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[1] To study MHD shocks in space, it is important to find the shock frame of reference
from the observed plasma and magnetic field parameters. These shock parameters have to
satisfy the Rankine-Hugoniot relations. In this study we present a novel procedure for
shock fitting of the one-fluid anisotropic Rankine-Hugoniot relations and of the time
difference between two spacecraft observations in the case of small He2+ slippage. Here, a
Monte-Carlo calculation and a minimization technique are used. The observed variables
including the upstream and downstream magnetic fields, plasma densities, plasma
betas, plasma anisotropies, W (the difference between the downstream and upstream
velocities, W � V2 � V1), and Dt (the time difference between two spacecraft
observations) are used in our procedure where V is defined as the center of mass velocity
of plasmas. A loss function based on a difference between the calculated and the observed
values is defined, and the best fit solution is found by searching for the minimum loss
function value. For shocks that cannot be fitted well, we introduce two new parameters in
the modified RH relations, one in the normal momentum flux and the other in the energy
flux equations. These two parameters are interpreted as the equivalent ‘‘normal
momentum’’ and ‘‘heat’’ fluxes needed in the RH relations. They provide two degrees of
freedom in the system, and their amounts can be estimated from our procedure. Several
synthetic shocks are given to verify our procedure. We also apply this procedure to two
interplanetary shocks observed by both the WIND and Geotail spacecraft. The results
demonstrate that our method works for both the synthetic and the real shocks. We have
shown that our method can provide accurate shock normal estimations for perpendicular
and parallel shocks as well. Given that our model is based on the RH relations that do not
include the effect of alpha particle (He2+) slippage, it can only be applied to the cases
with an ignorable slippage pressure tensor. We have investigated the pressure tensor due to
alpha particle slippage using the WIND spacecraft data. It is found that in general the
slippage pressure is small in comparison with the thermal pressure of the system and can
be ignored. Thus our model can be applied to most interplanetary shocks observed near
the ecliptic plane. However, when the slippage pressure is large, the magnetic coplanarity
theorem is not valid any more. A more general model that involves slippage pressure
tensor is a major and important development that is beyond the scope of the present study.
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1. Introduction

[2] Shock fitting problems have been studied for more
than 3 decades. One main problem related to shock fitting is
to search for an accurate shock frame of reference. This is
particularly important for interplanetary (IP) shocks. The
prediction of the arrival of a shock is helpful in particular
for predicting the arrival of the associated magnetic cloud
from the Sun. On the other hand, an accurate shock frame of
reference can give accurate shock parameters (e.g., Mach

number, ratio of compressions, etc.), which allows us to find
the essential physics associated with the IP shock-magne-
tosphere interaction.
[3] In searching for an accurate shock frame of reference,

determining the shock normal (direction of the shock frame)
is the most important task. Many authors have worked on
the shock fittings necessary to find an accurate shock
normal vector using single spacecraft data. The method first
proposed was the magnetic coplanarity theorem in isotropic
plasmas [Colburn and Sonett, 1966]. This theorem demon-
strates that the magnetic fields on both sides of a shock and
the shock normal vector lie on the same plane. The
magnetic coplanarity theorem has also been generalized
for anisotropic plasmas [Chao, 1970]. This coplanarity
theorem is frequently used to find the shock normal vector
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from the observed magnetic fields [e.g., Chao and
Goldstein, 1972; Chao and Hsieh, 1984; Winterhalter et
al., 1985; Wu et al., 2000].
[4] The shock normal vector can also be determined by

the minimum variance method (MVA), which is based on
the conservation of the normal component of the magnetic
field across the shock layer [Sonnerup and Cahill, 1967].
This method, however, has been applied mainly to tangential
and rotational discontinuities [e.g., Lepping and Behannon,
1980; Sonnerup et al., 2004]. Recently, Knetter et al. [2003,
2004] suggested that the MVA is much less reliable than
has been previously assumed. When applied to shock
waves, it is well-known that the eigenvector degeneracy
of the MVA causes that the method is not useful for finding
the normal of the shock. In order to remedy this difficulty,
Scudder [2005] proposed a novel scheme called CVA
(coplanarity variance analysis), which in the search for an
accurate geometry exploits the eigenvalue degeneracy in
MVA, at planar structures, to enforce coplanarity. It is found
that CVA is much better than MVA at finding the shock
normal.
[5] Abraham-Shrauner [1972] proposed a mixed data

method, called velocity-magnetic field coplanarity. It
requires the velocity difference to lie on the same plane
constructed by the magnetic fields and the shock normal
vector. The expression is written as

n̂ ¼ � B1 � V2 � V1ð Þ � B2 � B1ð Þ
jB1 � V2 � V1ð Þ � B2 � B1ð Þj : ð1Þ

The velocity and magnetic field data on both sides of the
shock are employed to obtain the shock normal vector. This
property is consistent with the property derived by Chao
[1970] [see Chao, 1970, equation (4.5)]. An approximation
of the equation (1) has been derived by Abraham-Shrauner
[1972] as n̂ 	 ±(V2 � V1)/jV2 � V1j. This approximation is
valid only for a very high Alfvén Mach number shock (for a
very large upstream flow velocity and/or a very small
upstream magnetic field intensity). Given this situation,
only velocity data are needed to calculate the shock normal
vector. This approximation can also be derived from the
coupling Rankine-Hugoniot (RH) relations derived by Chao
[1970], assuming an extremely large Alfvén Mach number
[see Chao, 1970, section 4.1].
[6] The magnetic field B1 in the first term on the right

hand side of equation (1) can be replaced by B2 or B2 � B1

[Abraham-Shrauner and Yun, 1976]. Abraham-Shrauner
and Yun [1976] analyzed a variety of mixed data using
velocity-magnetic field coplanarity for five interplanetary
shocks observed by Pioneer 6 and 7 during the year 1965 to
1966. The estimated shock normal vectors were compared
to the previous results obtained by the best estimate and/or
average techniques of Chao [1970], Lepping and Argentiero
[1971], and Dryer et al. [1972]. They concluded that the
mixed data method is useful to obtain an accurate shock
normal.
[7] In addition to magnetic field or velocity coplanarity,

the RH relations have been used for shock fitting. Lepping
and Argentiero [1971] used a subset of the isotropic RH
relations, including conservation equations for the mass
flux, tangential momentum, and normal magnetic field flux
to determine the shock frame of reference and the associated

parameters (B1, B2, V2 � V1, r1, and r2). They employed a
least squares method to obtain a best fit solution to these
parameters. This work was modified further by Lepping
[1972] to include the plasma anisotropy in the tangential
momentum flux equation. It is found that the shock param-
eters and the associated shock normal vector are weakly
dependent on the anisotropy. However, it can be shown that
the magnetic coplanarity theorem is valid for anisotropic
plasmas [Chao, 1970]. If one applies this theorem to
determine the shock normal vector, the vector will not be
changed with the anisotropy of the plasmas.
[8] Viñas and Scudder [1986] provided a fast and reliable

solution for the work of Lepping and Argentiero [1971].
Szabo [1994] further improved the work of Viñas and
Scudder [1986]. They adopted a complete set of RH
relations. In order to do this, the observed upstream and
downstream plasma temperatures should be provided. The
improved method was applied to the Neptune bow shock
[Szabo and Lepping, 1995].
[9] The method of Viñas and Scudder [1986] has been

applied to the cometary bow shock problem. Coates et al.
[1990] used this method to fit the bow shock parameters of
comet Halley from the Giotto spacecraft data. Kessel et al.
[1994] further adapted the method of Viñas and Scudder
[1986] to include the heavy ion effect. They applied both
the original single-ion method of Viñas and Scudder [1986]
and the multiple-ion method to the cometary bow shock,
and obtained many bow shock normal vectors after the
selection of different data intervals from the upstream
(downstream) region. It can be seen that the shock normal
vectors produced by the multiple-ion method are within a
much smaller angle of each other than those produced by
the single-ion method. The multiple-ion model is considered
more reliable for cometary bow shock analysis.
[10] The shock normal vector has also been determined

using a multiple-spacecraft method. Chao [1970] derived an
analytical expression for the shock normal vector in terms
of the shock contact time, the displacement between two
spacecraft and the upstream (downstream) plasma parame-
ters. Ogilvie and Burlaga [1969] used a three-spacecraft
method to determine the shock normal vector [see also
Lepping and Argentiero, 1971]. In their method, four
equations are needed to solve for the shock propagation
speed and the shock normal vector. In addition to the two
equations associated with the shock speed in relations to the
two spacecraft time delay, the conditions (B2 � B1) 
 n̂ = 0
and jn̂j = 1 are also included in the calculation. If one has
the relative positions of the associated spacecraft and the
shock contact times, the shock normal vector and the
associated shock speed can be solved for simultaneously.
Russell et al. [1983] adopted the method, and used data
from the ISEE 1, 2, 3, and IMP 8 spacecraft to determine the
shock normal vector of an IP shock.
[11] Chao and Hsieh [1984] proposed a method to

determine qBN and MA, and their estimated errors, without
knowing the precise shock normal direction, where qBN is
the angle between the upstream magnetic field and the
shock normal and MA is the upstream Alfvén Mach number.
The only measured quantities needed are the plasma density
and magnetic fields on both sides of the shock. The present
study is a continuation of this method, which generalizes the
method to the entire set of the RH relations.
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[12] In this paper we propose a new shock fitting proce-
dure to search for an accurate shock frame of reference and
the associated parameters with the condition of small alpha
particle slippage. The fitting equations we use here are
derived from the whole set of conventional and modified
RH relations, which do not involve the pressure tensor due
to the alpha particle slippage. The modified RH relations
include terms for the equivalent ‘‘heat flow’’ and ‘‘momen-
tum flux’’ possibly due to waves/turbulences, energetic
particles, and/or other unknown causes [e.g., Chao and
Goldstein, 1972; Davison and Krall, 1977; Lyu and Kan,
1986; Giacalone et al., 1997; Yoon and Lui, 2006]. Here, a
Monte-Carlo calculation method and a minimization tech-
nique are used. With this, a best fit solution that satisfies the
RH relations is obtained. We test our procedure using
several synthetic shocks. The result increases our confi-
dence in our method. A detailed description of our proce-
dure will be given in section 2, while tests of the procedure
will be described in section 3. We outline the application of
the procedure to IP shocks in section 4. A discussion of the
reliability of our procedure will be given in section 5.
Finally, in section 6 we discuss the utility of our procedure
and the issues of the alpha particle slippage.

2. Procedure

[13] The model is based on the one-fluid anisotropic RH
relations. We further separate our procedure under two
conditions. In one procedure, we utilize a whole set of the
classical RH relations [e.g., Chao, 1970] (see Appendix A).
It will be called Method A. Another procedure, called
Method B, utilizes modified RH relations, which include
terms for equivalent ‘‘normal momentum flux’’ and ‘‘heat
flow’’ (see Appendix A). These two additional terms are
added to the conservation equations for normal momentum
and energy flux, respectively [e.g., Chao and Goldstein,
1972; Lyu and Kan, 1986; Tsai et al., 2002, 2005]. The
method is described in detail below.
[14] We have observables: the upstream and downstream

magnetic fields (B1 and B2), the plasma mass densities (r1
and r2), the plasma anisotropy (x1 and x2), the plasma betas
(b1 and b2), the difference between the downstream and
upstream velocities, W (�V2 � V1), and the difference
between the shock arrival times of the two spacecraft, Dt.
Here, V is defined as the center of mass velocity of the
plasmas. The anisotropy parameter is defined as x = 1 �
(pk � p?)/(B

2/m0), where pk and p? are parallel and
perpendicular pressure defined in magnetic field-aligned
coordinates, and m0 is the magnetic permeability in a
vacuum. The plasma beta is defined as b = P/(B2/(2m0)),
where P = (pk + 2p?)/3 is the thermal pressure of the
plasmas. In applications, the upstream and downstream
plasma moments have included the contribution from
protons, alpha particles, and electrons of solar wind. In
general the alpha particles contribute about 4% of the
plasma number density in solar wind. The calculations for
the plasma moments from the moments of those three par-
ticle species will be provided in section 4.1.
[15] The observables defined above are arrays containing

observed values in upstream or downstream region. It has
an associated mean and error. The total error should consist
of an error due to data fluctuation, which is called the

sample standard deviation (SD), and a systematic error that
may be due to instruments and/or any other uncertainties.
The mean and SD are calculated directly from the observ-
able array, and they are the inputs of our procedure.
However, the systematic error is usually unknown. In the
loss function defined below, it will be given as an additional
weight to the SD of the corresponding observable.

