1.6)

Special Case:

The scalar potential create by a point charge ¢ is

__ 4
4me,r

¢

Likewise, the general solution of Eq. (1.4) can be written as

mIE)

Arlr—r'l

A= | (1.7)
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Exercise 1.1.

Let f(x)=(1+x)*. For 0< |x| <1, please determine the approximate polynomial expression
of f(x). Thatis, f(x)=a,+ax+a,x’ +ax’

where a term with magnitude of the order of O(x*) has been ignored.

(a) Write down the general form of g, a,, a,, a, fora given «

(b) For o =1/2, write down the approximate polynomial expression of f(x).

(c) For oo =—1/2, write down the approximate polynomial expression of f(x).

(d) For @ = —1, write down the approximate polynomial expression of f(x).

(e) For o =—-2, write down the approximate polynomial expression of f(x).

Answesr of Exercise 1.1
(a) a, =1 a=qa a,=a(a—-1)/2! a,=o(ox—1)(o—-2)/3!

1 —1 1
b) fF(xX)=+Vl+x=1+—x+—x*+—2x°
(b) f(x) > " 16
1
zl——x+éx2—ix3

1
©FSO= 5= Y e

(d) f(x)szl—x+xz—x3
1+x

~1-2x+3x*—4x’

(e) f(x)= TS

A A .
rcosf + x rsinf cos¢ +y rsinf sing

A .
rcos6O + x’ rsin6

A o
roCos¢ +y r,sing

Figure 1.1. A coordinate system for the study of the field generate by a ring current

I = 61,807 1,)5(0'- %) = (—sing' 2+ cos §'$)J S(r'— 1, )5(0'— g)
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Let us consider a coordinate system as illustrated in Figure 1.1, where
r =rcosOz + rsin@cosgx + rsinOsin gy = r cosOZ + rsin 6x'
r'=r,cos¢'x'+r,sing'y'
¢'=—sing'3'+cos¢'y'
b=5'
: : ~ T A N T
Given a ring current J(r')=¢'J,0(r'-r,)0(0'- 5) = (—sing'x'+ cos¢'y")J ,6(r'—r,)0(6'- 5)

The General solution of the vector potential A is (Jackson, section 5.5)

A(x)

= ¢($ =
‘I.LOJ(I' |
4mlr — r‘I
_J~r0+Ar/2 Jt(ﬂ'/Z)-%—AG/Zr'dQ'J~2ﬂ:r'Sin6'd¢' ‘LLOJOS(’,.I_ ro)é[el_ (n. / 2)]¢‘
Ar/2 (m/2)—-A6/2 0

47t\/r2 cos’ @+ (rsinf —r, cos@')’ + (r, sing')’

_ MyJy (Ar)(r,AB)r, JM —sing'x'+cosg'y'

dl
4r ¢

\/r +7; —2rr,sinfcos @'

(1.8)

Let 1, =J,(Ar)(r,A0), a=r’+71,, B=2rr,sin0, Eq. (1.8) can be written as

A= uOI A A,J»mr —sing' _[ __cosp'
m m
uOI A A'_[ __dcos¢' J-¢ =2z dcosQ'

9=0 \Jo— Bcose’ \Jo— Bcosd’ Jo—PBeoso'!

uol Ty A,JZ COS¢ B B’ cos” 9)d"

[1— 1 —cosd) )+0(

.uoI "o 2

J-\/Oc Bx jJa /3x

“"I i ”jz”cos‘p [1+—Ecos¢ +O(S

2o
[1+ —Ecosq) + O(ﬁ

2

B

cos’ ¢")]d¢'

.uol "o sz COS¢

cos” ¢")ldg’

(1.9)

ﬁZ

For r >>r,,1i.e., oo >> 3, we can ignore the small second-order term O(— cos’¢") in Eq.
a

(1.9). It yields
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"! lu’OI rO A'J'2”COS¢

1+——cos¢ do'

3/2

_"quIOrO ! | ﬁ 2 2 4 !
—y—[J cos¢d¢+2a jo cos” @'do'

quI "o [0 + ﬁ%/z
4r 200
_a Molyry 217y sin6
=Y 4r [ 2r°
Mo (Iy7er} ) sinB
-7 4r r’

]

7]

(1.10)

Using the definition of magnetic moment M = I 7«7, , Eq. (1.10) can be written as

MM sinf
A, =
* 4gm r2

(1.11)

Exercise 1.2.