2.1. Method A

[16] At the beginning of the procedure, a set of variables
is required. These variables include the upstream and
downstream magnetic fields, plasma mass densities, and
anisotropy parameters. Arrays for these variables are ran-
domly generated, based on the observed means and SDs, by
using the Monte-Carlo method [e.g., Press et al., 1992]. The
arrays are defined as ~B1 (i), ~B2 (i), ~r1 (i), ~r2 (i), ~x1 (i), and ~x2
(i), where i = 1, 2, . . ., N. The number N is required to be
large in order to have more possibilities available for
minimization. In practice, N is at least 107 for obtaining a
stable solution. Here, each array is generated by using a
random number generator function, called Rnd(s). This
function generates an array of normally distributed numbers
with an average of zero, and the SD calculated from these
numbers equals to s. For example, if the observed (data)
mean and SD of the upstream x-component magnetic field
are B1x,m and sb1x, respectively, the array ~B1x (i) is gener-
ated by ~B1x (i) = B1x,m + Rnd(sb1x). Thus the mean and SD
of this array equal to B1x,m and sb1x, respectively.
[17] We use these generated arrays to calculate the de-

rived parameter arrays. The derived parameters are the
shock normal vector n̂, the shock tangential vector t̂, the
ratio of downstream to upstream magnetic field intensities
m, the ratio of upstream to downstream plasma densities y,
the angle, qBN, of the shock normal with the upstream
magnetic field (also called the shock normal angle), and
the Alfvén speed VA. They are calculated via the following
equations [Chao, 1970]:

n̂ ¼ � B1 � B2ð Þ � B2 � B1ð Þ
j B1 � B2ð Þ � B2 � B1ð Þj ; ð2Þ

t̂ ¼ � B2 � B1

B2 � B1j j ; ð3Þ

m ¼ B2

B1

; ð4Þ

y ¼ r1
r2
; ð5Þ

qBN ¼ cos�1 B1 
 n̂=B1ð Þ; ð6Þ

VA ¼ B1ffiffiffiffiffiffiffiffiffim0r1
p ; ð7Þ

where equation (2) is known as the magnetic coplanarity
theorem. In each derived parameter array, the element with
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index i0 is calculated from the elements with the same index
i0 in the input variable arrays. For example, y(i0) = ~r1(i0)/
~r2(i0). Note that the errors of the input variables will
propagate into the derived parameters.
[18] From the RH relations, equations that relate the

velocity and plasma beta to the derived parameters can be
obtained. These equations are derived in the de Hoffmann-
Teller (HT) frame of reference. The equations are expressed
as follows (see Appendix A for details).

W ¼ MANVA 1� yð Þ cos qBN n̂þMANVA yu� 1ð Þ sin qBN t̂; ð8Þ

b2 ¼
1

m2

�
b1 � 2 cos2 qBN y� 1ð Þ

� �
M2

AN

�
þ 1

3
2x2 þ 1ð Þu2 sin2 qBN

� 4

3
x2 � x1ð Þcos2 qBN � 1

3
2x1 þ 1ð Þ sin2 qBN

��
; ð9Þ

1� yð Þb1 ¼
2

5
u2 sin2 qBN � 4 cos2 qBN
� 	
 �

y2
�

þ 2 cos2 qBNy�
2

5

�


M2
AN þ 1

5
1� 6x2ð Þu2 sin2 qBN



þ 4

15
3x2 � 5x1 þ 2ð Þ


 cos2 qBN þ 1

3
2x1 þ 1ð Þ sin2 qBN

�
yþ 8

15
x1 � 1ð Þ; ð10Þ

MAN � V*n1
VA cos qBN

¼ x2u� x1
yu� 1

� 
1=2

; ð11Þ

where MAN is the upstream normal Alfvén Mach number,
and V*n1 is the upstream normal flow speed in the HT frame
of reference. Moreover,

u � Bt2

Bt1

¼ m2 � cos2 qBN
sin2 qBN

� 
1=2

ð12Þ

is the ratio of the upstream to downstream tangential
magnetic fields. Note that there is a condition of no solution
for MAN in equation (11) as (x2u � x1)/(yu � 1) < 0.
Moreover, for anisotropic case, if MAN < (x1)

1/2, the solution
is not a fast shock (see equation (B2) in Appendix B). Our
procedure eliminates those samples under these two
conditions from the operated arrays.
[19] The RH relations used in our model do not involve

the effect due to alpha particle slippage relative to protons
(see Appendix A and also Appendix D). Here we assume
that the slippage pressure tensor is unimportant; thus the
procedure can only be applied to the cases of ignorable
slippage pressure tensor. From the WIND observations near
the ecliptic plane, we found that in general the effect of

alpha particle slippage to the RH relations is ignorable for
interplanetary shocks, which supports this approximation.
Therefore we suggest that our procedure can be applied to
most interplanetary shocks observed near the ecliptic plane.
However, if the slippage is large, the magnetic coplanarity
theorem (i.e., equation (2)) is not valid any more, and the
shock normal array cannot be calculated with our procedure.
In addition, [Vq] = 0 in the RH relations (see Appendix A) is
not valid as well. Expression (8) cannot be derived. Thus in
such a case our procedure cannot be applied. The associated
issues will be further discussed in section 6.
[20] The local shock propagation speed in spacecraft

frame of reference can be calculated as Vs = MAVA + V1 

n̂, where MA � V*n1/VA is the Alfvén Mach number, and V1

is the center of mass velocity of the plasmas in upstream
region. The Alfvén Mach number can also be calculated via
MA = MANcosqBN. From the geometry of two spacecraft
observations, the time difference between two observations
can be calculated by

Dt ¼ DR 
 n̂
Vs

¼ DR 
 n̂
MAVA þ V1 
 n̂

; ð13Þ

where DR is the vector displacement of the two spacecraft.
The expression is valid given the assumption that the planar
shock propagates at a constant shock speed between the two
spacecraft. When the values in parameter arrays m(i), y(i),
qBN(i), VA(i), n̂(i), t̂(i), ~x1 (i), and ~x2 (i), and values for DR
and V1 are put into equations (8)–(13), the values of the
variable arrays ~W(i), D~t(i), ~b1 (i), and ~b2 (i) can thus be
obtained. The variables used in Method A are summarized
in Table 1.
[21] Now we have 16 arrays for all the variables. A so-

called loss function, which measures how well the variables
can fit the observed means, is defined here. The best
estimate of the variables is defined to be the value that
minimizes the loss function. The loss function is defined as

L ið Þ �
X16
k¼1

Xk ið Þ � Ykh i
sk


 �2
; ð14Þ

where Xk(i) � (~B1x(i), ~B1y(i), ~B1z(i), ~B2x(i), ~B2y(i), ~B2z(i),
~r1(i), ~r2(i), ~x1(i), ~x2(i), ~b1(i), ~b2(i), ~Wx(i), ~Wy(i), ~Wz(i), D~t(i))
represents the arrays of the variables where the index i
runs from 1 to a large number N, and the hYki is the mean
of each observable Yk(j), where Yk(j) � (B1x(j), B1y(j),
B1z(j), B2x(j), B2y(j), B2z(j), r1(j), r2(j), x1(i), x2(i), b1(j),
b2(j), Wx(j), Wy(j), Wz(j), Dt(j)) represents the arrays of the
observables. Here the index j runs from 1 to Mk, where
Mk represents the number of data points of the kth ob-
servable. The error sk is defined as the sum of the SD and
the systematic errors,

sk ¼ s0k þ s00k ; ð15Þ

Table 1. A Summary of the Variables Used in This Procedure

Method A Method B

Observables B1, B2, r1, r2, x1, x2, b1, b2, W(�V2 � V1), Dt
Variables ~B1; ~B2;~r1;~r2;~x1;~x2; ~W;D~t; ~b1~b2 ~B1; ~B2;~r1;~r2;~x1;~x2; ~W;D~t; ~b1; ~b2
Derived Parameters y, m, qBN, VA, n̂; t̂
Unknowns (none) DG, DQ

A09104 LIN ET AL.: MHD SHOCK FITTING

4 of 26

A09104



where

s0k �

PMk

j¼1

Yk jð Þ � Ykh ið Þ2

Mk � 1

2
6664

3
7775
1=2

; ð16Þ

is the data SD, and s00k represents the systematic error of
the kth observable. In application, we often do not know
the magnitude of the systematic error in the data, thus s00k =
(1/2)s0k is assumed for all the analyzed cases in this study.

2.2. Method B

[22] The major difference of Method B from Method A is
to introduce terms for an equivalent ‘‘normal momentum
flux’’ and ‘‘heat flow’’ in the RH relations. In this model, two
addition parameters, DG and DQ, are derived from those two
terms in the RH relations (for details, see Appendix A). In
applying to shocks, we first use Method A to test if the
parameters are fitted well without these excess amounts. In
some interplanetary shocks, the shock parameters are not
fitted well. Sometimes the best fit plasma betas deviate more
than 2 SDs from their observed means. In such a condition,
we try the Method B instead. With Method B, we are able to
estimate the amounts of the DG and DQ.
[23] In Method B, the arrays ~B1(i), ~B2(i), ~r1(i), ~r2(i),

~x1 (i), ~x2 (i), ~b1 (i), and ~b2 (i) are randomly generated by
using the same random number generator function, Rnd(s),
used in Method A. After that, the derived parameter arrays
are calculated also via equations (2)–(7). The calculations
are the same as in Method A.
[24] The introducing of DG and DQ leads to changes in

equations (9) and (10). The modified equations are as
follows (for details, see Appendix A):

b2 ¼
1

m2
b1 � 2 cos2 qBN

� 	
yþ 2 DG� 1ð Þ

���
cos2 qBN

�
M2

AN

þ 1

3
2x2 þ 1ð Þu2 sin2 qBN � 4

3
x2 � x1ð Þ cos2 qBN

� 1

3
2x1 þ 1ð Þ sin2 qBNgg; ð90Þ

1� yð Þb1 ¼
2

5
u2 sin2 qBN � 4 cos2 qBN
� 	
 �

y2
�

þ 2 1� DGð Þ cos2 qBN
� �

yþ 2

5
DQ cos2 qBN � 1
� 	�


M2
AN þ 1

5
1� 6x2ð Þu2 sin2 qBN þ 4

15





 3x2 � 5x1 þ 2ð Þ cos2 qBN þ 1

3
2x1 þ 1ð Þ sin2 qBN

�
y

þ 8

15
x1 � 1ð Þ; ð100Þ

where DQ and DG are defined as

DQ � q2n � q1n

1=2ð Þr1V*31n

; ð17Þ

DG � g2n � g1n

r1V*21n

: ð18Þ

Here, q1n (q2n) and g1n (g2n) represent the equivalent ‘‘heat
flow’’ and ‘‘momentum flux’’ in the normal direction on the
upstream (downstream) side of a shock. In principle,
equations (90) and (100) can be expressed as two equations:
h1(DG, DQ) = f1 (y, u, qBN, b1, b2, x1, x2) and h2(DG, DQ) =
f2 (y, u, qBN, b1, b2, x1, x2). As we have the upstream and
downstream magnetic fields, plasma densities, plasma
betas, and the anisotropy parameters, the DG and DQ can
be evaluated. Therefore as the values in parameter arrays
m(i), y(i), qBN(i), VA(i), n̂(i), t̂(i), ~x1 (i), ~x2 (i), ~b1 (i), and ~b2
(i), and values for DR and V1 are put into equations (8), (9

0),
(100), and (11)–(13), the values of the arrays ~W(i), D~t(i), as
well as DG(i) and DQ(i) can thus be obtained. The variables
used here are also tabulated in Table 1.
[25] After we have arrays for all the variables, we use the

same loss function defined in equation (14) for the minimi-
zation technique. Note that here the DG(i) and DQ(i) are not
included in this loss function, since we do not have the
observed values for them. The solution for DG and DQ are
simultaneously obtained when the best fit solution for the
other variables are found. In our minimization in Method B,
it is easy to understand that the best fit solution of b1 and b2
always fall to their means due to the two degrees of freedom
provided by DG and DQ. The associated issue will be
discussed in section 3.1 and section 5.

3. Fitting With Synthetic Shocks

[26] Several synthetic shocks are used to test our proce-
dure. The first one is an oblique shock where the equivalent
‘‘heat flow’’ and ‘‘momentum flux’’ are not needed. The
second oblique shock does need such additional quantities.
We also use an exactly perpendicular shock, a shock with
qBN = 89�, and a shock with qBN = 1� to test our method. In
application, we first investigate whether the model without
‘‘heat flow’’ and ‘‘momentum flux’’ can be applied to a
shock by using Method A. Then, we use Method B to
analyze shocks when the equivalent ‘‘heat flow’’ and
‘‘momentum flux’’ are needed.

3.1. An Oblique Shock Without DG and DQ

[27] We manufacture shock structures for a synthetic
oblique fast shock that requires neither DG nor DQ. The
associated shock parameters are listed in Table 2. These
parameters are solutions of the RH relations. Once the
values of the magnetic field, plasma density, anisotropy
parameter, plasma beta, and upstream velocity are given, the
other parameters can be calculated. Here, an equivalent
proton number density, Neq, is defined as Neq � r/mp, where
mp = 1.6726 � 10�27 kg is the proton mass. On the other
hand, the local shock speed and hence the time difference
between two spacecraft observations can be calculated from
the associated shock parameters via equation (13). We
assume that this shock has been observed by two spacecraft
at different locations at a time delay, Dt. The two observa-
tions are set to have a spatial displacement of (�100, 100,
0) RE; hence the calculated time difference is 21.5 min. Here
the GSE coordinate system is used, and the RE is the Earth
radius equaling to 6378 km.
[28] The values listed in Table 2 are called the ‘‘true

answer.’’ The plasmas on both sides of the shock are
assumed to be isotropic (i.e., x1 = 1 and x2 = 1). The
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downstream normal Alfvén Mach number MAN2 and the
upstream and downstream fast Mach numbers MF and MF2

can be calculated in terms of the derived parameters. They
are expressed as (see Appendix B)

MAN2 ¼ MAN

ffiffiffi
y

p
; ð19Þ

MF ¼ 2M2
AN cos2 qBN

1þ gb1=2ð Þ þ 1þ gb1=2ð Þ2� 2gb1 cos2 qBN
h i1=2

2
64

3
75
1=2

;

ð20Þ

MF2 ¼
2M2

AN2 cos
2 qBN=m2

1þ gb2=2ð Þ þ 1þ gb2=2ð Þ2� 2gb2 cos2 qBN=m2

h i1=2
2
64

3
75
1=2

;

ð21Þ

where g = 5/3 is used. We also show the parameter z
(�V*t2/V*t1 = yu) in Table 2 (see also equations (A11)–
(A13) in Appendix A). It is an important parameter to
determine whether the solution for the Alfvén Mach number
MAN in equation (11) is real.
[29] Now, we assume that we have the data set of a shock.

Figure 1 shows the simulated data for the magnetic field and
the plasma moments. As can be seen, the shock layer is
between t = 6 and t = 7 min. Since we do not have the data
fluctuation spectrum model, for simplicity the values on
both sides of the shock are assumed to have a normal
distribution. Thus the values are also generated by using the
same random number generator function, Rnd(s), defined in
section 2. The data on the shock layer that connects the two
sides are made using a hyperbolic tangent function, upon
which some random values are added, so the shock layer
does not look smooth. Note that the magnetic field and
plasma data within the shock layer are not used here in our
analysis.

[30] In order to give reasonable error sizes for each
observable, we estimate errors using observations from real
IP shocks. From 61 IP shocks observed by WIND during
the period from 1995 to 2000, the average values of the
ratios of the sample error to the magnitude of the shock
jump for the magnetic field, plasma density, and the velocity
are estimated to be �0.1. According to these estimates, the
error for each component of the magnetic field, in this
simulation, is set to be 0.3 nT. The error for the plasma
density is set to be 0.26 (proton mass/cm3). The error for the
velocity is set to be 2 km/s. For the plasma betas, the ratio of
the error to the average of the observed magnitude (b1 + b2)/2
is estimated on an average to be �0.1. Thus the error for the
plasma betas, in this simulation, is set to be about 0.027.
Moreover, for the anisotropy parameters, the ratio of the error
to the average of the observed magnitude is estimated on an
average to be �0.04. Thus the error for the anisotropy
parameters is set to be about 0.04.
[31] In an attempt to simulate the presence of a systematic

error in addition to the sample SD, the data of the magnetic
field, plasma density, and anisotropy parameter are ran-
domly shifted so that their means do not coincide with the
‘‘true answer.’’ This error cannot be known from data
sampling. It comes from an error in measurements caused
by any mechanism. The magnitudes of the shifts are within
1/2 data sample SD.
[32] As can be seen in Figure 1, the vertical lines indicate

the time intervals of the up- and downstream data selected
for the observables. The upstream is from t1 to t2 (from 1 to
6 min), and the downstream is from t3 to t4 (from 7 to
12 min). The SD (s0) for each observable is calculated from
the data fluctuations via equation (16). Figure 2 shows the
magnetic field and plasma moments of the selected inter-
vals. The dot and error bar indicate the mean and SD,
respectively, for the selected interval. Moreover, the dotted
line indicates the value of the ‘‘true answer.’’ As can be
seen, the data means for the magnetic fields, plasma
densities, and anisotropy parameters have some biases from
the ‘‘true answer.’’ These asymmetric biases represent the
systematic errors.

Table 2. ‘‘True Answer’’ of the First Synthetic Shock

Parameter Value

Magnetic field B1, B2,
a nT (�6.1, �0.52, �7.8), (�7.0, �0.79, �10.9)

Plasma density Neq1, Neq2,
b cm�3 8.2, 10.8

Plasma beta b1, b2 0.272, 0.260
Anisotropy parameter x1, x2 1.0, 1.0
Density ratio y 0.759
Magnetic field intensity ratio m 1.309
Shock normal angle qBN, deg 68.1
Upstream Alfvén speed VA, km/s 75.5
Shock normal vector n̂ (�0.960, 0.067, 0.273)
Tangential magnetic field ratio u 1.352
Tangential velocity ratio z = yu 1.027
Mach numbers MA, MAN, MAN2, MF, MF2 1.35, 3.64, 3.18, 1.24, 0.82
Heat flow and normal momentum DG, DQ 0, 0
Flow velocities V1, V2, km/s (�430.0, 10.0, �30.0), (�451.8, 12.2, �16.8)
Velocity difference W, km/s (�21.79, 2.22, 13.21)
Shock speed versus, km/s 507.6
Spacecraft displacement DR, RE (�100.0, 100.0, 0.0)
Time difference Dt, min 21.50

aIt is assumed here that GSE coordinate system is used.
bThe plasma number density, Neq, is defined as Neq = r/mp, where mp = 1.6726 � 10�27kg is proton mass.
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Figure 1. The simulated data for the first synthetic shock: From up to bottom are the magnetic field,
plasma density, anisotropy parameter, plasma beta, and velocity. It is assumed that GSE coordinate
system is used. Neq = r/mp, is defined as the equivalent proton number density, where mp is the proton
mass. The vertical lines indicate the data interval for the upstream (t1– t2) and downstream (t3– t4) sides.
The shock layer is between t = 6 and t = 7 min.
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[33] The associated mean and SD of the observables are
listed in Table 3. For the error of W, an effective sample
deviation is calculated from the upstream and downstream
velocities via the Monte-Carlo method. First, two arrays of
V1(j) and V2(j) are randomly generated, using the function
Rnd(s), based on the means and SDs of the observed
upstream and downstream velocities. The array of W is
defined as

W jð Þ ¼ V2 jð Þ � V1 jð Þ ð22Þ

Then the mean and error are calculated directly from this
array. The estimated error of W for the present case is
�2.8 km/s.
[34] The difference of the shock arrival times, Dt, is also

given in Table 3. The uncertainty of Dt comes from that of
the second spacecraft. The magnitude of the error depends
on the time resolution of the data and the thickness of the
shock layer. We assume that the shock is observed by
two spacecraft at two different locations, with a time delay
hDti = 21.5 min and a spatial displacement of DR = (�100,

Figure 2. The magnetic field and plasma moment data selected from the simulated data. The plots on
the left side are for the upstream (t1– t2), and on the right side are for the downstream (t3– t4). The error
bars indicate the data means and SDs, while the dotted lines indicate the ‘‘true answer’’ values. On the
other hand, the dashed lines indicate the best fit values from our procedure.
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100, 0) RE (in GSE). The uncertainty of Dt is set to be 0.1
min. No uncertainty about the spacecraft positions is given.
[35] First we apply Method A to this case. According to

the means and SDs of the observables shown in Table 3, ten
arrays for the variables ~B1 (i), ~B2 (i), ~r1 (i), ~r2 (i), ~x1 (i), and
~x2 (i) are generated. Here the function Rnd(s) defined
in section 2 is used. The mean and SD of the upstream
x-component magnetic field are measured to be B1x,mean =
�6.0 and s0B1x = 0.3 nT, while the array ~B1x (i) are
generated by ~B1x (i) = B1x,mean + Rnd(s0B1x). Thus the array
has normally distributed values, for which the mean and SD
equal to �6.0 and 0.3 nT, respectively. The operation is the
same for all the other variable arrays.
[36] Using equations (2)–(7), we derive the parameters

n̂(i), t̂(i), m(i), y(i), qBN(i), and VA(i), from those generated
arrays. The corresponding means and errors of the param-
eters are listed in Table 4. The shock normal is calculated
directly from the means of the observables via equation (2).
It is about 8� off from the ‘‘true answer.’’ We show the error
cone angles of the shock normal and tangential vectors in
Table 4. Here the error cone angle is defined to be
Max(cos�1 (n̂(i) 
 �̂n)), where �̂n is calculated from the means
of the observables.
[37] Table 4 also shows the corresponding velocity dif-

ference W, plasma betas, and the Mach numbers calculated
directly from the data means via equations (2)–(12) and
(19)–(21). They have a large discrepancy from the ‘‘true
answer.’’ The value of the upstream fast Mach number turns
out to be less than 1, which is not permissible for a fast
shock. Thus the shock parameters calculated directly from

these measured means do not necessarily satisfy the shock
jump relations.
[38] With the derived parameter arrays, the variables
~W(i), D~t(i), ~b1 (i), and ~b2 (i) are calculated via equations
(8)–(13). Figure 3 shows distributions of the values for the
arrays for the parameters calculated from the magnetic field,
plasma density, and anisotropy parameter. The shock nor-
mal is shown by a polar-angle representation, f and q. The
property in equation (11) shows that as (x2u� x1)/(yu� 1) <
0, MAN has no solution. Moreover, if MAN < (x1)

1/2, the
solution is not a fast shock. The elements of MAN, ~W, ~b1, ~b2,
and D~t under these two conditions have been checked and
eliminated by our program. For the present case, about 12%
of the total elements are eliminated. For an array size of
N = 107, about 9 � 106 samples remain to be useful to
calculate the values of ~W(i), ~b1 (i), ~b2 (i), and D~t(i).
[39] Now we have 16 arrays for all the variables. With the

16 variable arrays as well as the 16 observable arrays, the
loss function defined in equation (14) can be calculated. On
the other hand, for calculating the loss function, the sys-
tematic error in equation (15) is assumed to be s00k = (1/2)s0k
for all the variables. Now the values of the array of loss
function L(i) are obtained, and the best fit solution is the one
with a minimum L(i). A best fit solution is thus found and
the result is listed in Table 5 (Method A). In comparison
with Table 2, it is found that the results are very close to
the ‘‘true answer.’’ The shock normal obtained from this
method is (�0.957, 0.068, 0.281) which is only �0.5� off
from the ‘‘true answer.’’ Moreover, the estimated values for
the Mach numbers and the shock speed are also comparable
to the ‘‘true answer.’’ The best fit values of the magnetic
fields, plasma densities, plasma betas, and the anisotropy
parameters are indicated in Figure 2 (dashed lines). As can
be seen, the best fit values are close to the ‘‘true answer’’
values (dotted lines). For the plasma velocity, we only have
the best fit value of W, instead of V1 and V2. Thus it is not
shown in this figure. However, as can be seen in Table 5, the
best fit value of W is very close to the ‘‘true answer.’’
[40] Now we apply Method B to the same shock. Here,

the plasma betas are treated as inputs. From the data means
and SDs shown in Table 3, 12 arrays ~B1 (i), ~B2 (i), ~r1 (i), ~r2
(i), ~x1 (i), ~x2 (i), ~b1 (i), and ~b2 (i) are generated. The same
random generator function is utilized here. Also using

Table 4. Values of the Derived Parameters From the Data of the First Synthetic Shock

Parameter Mean Deviation Error Cone Angle, deg

y 0.770 0.03
m 1.342 0.05
qBN 70.8 7.7
VA 73.9 2.6
n̂ (�0.943, �0.068, 0.325) �63
n̂ (0.323, 0.044, 0.945) �27