Please determine the dipole magnetic field B from the vector potential given in Eq. (1.11)

Solution of Exercise 1.2:

Since B=V x A, it yields

Foor  rsin6g roro rsinO¢
B=VxA-= 200 9 | 1 |22 d
r’sin@| or 06 By 7 5in0 or 06 Y |
A A, rsin6A, 0 0 rsingtM 511129
A r
7 0 rsin6g
M1 ai a% ai
4m r*sin@ d Z)
0 0 sin” 0
r
_ M sin’ 9. Ai sin2 0
Arr r? smH[ 80( ) ( )]
UM 1, 2sinBcosO sin 9
= 6
47 rPsinf )+ o]
MM

—~[7(2cos6)+6(sin )]
T r

(1.12)
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For Earth dipole magnetic field

g M) 1
4 r

[#(2cos8)+ O(sin )] (1.13)

It can be rewritten as

B A
=% rp i 1.14
B CIR) [7(2cosB) +6(sin )] (1.14)

where B, =|B(r = R,,0 =1 /2)|=0.35G = 35000y = 3500017 is the magnitude of magnetic

field on the Earth' surface at the magnetic equator. The 0 is called the co-latitude. The

latitude is A = ‘g _ 9‘ .

1.2. Differential Equations of the Magnetic Field Line

Let us consider a segment ds along the magnetic field line, where
ds = Fdr + 0rd6 + grsin0dg = 3dx + $dy + 3dz

It yields

ds:|d5|=\/dr2+r2d92+rzsin29d¢2 =\/dx2+dy2+dz2
Let B=7B +0B,+¢B, = iB, + B, + 2B,

Since B || ds, it yields

dr _rdf _rsin@d¢ _ ds

B B, B, B

(1.15)

Eq. (1.15) can be rewritten in the following system ordinary differential equations

dr_B

r

ds B
rd6 B,
ds B
rsinfd¢ B,
ds B

(1.16)

Likewise, B || ds yields
de _dy _dz_ds
B, B, B. B

X

(1.17)

Eq. (1.17) can be rewritten in the following system ordinary differential equations
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dx B,
ds B
dy By
S _ Ty 1.18
ds B ( )
dz _ B,
ds B

Egs. (1.16) and (1.18) can be solved by the 2nd order or the fourth order Runge-Kutta
method.

1.3. Dipole Magnetic Field Line

The Earth dipole magnetic field is given in Eq. (1.14). From Eq. (1.15), the dipole magnetic

field line should satisfy the following differential equation
dr rd@

= 1.19

2cosO sinf (119)
Solving Eq. (1.19), it yields
dr _ 2cos0d6 _ ) dsinf

r sinf sin@
Integrating along the field line, it yields

r(6) sin@ .
[ onndinr@®=2]"" dinsin (1.20)
Let r(@=m/2)=r, = LR, , Eq. (1.20) yields
r()=r,, sin’ 0= LR, sin’ 0 (1.21)

Exercise 1.3.
A dipole magnetic field line with a given L value will intersect with the Earth's surface at

latitude A, . For L =1,2, 3, 4,5, and 6, find the corresponding latitude A, .

Exercise 1.4.

Plot the dipole magnetic field line with L =1, 2, 3,4, 5, and 6.

Exercise 1.5.

Plot the dipole magnetic field lines, which intersect with the Earth's surface at A, = 80°, 70°,
60°, 50°, 40°, 30°, 20°, and 10°. Estimate the corresponding L values.
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