Parameters Calculated From Data Means (Method A)
W, km/s (�9.24, �0.45, 14.10)
b1, b2 �0.94, �0.80
MA, MAN, MAN2, MF, MF2 0.79, 2.40, 2.11, 0.72, 0.47

Parameters Calculate From Data Means (Method B)
W, km/s (�9.24, �0.45, 14.10)
DG, DQ �0.56, �1.06
MA, MAN, MAN2, MF, MF2 0.79, 2.40, 2.11, 0.72, 0.47

Table 3. Means and SDs of the First Synthetic Shock

Observable Mean Standard Deviation

B1, nT (�6.00, �0.628, �7.68) 0.3
B2 (�7.13, �0.783, �10.98) 0.3
Neq1, cm

�3 8.31 0.26
Neq2 10.79 0.26
x1 1.02 0.04
x2 0.99 0.04
b1 0.272 0.027
b2 0.260 0.027
W, km/s (�21.79, 2.22, 13.21) 2.8
Dt, min 21.50 0.1
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equations (2)–(7), we have the derived parameter arrays
from those variables.
[41] Via equation (8), the corresponding velocity differ-

ence W is calculated from the data means of the magnetic
field, plasma density, and anisotropy. The result is shown in
Table 4 (Method B). The Mach numbers calculated from the
data means via equations (11) and (19)–(21) are also shown
in Table 4. Equations (90) and (100) are used to calculate the
DG and DQ, from the data means of the magnetic field,
plasma density, plasma beta, and anisotropy. The result is
also shown in Table 4. As can be seen, these calculated
values have a large discrepancy from the ‘‘true answer.’’
[42] With the derived parameters, the variables ~W(i),

D~t(i), DG(i) and DQ(i) are calculated via equations (2)–
(8), (90), (100), and (11)–(13). Now we have 18 arrays, in

which the DG(i) and DQ(i) are not included in the loss
function. A best fit solution is found using the same
minimization method and the result is listed in Table 5
(Method B). It is found that the results from Method A and
Method B are very close to each other, and they agree well
with the ‘‘true answer.’’ The shock normal obtained from
Method B is (�0.959, 0.057, 0.278) which is only �0.6� off
from the ‘‘true answer’’ shock normal. Moreover, the
estimated values for the Mach numbers and the shock speed
are also comparable to the ‘‘true answer.’’
[43] The solutions of DG and DQ cannot be found

by using the loss function, since there is no observed value
for them. They provide two degrees of freedom. The values
of them are estimated by the other parameters via equations
(90) and (100). The parameters y, m, qBN, and n̂ can be fitted

Figure 3. The distributions of the arrays: The y axis shows the numbers normalized by the maximum
count. The first two plots in the upper line show the polar angles (f, q) of the shock normal vector.
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well by virtue of equations (2)–(8), (11)–(13), and the loss
function, and their confidence regions are very small.
Unlike in Method A, the b1 and b2 in Method B are not
fitted due to the two degrees of freedom. They are only
estimated by the minimization of the loss function. Thus the
best fit solutions for b1 and b2 should equal to their data
means. However, the data of b1 and b2 also have uncertain-
ties that will propagate to DG and DQ. These uncertainties
should be taken into account.
[44] In principle, the uncertainties of parameters other

than the plasma betas should also propagate to DG and DQ.
However, the confidence region of the other parameters is
small; thus only small amounts of uncertainties actually
propagate to DG and DQ. Therefore the uncertainties of DG
and DQ are dominated by that of b1 and b2. If we want to
estimate the uncertainty by all the other parameters, one
method is that we repeat the procedure several times, for
example, 10 times, and estimate the sample SDs of those
resultant DGs and DQs. The SDs can be considered as the
uncertainties of the DG and DQ in addition to the uncer-
tainties shown in Table 5.

[45] The uncertainties of b1 and b2 also propagate into the
fast Mach numbers via equations (20) and (21). The method
for determining the uncertainties of DG, DQ, and the fast
Mach numbers will be given further in section 5. The results
of Method B show that both DG and DQ are small enough
that within the uncertainty, they can be considered to vanish.
Therefore we demonstrate that Method A and Method B of
our procedure is capable of finding the correct parameters of
a shock when DG and DQ are not needed in the RH
relations.

3.2. An Oblique Shock Requiring DG and DQ

[46] Now we apply our procedure to another synthetic
oblique shock with a significant amount of DG (=0.22) and
DQ (=0.79). The ‘‘true answer’’ for the synthetic shock
is listed in Table 6. Here, we also make a data shift of
�1/2 SD from the ‘‘true answer’’ for the magnetic field,
plasma density, and anisotropy parameter. So, the data means
do not coincide with the values of the ‘‘true answer.’’ On the
other hand, the shock is assumed to be observed by two
spacecraft with a displacement of (�100, 100, 0) RE (GSE);
therefore the time delay can be obtained to be 28.45 min.

Table 5. Best Fit Solutions Estimated From Method A and Method B for the First Synthetic Shock

Parameter Method A Method B

B1, nT (�6.13, �0.52, �7.85), (�6.14, �0.63, �7.79),
B2 (�7.08, �0.79, �11.03) (�7.09, �0.94, �11.00)
Neq1, Neq2, cm

�3 8.15, 10.81 8.16, 10.85
x1, x2 1.00, 0.99 1.01, 0.99
b1, b2 0.26, 0.25 0.27, 0.26
y 0.755 0.752
m 1.316 1.320
qBN, deg 68.7 68.2
VA, km/s 76.2 75.9
n̂ (�0.957, 0.068, 0.281) (�0.959, 0.057, 0.278)
u 1.358 1.365
z (=yu) 1.024 1.026
MA, MAN, MAN2, MF, MF2 1.35, 3.70, 3.22, 1.23, 0.81 1.34, 3.62, 3.13, 1.22, 0.80
DG, DQ 0, 0 �0.005 ± 0.008, �0.01 ± 0.03a

W, km/s (�22.2, 2.2, 13.2) (�22.3, 2.0, 13.4)
Vs, km/s 506.4 506.2
Dt, min 21.5 21.3

aThe uncertainties of DG and DQ shown in the best fit result come from the uncertainties of the plasma betas.

Table 6. ‘‘True Answer’’ and the Best Fit Values of the Second Synthetic Shock

Parameter ‘‘True Answer’’ Value Best Fit Value

B1, nT (�1.9, 1.6, 0.35), (�1.92, 1.60, 0.29),
B2, nT (�2.3, 3.0, 1.1) (�2.30, 3.04, 1.01)
Neq1, Neq2, cm

�3 19.0, 33.5 19.0, 33.8
x1, x2 1.00, 1.00 0.99, 1.01
b1, b2 5.0, 3.0 5.0, 3.0
y 0.567 0.563
m 1.569 1.570
qBN, deg 52.6 51.4
VA, km/s 12.6 12.6
n̂ (�0.927, �0.067, �0.369) (�0.931, �0.070, �0.359)
u 1.823 1.843
z (=yu) 1.034 1.040
MA, MAN, MAN2, MF, MF2 3.01, 4.95, 3.73, 1.37, 0.78 2.97, 4.76, 3.57, 1.35, 0.77
DG, DQ 0.22, 0.79 0.22 ± 0.02, 0.80 ± 0.1a

W, km/s (�14.76, �2.52, �6.79) (�14.75, �2.68, �6.62)
Vs, km/s 321.2 322.0
Dt, min 28.45 28.4

aThe uncertainties of DG and DQ shown in the best fit result come from the uncertainties of the plasma betas.

A09104 LIN ET AL.: MHD SHOCK FITTING

11 of 26

A09104



[47] Here, the data means of the upstream and downstream
magnetic fields are set to be (1.95, 1.50,0.28) and (�2.40,
3.10, 1.00) nT, the data means of upstream and downstream
number density (Neq) are 18 and 34 cm

�3, and the data means
of upstream and downstream anisotropy parameters are 0.98
and 1.02, respectively. The data SD of the magnetic field is
0.15 nT, the SD of the number density is 1.5 cm�3, the SD of
the anisotropy parameter is 0.04, the SD of the plasma beta is
0.4, the SD of each component ofW is 2.2 km/s, and the SD
of Dt is 0.1 min.
[48] We have tried Method A to check this shock, and the

fit is not good. Now we use Method B to analyze this shock.
The best fit parameters of this shock are listed in Table 6. It
can be seen that the best fit solution is very close to the
‘‘true answer.’’ The estimated shock normal is only �0.6�
off from the ‘‘true answer’’ shock normal. The estimated
DG and DQ also agree with the ‘‘true answer.’’ Thus the
Method B works for the shock where DG and DQ are
needed.

3.3. Perpendicular and Parallel Shocks

[49] We apply our procedure to an exactly perpendicular
shock, which requires neither DG nor DQ. For the exactly
perpendicular shock, z = 1, which makes MAN to be infinite,
and there is no defined HT frame of reference. Thus to
construct the ‘‘true answer’’ shock structure, we have to
derive new relations between the shock parameters. The
new relations are derived under the shock frame of reference
of a perpendicular shock. The details of deriving the shock
parameters are provided in Appendix C. Table 7 shows
these parameters of the ‘‘true answer.’’
[50] Likewise, we apply a 1/2-SD shift to the magnetic

field and plasma data so that the data means of the magnetic
fields are B1 = (0.13, �9.88, �0.12) and B2 = (0.12,
�14.87, 0.12) nT, which are off from the exactly perpen-
dicular shock solutions shown in Table 7. The shifted
magnetic field data means make the derived shock normal,
n̂ = (�0.722, 0.069, 0.688), at an angle as large as �43� off
from the ‘‘true answer’’ shock normal. Now we apply
Method B. The best fit solution is also shown in Table 7.
As can be seen, the fit is still good for this shock. The best
fit shock normal is �1.1� off from the ‘‘true answer’’ shock

normal. We also try Method A to analyze this shock, and the
result is close to that estimated from Method B.
[51] The same analyses are also made for two other

synthetic shocks with qBN = 89� and 1�, respectively.
Figure 4 shows a comparison of the best fit and the ‘‘true
answer’’ parameters for the synthetic shocks, discussed
here, with different shock normal angles. We repeat the
same procedure for five times and calculate the mean and
SD for the five best fit solutions. The x axis indicates the
‘‘true answer’’ shock normal angle. Figures 4a–4c show the
difference between the best fit and the ‘‘true answer’’ qBN,
MA, and MF, respectively. The error bars for these plots
represent the SDs calculated from the five contiguous
estimations. Figure 4d shows the angle, a, between the best
fit and the ‘‘true answer’’ shock normal vectors. The error
bars also represent the SDs calculated from the five contig-
uous estimations. As can be seen, the solutions are stable
and reliable. The SDs in Figure 4 can be considered as
confidence intervals for the solutions of shock parameters.

4. Application to Real Shocks

[52] In this section, two real shocks observed in inter-
planetary space by both the WIND and Geotail spacecraft
are analyzed by our method. One of these shocks, which is
associated with a magnetic cloud, has been investigated by
Lepping et al. [1997], while both of these two shocks have
been investigated by Berdichevsky et al. [2000]. Using the
WIND data of the magnetic field and plasma and the given
information about the arrival times and the positions of
WIND and Geotail, we apply our procedure to these two
cases. They are discussed below.

4.1. The 19 October 1995 Shock

[53] This shock has been already analyzed and reported
by Lepping et al. [1997] and is considered as a shock-like
structure. They did not confirm whether it is a fast-mode
shock, since the estimated downstream fast Mach number is
larger than 1. However, the investigation of Berdichevsky et
al. [2000] reported that it is a fast shock with an upstream
Mach number of 1.3. Here, we re-analyze the shock with
our method.

Table 7. The ‘‘True Answer’’ and the Best Fit Values of the Synthetic Perpendicular Shock (qBN = 90�)

Parameter ‘‘True Answer’’ Value Best Fit Value

B1, nT (0.00, �10.00, 0.00), (�0.05, �9.84, �0.09),
B2, nT (0.00, �15.00, 0.00) (0.03, �15.16, �0.14)
Neq1, Neq2, cm

�3 8.00, 12.00 8.2, 12.6
x1, x2 1.00, 1.00 0.98, 1.02
b1, b2 1.00, 1.07 1.01, 1.07
y 0.667 0.649
m 1.500 1.541
qBN, deg 90.0 88.9
VA, km/s 77.1 75.1
n̂ (�1.0000, 0.0000, 0.0000) (�0.9998, �0.0144, 0.0120)
u 1.500 1.541
z (=yu) 1.000 �1.000
MA, MAN, MAN2, MF, MF2 2.00, �, �, 1.47, 0.79 1.92, 98.77, 79.56, 1.41, 0.73
DG, DQ 0, 0 �0.04 ± 0.06, �0.14 ± 0.17a

W, km/s (�51.41, 0.00, 0.00) (�50.74, �0.27, 0.61)
Vs, km/s 584.2 574.4
Dt, min 18.20 18.24

aThe uncertainties of DG and DQ shown in the best fit result come from the uncertainties of the plasma betas.
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[54] In our analysis, the observed parameters are obtained
from the WIND spacecraft. The magnetic field data come
from the magnetic field investigation (MFI) magnetometer,
which has a 3-s time resolution. The ion data (protons and
alpha particles) of number density, temperature, and bulk
velocity come from the solar wind experiment (SWE) plasma
instrument, which has an 80-s time resolution. The electron
temperature and anisotropy (Ae � Tek/Te?) data also come
from the SWE. Tek and Te? are parallel and perpendicular
electron temperatures defined in magnetic field-aligned
coordinates. The proton anisotropy, Ap � Tpk/Tp?, comes
from the three-dimensional plasma analyzer (3DP), where
Tpk and Tp? are parallel and perpendicular proton
temperatures defined in magnetic field-aligned coordinates
as well. This data set has a 3-s time resolution. All the raw
data are extracted from the Web site of Coordinated Data
Analysis Web (CDAWeb) published by the Goddard Space
Flight Center and the M.I.T. Space Plasma Group. The GSE
coordinate system is used in this study.
[55] In calculating the plasma parameters (r, b, V, and x),

we include the contribution of alpha particles and/or elec-
trons. The plasma density is calculated from

r ¼ mpnp þ mana ¼ mp np þ 4na
� 	

; ð23Þ

where mp and ma are the masses of proton and alpha
particle, and np and na are the number densities of protons

and alpha particles, respectively. The plasma beta can be
calculated from

b ¼ Pe þ Pp þ Pa

B2=2m0
	

np þ 2na
� 	

kTe þ npkTp þ nakTa

B2=2m0
; ð24Þ

where Te, Tp, and Ta are the temperatures of the electrons,
protons, and alpha particles. Moreover, the center of mass
velocity, V, is calculated from

V ¼ mpnpVp þ manaVa

mpnp þ mana
¼ npVp þ 4naVa

np þ 4na
; ð25Þ

where Vp and Va are the bulk velocities of protons and alpha
particles, respectively.
[56] To calculate the plasma anisotropy parameter x, we

have the data for proton and electron anisotropies. In
general the electrons behave more or less isotropic. How-
ever, usually the electron thermal pressure dominates the
plasma thermal pressure in interplanetary shock; thus the
contribution of electron anisotropy to the value of x should
also be considered. The x can be expressed as

x ¼ 1�
ppk � pp?

B2=m0
þ
pak � pa?

B2=m0
þ
pek � pe?

B2=m0

� 


¼ 1� 3

2

Ap � 1
� 	

bp
Ap þ 2

þ 3

2

Aa � 1ð Þba
Aa þ 2

þ 3

2

Ae � 1ð Þbe
Ae þ 2

 !
; ð26Þ

Figure 4. Comparison of the best fit and the ‘‘true answer’’ parameters: The x axis indicates the ‘‘true
answer’’ shock normal angle. Figures 4a–4c show the differences between the best fit and the ‘‘true
answer’’ qBN, MA, and MF. The error bars for these plots represent the SDs calculated from five
contiguous estimations. Figure 4d shows the angle, a, between the best fit and the ‘‘true answer’’ shock
normal vectors. The error bars also represent the SDs calculated from the five contiguous estimations.
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Figure 5. The data for the magnetic field, plasma density, plasma beta, anisotropy parameter, and
velocity of the shock on 19 October 1995: Here, the coordinate system is in GSE. The time unit used is in
minutes counted from the beginning of a day. Neq = r/mp, is the plasma number density, where mp is the
proton mass. The vertical lines indicate the data interval for the upstream and downstream observables.
The shock layer is at �1071 min of the day.
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where ppk (pp?), pak (pa?), and pek (pe?) are parallel
(perpendicular) thermal pressures of protons, alpha parti-
cles, and electrons, and Ap, Aa, and Ae are the anisotropies,
while bp (�Pp/(B

2/(2m0))), ba, and be are the plasma betas of
protons, alpha particles, and electrons. Here, the thermal
pressure Pa for each ion species can be expressed as

Pa ¼
pak þ 2pa?

3
; ð27Þ

where a represents the specific ion species. Let us now
assume that the alpha particles have nearly the same amount
of anisotropy as the protons. That is, Aa � Ap. The above
expression can further be approximated as

x 	 1� 3

2

Ap � 1
� 	
Ap þ 2

bp þ ba
� 	

� 3

2

Ae � 1ð Þ
Ae þ 2

be: ð28Þ

[57] The data of the magnetic field and plasma are shown
in Figure 5. The time unit used here is in minutes counted
from the beginning of a day. The vertical lines indicate the
data that is used for the upstream and downstream observ-
ables. In order to have at least three observation points for
the plasma observables, we use about 5 min intervals for the
upstream and downstream regions, respectively.
[58] This shock was observed at 1751:03 UT by WIND

located at (176.09, �2.21, �12.75) RE (GSE). It was also
observed by Geotail at 1823:01 UT at the location (13.71,
�1.17, 1.06) RE. Thus the spatial displacement between the
two spacecraft is DR = (�162.4, 1.1, 13.8) RE, and the
difference between the shock arrival times is hDti =
31.97 min, with an error of �0.25 min. The associated
means and SDs for all the observables are shown in Table 8.
[59] Table 9 shows the parameters directly calculated

from the means of the observed magnetic fields, plasma
densities, anisotropy parameters, and plasma betas. The
resultant fast Mach numbers are MF = 2.30 and MF2 =
1.45, which is not permissible for a fast shock. Furthermore,
the observed mean center of mass velocities in the upstream
and downstream regions are V1 = (�387.2,�24.7, 5.3) km/s
and V2 = (�405.6, �10.1, 30.8) km/s, respectively. Thus
the velocity difference hWi = (�18.5, 14.5, 25.5) km/s,
which is quite different from the velocity difference directly
calculated from the means of the magnetic fields and the
plasma moments via equation (8).
[60] We apply Method B to this shock. Note that to

calculate the loss function, we let the systematic error in
equation (15) be s00k = (1/2)s0k for each variable. Then, a best
fit solution is obtained by finding a minimum value of the
loss function, Lmin. Here Lmin = 1.8. The corresponding
values of the best fit solution are shown in Table 10. It is
found that the estimated magnetic fields and plasma
moments deviate from the means of the corresponding

observables by no more than one sigma. The upstream fast
Mach number is larger than 1, and the downstream fast
Mach number is less than 1. Meanwhile, the upstream and
downstream normal Alfvén Mach numbers are both larger
than 1. Therefore this is a fast magnetosonic shock. As can
also be seen in Table 10, the DG and DQ are quite small. It
appears that for this shock the DG and DQ are unneeded.
We have also tried Method A. The result is close to that one
estimated by Method B.
[61] We compare our results with that of the other

methods. As can be seen in Table 10, the shock normal
vector estimated by Lepping et al. [1997] is (�0.558, 0.714,
0.422) (f = 128� and q = 25�), while the shock normal
vector estimated by our method is (�0.549, 0.703, 0.451) (f
= 128.0� and q =26.8�). There is an angular difference of
�1.9� between the two estimated vectors. The shock speed
in the spacecraft frame of reference estimated by our
method is 320 km/s, which is different from that estimated
by Lepping et al. [1997] at 338 km/s. The shock speed in
the upstream solar wind frame of reference estimated by
Lepping et al. [1997] is 137.4 km/s. Using this value and
values of the upstream magnetic field intensity (B � 20 nT)
and plasma number density (N � 20 cm�3) (see the ‘‘C’’
discontinuity in Figure 1 of Lepping et al. [1997]), we can
estimate the Alfvén Mach number (Vn1/VA), MA � 1.4. On
the other hand, the Alfvén Mach number estimated by our
method is MA = 1.37. These two values are close.
[62] Berdichevsky et al. [2000] used the preaveraged

method [e.g., Abraham-Shrauner, 1972; Abraham-Shrauner
and Yun, 1976] and the least squares fitting method to
the RH relations of Viñas and Scudder [1986] and Szabo
[1994] to find the shock normal and the shock parameters.
They obtained an optimal shock normal, for which the
results of the first and second methods coincide within an
acceptable range. The shock normal vector estimated by
Berdichevsky et al. [2000] for this shock is (�0.575, 0.736,
0.358) (f = 128� and q = 21�). Thus the shock normal

Table 8. Data Means and SDs of the 19 October 1995 Shock

Observable Mean Standard Deviation

B1,
a nT (4.05, �15.57, 11.99), (0.46, 0.84, 1.09),

B2 (4.58, �18.67, 18.81) (0.58, 0.93, 0.87)
Neq1, Neq2, cm

�3 22.79, 31.96 0.62, 1.49
x1, x2 0.987, 0.994 0.001, 0.001
b1, b2 0.188, 0.157 0.005, 0.004
W, km/s (�18.5, 14.5, 25.4) (0.5, 4.5, 5.9)
Dt, min 31.97 0.25

aThe coordinate system is GSE.

Table 9. Values of the Derived Parameters Calculated From the

Means of the Observed Magnetic Fields, Plasma Densities,

Anisotropy Parameters, and Plasma Betas of a Real Shock on

19 October 1995

Parameter Values

y 0.713
m 1.340
qBN, deg 61.3
VA, km/s 91.7
n̂ (�0.291, 0.862, 0.414)
MA, MAN, MAN2, MF, MF2 2.44, 5.07, 4.28, 2.30, 1.45
DG, DQ 0.21, 0.37
W, km/s (�18.2, 52.5, 32.8)
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vectors estimated by our method and by Berdichevsky et al.
[2000] have an angular difference of �5.9�. The shock
speed in the upstream solar wind frame estimated by
Berdichevsky et al. [2000] is 137 km/s, and the Alfvén
Mach number is 1.4. On the other hand, the fast magneto-
sonic Mach number estimated by Berdichevsky et al. [2000]
is 1.3, while that by our method is 1.29. The Mach numbers
estimated by our method and by Berdichevsky et al. [2000]
are close.

4.2. The 23 March 1995 Shock

[63] This shock was observed at 0937:24 UT by WIND
located at (213.75, 39.67, 17.50) RE and was also observed
by Geotail at 1040:00 UT, at (�5.03, 28.87, �3.85) RE. The
displacement between the two spacecraft is DR = (�218.8,
�10.8, �21.4) RE, and the averaged time delay is hDti =

62.6 min. The observed data means are listed in the second
column of Table 11. The lower part of this column shows
the corresponding parameters directly calculated from the
data means of the observed magnetic fields, plasma densi-
ties, anisotropy parameters, and plasma betas.
[64] The result of Method A (not shown here) indicates

that the fit is not good. Unless the data were given very
large errors, the model without DG and DQ cannot be
applied to this shock. Now we use Method B to analyze
this case. The best fit values of the upstream and down-
stream parameters are listed in Table 11. It is found that in
this case, DG = 0.08 ± 0.04 and DQ = 0.49 ± 0.15. Note that
the uncertainties of DG and DQ come from the uncertainties
of the plasma betas. The result, using the present data set,
indicates that the shock needs significant amounts of DG
and DQ in order to satisfy the whole set of RH relations.

Table 10. Best Fit Solution of the 19 October 1995 Shock

Parameter Value La Bb

B1, nT (4.20, �14.96, 11.76),
B2 (4.23, �19.11, 18.28)
Neq1, Neq2, cm

�3 22.8, 31.6
x1, x2 0.987, 0.994
b1, b2 0.188, 0.157
y 0.723
m 1.374 1.35 ± 0.02

qBN, deg 67.3 perpendicular 80–90

VA, km/s 88.9 97.5c

n̂ (�0.549, 0.703, 0.451) (�0.558, 0.714, 0.422) (�0.575, 0.736, 0.358)

f, q, deg 128.0, 26.8 128, 25 128, 21

u 1.430
z (=yu) 1.034
MA, MAN, MAN2, 1.37, 3.56, 3.03, 1.4d, �, �, 1.4, �, �,
MF, MF2 1.29, 0.80 2.7, 1.96 1.3, �
DG, DQ 0.01 ± 0.02, 0.03 ± 0.04
W, km/s (�18.5, 18.4, 23.7)
Vs, km/s 320 338
Dt, min 32.0 32.4

aResults of Lepping et al. [1997].
bResults of Berdichevsky et al. [2000].
cWe estimate it from the upstream magnetic filed intensity and plasma density shown in Figure 1 of Lepping et al. [1997].
dDividing the shock speed (137.4 km/s) in the upstream solar wind frame estimated by Lepping [1997] by the upstream Alfven

speed VA.

Table 11. Parameters From the Data Means and From Our Method for the Real IP Shock on 23 March 1995

Parameter Data Meana Best Fit Bb

B1, nT (0.10, 2.45, �3.47), (0.16, 2.68, �3.66)
B2 (1.50, 4.75, �6.25) (1.07, 4.69, �6.40)
Neq1, Neq2, cm

�3 10.30, 16.98 9.77, 17.34
x1, x2 0.92, 1.14 0.88, 1.15
b1, b2 3.09, 1.65 3.09, 1.65
W, km/s (�38.1, 2.6, �3.1) (�34.3, 3.4, �4.6)
Dt, min 62.6 62.2
y 0.606 0.563
m 1.881 1.762 2.2
qBN, deg 69.6 77.1 69 ± 6
VA, km/s 28.9 31.7
n̂ (�0.908, 0.052, �0.416) (�0.966, 0.153, �0.209) (�0.951, 0.168, �0.259)
f, q, deg 176.7, �24.6 171.0, �12.1 170, �15
u 1.973 1.793
z (=yu) 1.196 1.010
MA, MAN, MAN2, MF, MF2 0.91, 2.61, 2.03, 0.49, 0.25 2.49, 11.12, 8.34, 1.32, 0.69 3.6, �, �, 1.8, �
DG, DQ �2.98, �3.18 0.08 ± 0.04, 0.49 ± 0.15
Vs, km/s 296.8 365.7

aThe SD of B1 is (0.10, 0.24, 0.34) nT, the SD of B2 is (0.29, 0.22, 0.29) nT, the SD of Neq1 and Neq2 are 0.32 and 0.41 cm�3,
the SD of x1 and x2 are 0.05, 0.03, the SD of b1 and b2 are 0.37 and 0.16, the SD of W is (3.5, 3.1, 2.9) km/s, and the SD of Dt is
1.0 min.

bResults of Berdichevsky et al. [2000].
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[65] As can be seen in Table 11, the shock normal
estimated by our method is (�0.966, 0.153, �0.209) (f =
171� and q = �12.1�). The shock normal vector estimated
by Berdichevsky et al. [2000] is (�0.951, 0.168, �0.259)
(f = 170� and q = �15�). These two shock normal vectors
have an angular difference of �3.1�. The Alfvén Mach
number estimated by our method is 2.49, and that by
Berdichevsky et al. [2000] is 3.6. On the other hand, the
fast Mach number estimated by our method is 1.32, and that
by Berdichevsky et al. [2000] is 1.8. The Mach numbers
estimated by our method and by Berdichevsky et al. [2000]
are different.
[66] The difference in Mach numbers between our results

and the results of Berdichevsky et al. [2000] may be caused
by several reasons. One of the reasons is the difference in
the selected upstream and downstream intervals. The up-
stream and downstream regions used by our method are
selected to be (0933:00–0937:00 UT) and (0937:50–
0941:00 UT), respectively. The interval lengths are less
than 5 min, and the intervals are near the shock layer. In the
study of Berdichevsky et al. [2000], they choose an interval
length of �6–20 min. The upstream and downstream
regions used for the preaveraged method are selected to
be (0912–0921 UT) and (0945–0952 UT), respectively
[see Berdichevsky et al., 2000, Table A.1].
[67] Another possible cause is that the shock plane may

not be flat and/or that the medium within which the shock

propagates may be nonuniform. Our method, using two
spacecraft arrival time, can obtain a good result only when a
shock plane is flat and when the shock propagates at a
constant shock speed between the two spacecraft. If the
shock were not in such a condition, our fitting method
would have some errors in shock speed.

5. Error Analysis in Our Synthetic Simulations

[68] In this section we estimate the reliability of the
procedure. First, we give different amount of shifts of the
means for the first synthetic simulation case. For analyzing
this shock in section 3.1, the data means for the magnetic
field, plasma density, and anisotropy parameter are assumed
to have a random shift from the ‘‘true answer,’’ and the
magnitude of the shift is �1/2 of the sample SD. Now we
define a shift parameter, s, s � (data mean � true)/s0, where
s0 is the SD. The s is the discrepancy of the data mean from
the ‘‘true answer’’ for the magnetic field, plasma density,
and anisotropy parameter normalized by their SDs. It
represents the size of systematic error occurring in the
simulated data. We look for the variations of the best fit
solution and the loss function when a different s is applied.
The result is shown in Figure 6. To calculate the loss
function for the synthetic shocks and the two real shocks
in sections 3 and 4, the systematic error in equation (15) is
assumed to be s00 = (1/2)s0. The ratio is fixed in this

Figure 6. The value of the minimum loss function and the values of the estimated parameters with
various shifts, s, which are applied to the first simulation case: The s is normalized by the SD. The a
represents the angle between the estimated and the ‘‘true answer’’ shock normal.
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estimation. The Lmin shown in Figure 6 is the minimum loss
function value for each case, and a is the angle between the
best fit and the ‘‘true answer’’ shock normal.
[69] As can be seen in Figure 6, the loss function

increases with s, while the solution deviates more from
the ‘‘true answer.’’ Furthermore, the angle a increases with
s as well. The results show that the solution estimated by
our method is reliable as long as the difference between the
observed means and the ‘‘true answer’’ is not larger than
2 sigmas in errors.
[70] In our simulation study in section 3, the data means

of the velocity difference W did not shift from the ‘‘true
answer’’ because we consider that systematic errors in the
velocity measurements are likely to be subtracted out in W
if the systematic errors are symmetric on the two sides of a
shock. In addition, the velocity measurements are the most
reliable parameters in solar wind plasma measurements.
Now, in addition to the systematic errors in the magnetic
field and plasma density, we also apply a small (�1/2 SD)
and asymmetric systematic errors to the upstream and
downstream velocities. An example is presented here. We
reanalyze the first synthetic shock. The data of the upstream
and downstream velocities are randomly shifted such that
the data means are hV1i = (�429.5, 9.4, �30.1) and hV2i =
(�450.2, 12.3, �17.4) km/s, respect ively. The
corresponding mean of W is hWi = (�20.6, 2.9, 12.7)
km/s. Here, all the other data means and SDs are the same
as in Table 3. The result shows that the best fit shock normal
is (�0.955, 0.055, 0.291), which is �1.3� off from the ‘‘true
answer.’’ The best fit shock normal angle is qBN = 69.0�, and
upstream Alfvén and fast Mach number are MA = 1.32 and
MF = 1.20. So, the result is still good.
[71] As in the error analysis shown in Figure 6 for the

systematic errors in magnetic field, plasma density, and
anisotropy parameter, an analysis have been made using
different amount of data shift for the velocities. Here, the
data means for the magnetic field and plasma density are set
to have a shift of only �1/2 SD from the ‘‘true answer’’
value. The result also shows for much larger systematic
errors, the result becomes unreliable.
[72] When the Method B is used, we have two degrees of

freedom due to giving two more parameters DG and DQ. As
mentioned in section 3.1, the uncertainties of the DG and
DQ as well as the fast Mach numbers are mainly determined
from the uncertainties of the plasma betas. The two degrees
of freedom can compromise with all the errors occurring in
b1 and b2. Thus the other parameters, such as the shock
normal, which can be fitted well by virtue of equations for
velocity and for arrival time, and the loss function, will not
be adjusted by the errors of b1 and b2.
[73] When the Method A is used, the situation is quite

different. The b1, b2, and the other parameters are required
to satisfy equations (9) and (10) as well as all the other
conservation equations with DG = 0 and DQ = 0. For a
better fitting of b1 and b2, the procedure will force all the
parameters to compromise with the errors of b1 and b2.
Under this condition, other parameters and hence the shock
normal are adjusted.
[74] In Method A the plasma betas can be fitted. Here we

reanalyze the first synthetic shock by introducing systematic
errors occurring in both the velocities and plasma betas.
Here the data means of the velocities are assumed to be

hV1i = (�429.5, 9.4, �30.1) and hV2i = (�450.2, 12.3,
�17.4) km/s. Thus the mean of W is hWi = (�20.6, 2.9,
12.7) km/s. The data of plasma betas are randomly shifted
by �1/2 SD from the ‘‘true answer,’’ so their means are now
hb1i = 0.260 and hb2i = 0.251. The data means for the other
observables are the same as in Table 3. Following our
procedure, we obtain that the best fit qBN = 70.1�, MA =
1.35, MF = 1.26, and the best fit shock normal vector is
(�0.949, 0.062, 0.301). The best fit shock normal vector
has an angular difference of �1.7� from the ‘‘true answer’’
shock normal. The best fit b1 and b2 are 0.265 and 0.253,
which are close to the ‘‘true answer.’’
[75] In order to determine the uncertainties propagating

from the plasma betas to DG and DQ as well as the fast
Mach numbers, we show how the DG, DQ, and the fast
Mach numbers change as the plasma betas change for the
first and second simulation study cases. Figure 7 shows the
values of the DG and DQ at various plasma betas. Figure 7a
and Figure 7b are for the first case, and Figure 7c and Figure
7d are for the second case. The plasma beta values are
normalized by their SDs, s0b1 and s0b2. Here, b1T and b2T
represent the values of ‘‘true answer’’ for the upstream and
downstream plasma betas, respectively. In Figure 7, the
values of the ‘‘true answer’’ for y, m, qBN, x1, and x2 are
used. It can be seen that if the b1 and/or b2 shifts are no
more than 1 sigma, the values of DG and DQ are not
strongly affected. In general the observed plasma betas
should deviate from the ‘‘true answer’’ no more than
1 sigma. The means of b1 and b2 are within the circles
indicated in Figure 7. Thus the best fit values will be also
within the circles. Therefore the radii of circles can repre-
sent the uncertainties propagating from the plasma betas to
DG and DQ. Figures 8a through 8d show the values of the
fast Mach numbers at various plasma betas for the first and
second simulation cases, respectively. It can also be seen
that the fast Mach numbers are not strongly affected within
1 sigma of the errors of the plasma betas. The square in
Figure 8a indicates the range within which the solution of
fast Mach number can be. The results shown in Figure 7
demonstrate that if a shock actually has a significant amount
of DG and/or DQ, our method can really find them, with an
uncertainty depending on the errors of the observed plasma
betas.

6. Discussion and Conclusion

[76] In this study we present a shock fitting procedure,
which is separated under two conditions. In one procedure,
Method A, we use the whole set of classical RH relations.
Another procedure, Method B, utilizes the modified RH
relations, which include parameters DG for the equivalent
‘‘normal momentum flux’’ and DQ for the equivalent ‘‘heat
flow,’’ which are possibly due to waves/turbulences, ener-
getic particles, and/or other causes.
[77] Our procedure uses the two spacecraft observations.

However, it works even if only one spacecraft observation is
available. Then, equation (15) will not be used and the Dt
term is excluded from the loss function. Thus we have
15 variables. Now we recalculate the first synthetic shock
case under this condition. The results are m = 1.322, y =
0.751, qBN = 68.6�,MA = 1.32,MF = 1.21, and the estimated
shock normal is n̂ = (�0.955, 0.074, 0.287), which is �1.0�
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off from the ‘‘true answer’’ shock normal. In addition, the
estimated shock speed is 502.8 km/s. The DG = �0.005 ±
0.008 and DQ = �0.02 ± 0.03. The result is still close to the
‘‘true answer.’’
[78] Our procedure can also be applied to a subset of RH

relations when the conservation equations for normal mo-
mentum and energy flux are not used. The ‘‘true answer’’ of
the shock normal in the absence of the temperature data can
still be found. If equations (9) and (10) for Method A (or
equations (90) and (100) for Method B) are not used and the
plasma beta is excluded from the loss function, we have
only 14 variables. We recalculate the first simulation case.
The results are m = 1.321, y = 0.753, qBN = 68.9�, MA = 1.33
and the estimated shock normal is (�0.956, 0.060, 0.288),
which is �0.9� off from the ‘‘true answer’’ shock normal.
The estimated shock speed is 502.8 km/s. Therefore without
the information about plasma betas, our procedure still
works.
[79] Our procedure is based on the RH relations that do

not include the effect of alpha particle slippage pressure
tensor (see definition in Appendix D). It is applicable only
when the slippage of alpha particles from protons is small.
With the observed bulk velocities and densities for protons
and alpha particles, we investigate the slippage pressure

tensor pij (see Appendix D) for the two real shocks studied
here. In general the error of the thermal pressure due to data
fluctuation is �10% of the averaged quantity. If the slippage
pressure is comparable to this number, we think the error
contributed by the alpha particle slippage should be taken
into account in the analysis. Table 12 shows the densities
and bulk velocities for the protons and the alpha particles.
Here, the GSE coordinate system is used. The values of pij
are listed in Table 12 as well. For comparison, we calculate
the thermal energy densities of the three particle composi-
tions in the solar wind for those two shocks. The results are
also listed in Table 12. In calculating re(vth,e)

2, the electron
mass is set to be (1/1800) of the proton mass. Note that for
convenience the unit used for pressures (energy densities) in
Table 12 is [mp(km/s)2/cm3], where mp = 1.6726 � 10�27 kg
is the mass of a proton.
[80] As can be seen in Table 12, for both shocks, the

values of pij are small in comparison with their thermal
energies. Here we define R to be a ratio of the summed
diagonal terms (pxx + pyy + pzz) to the total thermal energy
density on the upstream (downstream) state.

R ¼ pxx þ pyy þ pzz

rpv2th;p þ rav2th;a þ rev2th;e
: ð29Þ

Figure 7. The DG and DQ as functions of the plasma betas for the simulated cases: (a)–(b) the first case
and (c)–(d) the second case. The plasma betas are normalized by their SDs, and b1T and b2T represent the
values in ‘‘true answer’’ for the upstream and downstream plasma betas, respectively. The dashed circles
indicate 1 sigma error for the betas. The values of the ‘‘true answer’’ for y, m, qBN, x1, and x2 are used in
this figure.
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For the 19 October 1995 shock, R � 0.0004 in the upstream
region and R � 0.0004 in the downstream region. For the
23 March 1995 shock R � 0.0006 in the upstream region
and R � 0.001 in the downstream region. The ratios are all
much less than 1%.
[81] We try to figure out whether a small slippage

pressure is a common or a particular situation for interplan-
etary shocks. Therefore we further investigate the slippage
pressure on both sides of some interplanetary shocks

observed by WIND near the ecliptic plane. We have
investigated a total number of 54 interplanetary shocks
observed during the period of 1995 to 2000, which include
the shocks that had been analyzed by Berdichevsky et al.
[2000]. Note that we did not select events by any special
criterion. We do the analysis when the alpha particle data in
the WIND-SWE data set are available. Figure 9 shows the
distributions of the proton number densities and the proton
speeds on both the upstream and downstream sides for those

Figure 8. The fast Mach number versus the plasma beta for the simulated cases: (a)–(b) the first case
and (c)–(d) the second case. The plasma betas are normalized by their SDs, and b1T and b2T represent the
values in ‘‘true answer’’ for the upstream and downstream plasma betas, respectively. The values of the
‘‘true answer’’ for y, m, qBN, x1, and x2 are used in this figure.

Table 12. Slippage Pressure Tensor for the Two Real Shocks

Parameter

19 October 1995 23 March 1995

Upstream Downstream Upstream Downstream

Np, 1/c.c. 18.7 25.3 9.3 15.3
Na 1 1.6 0.25 0.42
Vp, km/sa (�387.2, �24.3, 5.6) (�405.9, �9.8, 30.6) (�295.4, 6.0, �7.7) (�333.5, 8.9, �11.0)
Va (�387.0, �26.3, 4.1) (�404.3, �11.3, 31.5) (�293.4, 5.5, �3.0) (�331.3, 6.0, �4.5)
vth,p, km/s 14 17 19 24
vth,a 9 13 19 24
vth,e 2090 2130 2560 2740
pxx

b 0.2 13.1 3.7 7.3
pyy 13.2 11.5 0.25 12.7
pzz 7.4 4.1 20 64
pxy (=pyx) �1.3 �12.3 �0.9 �9.7
pxz (=pzx) �1 7.3 8.5 21.7
pyz (=pzy) 10 �6.9 �2.1 �28.5
rp(vth,p)

2 3665 7312 3357 8813
ra(vth,a)

2 324 1082 361 968
re(vth,e)

2 50230 71830 35680 67230
aThe GSE coordinate system is used.
bThe unit used for pij and the thermal energy densities in this table is [mp(km/s)2/cm3], where mp = 1.6726 � 10�27 kg.
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54 shocks. It can be seen that the samples cover a large
range of proton density (from �2 to 45 cm�3 for upstream
side and from �5 to 60 cm�3 for downstream side). They
also cover a large range of proton speed (from �250 to
600 km/s for both sides of the shocks).
[82] Figure 10 shows the ratio, R, for the upstream and

downstream sides of the total samples. It can be seen that
for most cases R is less than 0.01 (1%). The maximum value
of R is less than 0.035 (3.5%), which is still small compar-
ing with the errors of the total thermal energy density.
Table 13 shows the population for a specific range of R
for those 54 samples. It can be seen that about 46% of the
total cases have both R1 (upstream) and R2 (downstream)
less than 0.001 (0.1%), 87% of the total cases have both R1

and R2 less than 0.01 (1%), and all the cases have both R1

and R2 less than 0.035 (3.5%). From the above results, we
would like to conclude that for interplanetary shocks
measured near the ecliptic plane, a small slippage pressure

is a common situation and the extracted DG and/or DQ by
our procedure (if they are significant) should in general be
free from the effect of alpha particle slippage.
[83] Modified RH relations that involve the slippage

pressure tensor will have additional terms in the conserva-
tion equations for tangential, normal momentum fluxes, and
energy fluxes. By including the effect of slippage of alpha
particles, the conservation equation for the tangential mo-
mentum flux across the shock layer of the modified RH
relations becomes

rVnVT1 � x
BnBT1

m0
þ pn;T1


 �
¼ 0; ð30Þ

rVnVT2 � x
BnBT2

m0
þ pn;T2


 �
¼ 0; ð31Þ

Figure 9. A statistics of the proton number density and velocity for the 54 interplanetary shocks.

Figure 10. A statistics of the ratio of slippage pressure to thermal energy density for the 54
interplanetary shocks. R1 is the ratio for the upstream, while R2 is for the downstream.
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where pn,T1 and pn,T2 are two elements of slippage pressure
tensor. Here, n represents the shock normal direction, and
T1 and T2 represent two (orthogonal) directions on the
shock front. It can be shown that the magnetic coplanarity
property, which has been applied very often to the shock
analysis [e.g., Lepping and Argentiero, 1971; Abraham-
Shrauner, 1972; Chao et al., 1995; Wu et al., 2000;
Berdichevsky et al., 2000; Scudder, 2005], are derived from
equations (30) and (31) without slippage pressure terms
[Chao, 1970]. However, with the additional terms in the
above equations, the magnetic coplanarity property cannot
be obtained. That means if the slippage pressure is not
ignorable, the magnetic coplanarity theorem will not be
valid. In addition, [Vq] = 0, one of the old RH relations (see
equation (A2) in Appendix A) will not be valid as well. The
magnetic coplanarity is the key criterion in our procedure.
One should obtain the sequence of shock normals via the
magnetic coplanarity theorem at first in order to continue
the calculations. Furthermore, the fitting can be successful
only when the expression for the velocity in equation (8) is
valid (i.e., [Vq] = 0). Therefore to include the effect of alpha
particle slippage in the RH relations will make our
procedure very difficult to apply. A general model is a
major and important development, however, is beyond the
scope of the present study.
[84] Wave/turbulence and/or heat flow may be two of the

sources to the momentum and energy additions in the RH
relations [e.g., Chao and Goldstein, 1972; Lyu and Kan,
1986]. To extract the physical mechanism causing the DG
and DQ such as the wave/turbulence and the heat flow is a
complicated problem. Such a problem should be taken care
of by using multifluid and/or Vlasov approaches. Some
authors [e.g., Davison and Krall, 1977; Yoon and Lui, 2006]
have used the Vlasov approach to construct theoretical one-
fluid equations with waves. From these equations one has to
derive the shock jump relations for our procedure. Even
considering the simplest electrostatic wave, one can make
the model very complicated. In addition, shock jump
relations have to be derived based on these modified one-
fluid equations in applying to our problems. For the energy
addition problem, Lyu and Kan [1986] consider the heat
flow in relations to the forward streaming and backward
streaming plasma leakages. Giacalone et al. [1997] have
tried the hybrid simulation to explain the possible excess of
energy flux in the downstream side due to energetic
particles accelerated at quasi-parallel shocks. Modeling the
heat flow or wave/turbulence contributions to the DG and/or
DQ is not the goal of the present paper.
[85] In conclusion, this study was mainly to estimate the

capability of the proposed shock fitting method. Given the
results, we conclude that (1) our proposed procedure is
applicable only in the case of small alpha particle slippage
pressure; (2) if the slippage pressure is large, we argue that
the magnetic coplanarity property is not valid; (3) our
proposed procedure works for both synthetic and real IP

shocks, and the result is acceptable if the errors of data are
not too large; (4) our procedure works for shocks with any
shock normal angles, qBN; (5) in the absence of information
about the plasma betas (temperatures), our procedure can
still be applied to find a good shock normal vector and the
associated shock parameters; and (6) for one spacecraft
observation, our procedure still works.
[86] Given the assumption regarding the small slippage

pressure, the magnetic coplanarity theorem in equation (2)
is valid. With this theorem, one can calculate the sequence
of shock normals from the magnetic field data along. The
sequence of shock normals plays a key role for the calcu-
lation in our procedure. In application, the mean and error
(s0) of the magnetic fields are easily evaluated from the
data. In addition, the expression for W in equation (8) is
correct only when the magnetic coplanarity property is
valid. This expression makes the procedure easy to apply.
The standard error of W that should be put into the loss
function can easily be derived from the data using the
approach discussed in section 3.1 (see equation (22)).
Therefore the assumption regarding the small slippage
pressure greatly reduces the complexity in the analysis.
Moreover, with our approach, one can evaluate an accurate
shock normal, shock parameters, and the possible range of
the equivalent ‘‘normal momentum’’ and ‘‘energy’’ addi-
tions (DG and DQ).
[87] Our procedure is executed on a desktop PC com-

puter. Facility of this computer includes the CPU of 3 �
109 Hz and the RAM of 3 � 109 Bytes. As the array size
of N = 107 is used, the time of process of one event is
�15 min. As the array size of N = 108 is used, the time is
�2 hours. We believe that if an optimization in program-
ming has been used, the time taken by the computation
would be even shorter.
[88] Our procedure will be made publicly available

online through the Space Environment Data Center (SEDC)
Web site (http://sedc.ss.ncu.edu.tw/) of National Central
University.

Appendix A: Equations Used for Fitting

[89] The RH relations are derived from the steady
state anisotropic MHD conservation equations for a one-
dimensional MHD shock [e.g., Chao, 1970; Lyu and Kan,
1986; Chao et al., 1995]. For Method B, the RH equations
are generalized to include an equivalent ‘‘normal momen-
tum flux’’ term in the normal momentum flux equation and
an equivalent ‘‘heat flow’’ term in the energy flux equation.
The modified RH relations have been given by Chao and
Goldstein [1972] and Lyu and Kan [1986].

Bn½ � ¼ 0; ðA1Þ

Vq

� �
¼ 0; ðA2Þ

rVn½ � ¼ 0; ðA3Þ

VtBn � VnBt½ � ¼ 0; ðA4Þ

Table 13. Ranges of R1 and R2 for the 54 Samples

R1 and R2 Population, %

<0.001 46%
<0.01 87%
<0.035 100%
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Bq1 ¼ Bq2 ¼ 0; ðA5Þ

rVnVt � x
BnBt

m0


 �
¼ 0; ðA6Þ

rV 2
n þ P þ 1

3
xþ 1

2

� 

B2

m0
� x

B2
n

m0
þ gn


 �
¼ 0; ðA7Þ

1

2
rV 2 þ 5

2
P þ 1

3
xþ 2ð ÞB

2

m0

� 

Vn



� x

BnBt

m0
Vt � x

B2
n

m0
Vn þ qn

�
¼ 0; ðA8Þ

where subscripts n and t represent the normal and tangential
directions, and subscript q represents the direction perpen-
dicular to the n-t plane. The square brackets denote the
difference between the downstream (subscript 2) and
upstream (subscript 1) states, i.e., [Q] � Q2 � Q1. Here,
B is the magnetic field, r, V, and P are mass density, center
of mass velocity, and thermal pressure of the plasma, and m0
is the magnetic permeability in a vacuum. The gn and qn in
equations (A7) and (A8) represent the equivalent ‘‘momen-
tum flux’’ and ‘‘heat flow’’ in the normal direction. For
Method A, these two terms are assumed zero.
[90] The RH relations discussed here do not include the

pressure tensor due to alpha particle slippage relative to
protons (for definition of slippage pressure tensor, see
Appendix D). Here we assume that the slippage pressure
tensor is unimportant. However, if the slippage is large, it
can be shown that the magnetic coplanarity property is not
valid and equation (A5) is incorrect. In addition, [Vq] = 0 in
equation (A2) is incorrect as well. Thus the expression for
the velocity difference (equation (8)) cannot be derived.
Therefore our procedure can only be applied to cases with a
small slippage pressure.
[91] The thermal pressure in equations (A7) and (A8) can

be expressed as

P ¼
pk þ 2p?

3
; ðA9Þ

where pk and p? are the parallel and perpendicular thermal
pressures defined in magnetic field-aligned coordinate. On
the other hand, the anisotropy parameter x is defined as

x � 1�
pk � p?

B2=m0
: ðA10Þ

[92] In the de Hoffmman-Teller frame of reference we can
express equations (A1)–(A6) as the downstream to up-
stream ratios for plasma density (r2/r1), tangential magnetic
field (Bt2/Bt1), and normal and tangential velocity (V*n1/V*n2
and V*t2/V*t1) [Chao, 1970]:

r2
r1

� 1

y
¼ Vn1

*

Vn2
*
; ðA11Þ

Bt2

Bt1

¼ m2 � cos2 qBN
sin2 qBN

� 
1=2

� u; ðA12Þ

Vt2
*

Vt1
*
¼ yu � z; ðA13Þ

where the normal component of the magnetic field Bn is
conserved. From the definition of m and b, the downstream
to upstream ratio of the pressure (P2/P1) can be expressed as

P2

P1

¼ m2 b2
b1

� v: ðA14Þ

Moreover, dividing (A6) by rV*n1Vt1 and with a help from
expressions (A11)–(A13), we can obtain expression (11)
for the normal Alfvén Mach number MAN.
[93] The velocities are required to be in the same direc-

tion as the magnetic fields in the de Hoffmman-Teller
frame; thus we can write the upstream and downstream
velocities as

V*1 ¼ �V*n1n̂þ V*t̂t1 ; ðA15Þ

V*2 ¼ �V*n2n̂þ V*t2 t̂: ðA16Þ

The velocity difference is thus V*2 � V*1. If V1 and V2 are
defined as the velocities in the spacecraft frame of reference,
then V2 � V1 � W = V*2 � V*1. From equations (A15)–
(A16), equations (A11)–(A13) and the definition of the
MAN, the W can thus be formulated as equation (8). Note
that Method A and Method B use the same equation for W.
[94] For the normal momentum conservation equation

used for Method B, we start from equation (A7). Dividing
equation (A7) by r1Vn1

2 and with the help of equations
(A11)–(A13), one obtains

P2

P1

¼ 1þ 2 cos2 qBN
b1

2

3
x2 � x1ð Þ þ 1

6
2x2 þ 1ð Þ



tan2 qBN

� DGM2
AN � y� 1ð ÞM2

AN � 1

6
2x2 þ 1ð Þu2 tan2 qBN

�
;

ðA17Þ

where DG is defined in equation (18). Substituting equation
(A14) into (A17), we obtain equation (90). On the other
hand, equation (100) can be obtained by combining the
normal momentum and energy conservation equations.
Dividing equation (A8) by r1Vn1

3 and with the help of
equations (A11)–(A14), we have a parameter equation.
Whenwe substitute (A17) into this equation, equation (100) is
thus obtained.
[95] The equations (9) and (10) used for Method A can be

easily obtained by letting the DG and DQ be zeros in
equations (90) and (100). It is equivalent to the way that we
use equations (A7) and (A8) but without gn and qn and follow
the derivation in above.

Appendix B: Mach Numbers

[96] The downstream normal Alfvén Mach number
is defined as MAN2 = V*n2/(VA2cosqBN2), where VA2 =
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B2/(m0r2)
1/2 and cosqBN2 = Bn/B2. Substituting these two

expressions into MAN2 and using the definition of y, we
can write the MAN2 as equation (19).
[97] From MHD wave theory, it is well known that the

upstream fast-mode wave speed is

VF ¼ 1ffiffiffi
2

p V 2
A þ C2

S

� 	
þ V 2

A þ CS

� 2
� �2



� 4C2
SV

2
A cos

2 qBN

�1=2�1=2
;

ðB1Þ

where CS is the sound speed in the plasma. It can be written
as CS = (gP1/r1)

1/2 = (gb1/2)
1/2VA. While we divide the up-

stream speed V*1n by VF and replace the CS by (gb1/2)
1/2VA,

equation (20) for the upstream fast Mach number can be
obtained. In the same manner, we obtain the expression in
equation (21) for the downstream fast Mach number.
[98] For anisotropic case, it can be shown that the effec-

tive upstream normal Alfvén speed equals to (VAx
1/2)cosqBN

[e.g., Parks, 1991]. Thus the effective upstream normal
Alfvén Mach number is

M
að Þ

AN ¼ MAN

x1=2
: ðB2Þ

Likewise, we can derive the effective downstream normal
Alfvén Mach number. Moreover, the upstream effective
fast-mode speed can be derived under the CGL assumption
[Chew et al., 1956].

V
að Þ

F ¼ 1ffiffiffi
2

p a1 þ a2 þ a1 � a2ð Þ2þ 4a2
h i1=2
 �1=2

; ðB3Þ

where

a1 � 2C2
? þ V 2

A

� 	
sin2 qBN þ V 2

A þ C2
? � C2

k

� �
cos2 qBN ; ðB4Þ

a2 � 3C2
k cos

2 qBN ; ðB5Þ

a � C2
? sin qBN cos qBN : ðB6Þ

Here, Ck � p1k/r1 and C? � p1?/r1. They can be rewritten
as follows.

Ck ¼
C2
S

g
þ 2

3
1� x1ð ÞV 2

A


 �1=2
; ðB7Þ

C? ¼ C2
S

g
� 1

3
1� x1ð ÞV 2

A


 �1=2
: ðB8Þ

Dividing V*1n by VF
(a), we can derive the effective upstream

fast Mach number. In the same manner, we can derive the
expression for the effective downstream fast Mach number.

Appendix C: Perpendicular Shock

[99] For a perpendicular shock, equations (A11)–(A13)
can be reduced to z = 1 and u = m = 1/y. In the shock frame

of reference, there is no jump in tangential component of the
velocity. So, the velocity difference, W, can be calculated as

W ¼ V0
2 � V0

1 ¼ � V 0
n2 � V 0

n1

� 	
n̂; ðC1Þ

where V0
1(V

0
2) is the upstream (downstream) velocity and

V0
n1(V

0
n2) is the upstream (downstream) normal speed in the

shock frame of reference. Note that the V0
n1(V

0
n2) equals to

V*n1(V*n2). Thus from equation (A11) and the definition of
MA (=V*n1/VA), we can obtain

W ¼ MAVA 1� yð Þn̂: ðC2Þ

[100] For a perpendicular shock, Bn = 0 and B = Bt.
Dividing the normal momentum equation (A7) (with gn = 0)
by r1Vn1

2 , we can obtain

b1 ¼
2

1� v
y� 1ð ÞM2

A þ 1

2y2
� 1

2

� 

; ðC3Þ

where v � P2/P1, which is expressed in equation (A14).
Using equation (A14), the above expression can be
rewritten as

b2 ¼ y2 b1 � 2 y� 1ð ÞM2
A þ 1

2y2
� 1

2

� 

 �
: ðC4Þ

On the other hand, equation (A8) (with qn = 0) is divided by
r1Vn1

3 to obtain

5

2
b1 1� vyð Þ ¼ y2 � 1

� 	
M2

A þ 2

y
1� yð Þ: ðC5Þ

Combining equations (C3) and (C5), we can have

b1 ¼
2

5
4y� 1ð ÞM2

A � 1

5y
1þ 5yð Þ: ðC6Þ

Equations (C4) and (C6) can be used to determine b1 and b2
for a perpendicular shock, if the values of MA and y are
given.
[101] For the fast Mach numbers, dividing the V0

n1 and V0
n2

by equation (B1) (with cosqBN = 0), respectively, and
replacing the CS by (gb1/2)

1/2VA, we obtain

MF ¼ MAffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ gb1=2ð Þ

p ; ðC7Þ

MF2 ¼
MA

ffiffiffi
y

p
=mffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ gb2=2ð Þ
p : ðC8Þ

[102] For the synthetic perpendicular shock in section 3.3,
we set y = 2/3 (Neq1 = 8 and Neq2 = 12) and MA = 2.
Moreover, for simplicity we choose B1 and B2 to lie on the
Y-GSE direction. Since m = 1/y = 3/2, if we choose B1y =
�10 nT, then B2y = �15 nT. The other components are zero.
Also for simplicity, we choose the shock normal to lie on
the x-GSE direction and point toward Earth. Thus with the
values given, we can obtain the values of VA, W, b1, b2, MF,
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and MF2 from equations (7), (C2), (C6), (C4), (C7), and
(C8). The associated values are listed in Table 7.
[103] For this case, we arbitrarily let the upstream plasma

velocity seen by spacecraft be V1 = (�430, 10, 10) km/s.
Then the downstream flow velocity can be obtained from
V2 = V1 + W = (�481.4, 10, 10) km/s. For the shock
propagation speed, we also assume that two spacecraft have
a displacement vector of DR = (�100, 100, 0) RE. Therefore
with equation (15), we have the shock speed in the
spacecraft frame of reference versus= 584.2 km/s. We
also have the difference between shock arrival times, Dt =
18.2 min. The values are also listed in Table 7.

Appendix D: Slippage Pressure Tensor in Solar
Wind

[104] The slippage pressure tensor is contributed by
interspecies velocity difference. In the solar wind, velocity
differences between the solar wind protons and alpha
particles have been measured by ISEE 3 spacecraft along
its orbit [Ogilvie et al., 1982]. Sometimes, cases of slippage
of alpha particles relative to proton fluid at a speed on the
order of one Alfvén wave speed were found, but it is not a
common situation. From an investigation covering a full
range of solar wind conditions, Ogilvie et al. [1982]
suggested that for solar wind velocities between 300 and
400 km/s the alpha particles have a larger velocity than
protons by 5 km/s on average, and for solar wind velocities
between 400 and 500 km/s the difference is �14 km/s.
[105] From kinetic theory one can obtain a kinetic tensor,

which contains of the ram pressure and thermal pressure, by
integrating the distribution functions of each species. It can
be expressed as

X
a

ZZZ
mafavivjd

3v ¼
X
a

raVaiVaj þ
X
a

pa;ij; ðD1Þ

where a represents the particle species in solar wind, and i
and j represent the components in any coordinate system.
Here, the pa,ij on the right hand side of equation (D1) is the
thermal pressure tensor for each species in their own center
of mass system. It is obtained by integrating the distribution
function in the frame of each species. The thermal pressure
tensor Pij in our system equals to

P
a

pa,ij, where a
represents proton, electron and alpha particle. If we
integrate the same distribution function in the frame of the
center of mass of all species, the integration in (D1) can be
expressed as

X
a

ZZZ
mafavivjd

3v ¼ rViVj þ PCM
ij : ðD2Þ

Here, r =
P
a

ra, and Vi (Vj) is the center of mass velocity.

Pij
CM represents the ‘‘total’’ pressure tensor obtained by

integrating the distribution function in the center of mass of
the plasmas. Equations (D1) and (D2) are equivalent. That
is, the ‘‘total’’ pressure tensor can be expressed as

PCM
ij ¼

X
a

pa;ij þ
X
a

raVaiVaj � rViVj

 !
: ðD3Þ

Then, the terms in the parentheses represent the difference
between the ‘‘total’’ pressure tensor and the thermal
pressure tensor. We now define this difference as a slippage
pressure tensor, pij. It is written as follows.

pijij
CM �

X
a

pa;ij ¼
X
a

raVaiVaj � rViVj ðD4Þ

In addition, the slippage pressure tensor can also be
expressed as

pij ¼
X
a

ra Vai � Við Þ Vaj � Vj

� 	
: ðD5Þ

Knowing the density and bulk velocity of each species, we
can evaluate this tensor.
[106] For slippage pressure tensor in solar wind, we

consider only the slippage of alpha particles from protons.
For convenience, we further write (D5) as

pij ¼
rpra

rp þ ra
Vpi � Vai

� 	
Vpj � Vaj

� 	� �
: ðD6Þ
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